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RECENT  PROGRESS  IN  ANALYZING  THE  NONLINEAR  RESPONSE 
OF  BEAMS  AND  STIFFENED  PLATES 


D.T,.  Anderson  and  M.D.  Olson 
Department  of  Civil  Engineering 
University  of  British  Columbia 
Vancouver,  B.C.,  Canada,  V6T  1W5 


1.  INTRODUCTION 


The  response  of  structures  to  air  blast  has  for  many  years  been  the  sub¬ 
ject  of  numerous  studies,  some  of  which  were  reviewed  in  [!]•  The  difficulties 
that  arise  from  the  complexity  of  the  problem,  which  involves  time  dependent 
finite  deformations,  high  strain  rates  and  nonlinear  inelastic  material  beha¬ 
viour,  have  motivated  various  assumptions  and  approximations  to  simplify  the 
models.  These  models  span  the  full  range  of  sophistication  from  simple  one 
degree  of  freedom  representations  to  general  purpose  finite  element  programs 
such  as  ADINA. 

At  the  time  of  the  aforementioned  review,  it  appeared  that  there  was  a 
need  for  further  analytical  work  on  even  such  simple  configurations  as  a  rec¬ 
tangular  cross  section  beam  with  constrained  ends.  That  is,  while  the 
impulsive  response  of  such  a  beam  was  known,  there  was  no  solution  for  a 
general  load  shape  in  the  dynamic  range  and  hence  it  was  not  possible  to  draw 
an  iso-response  curve  for  such  a  problem.  At  the  other  extreme,  it  appeared 
that  although  very  complex  structures  could  be  modelled  with  available  finite 
element  codes,  they  are  extremely  complicated  and  expensive  to  run  and  all  but 
impractical  for  design  purposes.  Hence  we  decided  to  work  on  the  problem  from 
both  ends,  that  is,  to  extend  the  analytical  work  on  simple  structures  as  well 
as  try  to  simplify  the  computer  modelling  for  more  complex  structures.  In  this 
paper,  we  present  a  brief  review  of  the  progress  made  by  our  group  over  the 
last  few  years. 


2.  BEAM  STRUCTURES 

It  was  clear  f*"om  the  literature  survey  that  there  were  very  few  "exact" 
rigid-plastic  solutions  of  beams  which  retained  the  influence  of  finite  deflec¬ 
tions  and  also  accounted  for  the  time  distribution  of  the  dynamic  loading.  In 
his  MASc  thesis  [21,  Vaziri  analysed  a  rigid-perfectly  plastic  rectangular  beam 
with  constrained  ends  subjected  to  a  pressure  pulse  of  finite  duration.  The 
deformation  proceeds  under  two  distinct  mechanisms  depending  on  the  level  of 
the  peak  pressure.  Although  the  governing  equations  were  derived  for  a  general 
pressure-time  relationship,  they  were  only  solved  for  the  particular  case  of  a 
rectangular  pulse.  Closed  form  expressions  were  developed  for  the  prediction 
of  the  maximum  permanent  deflection.  Finally  the  dependence  of  the  permanent 
deflection  on  the  applied  pressure  and  impulse  was  obtained  for  a  family  of 
rectangular  pulses,  and  the  results  were  represented  by  iso-response  curves  in 
a  form  convenient  for  direct  engineering  use  [3]. 

The  above  work  has  been  further  extended  by  Schubak  [4].  He  solved  the 
static  problem  exactly  and  then  showed  that  the  exact  solution  differed  very 
little  from  an  approximate  analysis  that  assumed  a  single  central  hinge  and  a 
linear  moment-axial  force  interaction  diagram  [5].  He  then  applied  the  same 
approximations  to  the  dynamic  case.  Comparisons  of  the  results  with  those  of 
Vaziri  showed  close  agreement  for  the  final  permanent  deformation.  The  advant¬ 
age  of  using  the  linear  interaction  relation  is  that  the  resulting  governing 
equations  are  linear.  Thus  it  Is  possible  to  solve  the  beam  problem  for 
pressure  pulses  that  more  closely  resemble  the  blast  pressure  pulse. 


Using  the  above  approximations,  Schubak  was  able  to  solve  a  number  of 
previously  unmanageable  problems,  such  as  a  general  blast  load  shape  on  an 
I-beam.  An  example  is  shown  in  the  following.  He  was  also  able  to  solve  for 
the  effect  of  the  rise  time  in  a  triangular  pulse  shape  on  the  permanent 
deflection  [6].  As  expected  its  greatest  influence  comes  when  the  peak 
pressure  is  low  and  the  pulse  duration  is  large.  For  high  pressure  nearly 
impulsive  loads,  it  has  no  influence.  In  general,  the  effect  is  small  and  for 
pressures  greater  than  twice  the  static  collapse  pressure  it  can  be  ignored. 

Folz  [7]  has  developed  a  finite  element  code  (FENTAB)  based  on  Euler- 
Bernoulli  beam  theory  to  augment  the  above  work.  'T'he  program  includes  large 
deflections,  elastic-plastic  strain  hardening  and  strain  rate  sensitive 
material  and  calculates  transient  response  usirg  central  difference  time 
stepping  with  a  diagonalized  mass  matrix. 

Figure  1  shows  the  particulars  of  an  example  symmetric  I-beam  subjected 
to  a  rectangular  pulse  of  short  duration.  Fig.  2  shows  the  midspan  displace¬ 
ment  response  as  predicted  by  this  program  and  as  predicted  by  the  simple 
rigid-plastic  theory  developed  by  Schubak.  Note  that  the  deflections  are  well 
into  the  nonlinear  geometry  and  yielding  range.  The  agreement  is  very  encour¬ 
aging,  especially  with  respect  to  the  predicted  permanent  deflection. 

This  analysis  has  also  been  applied  to  an  asymmetric  I-beam  with  clamped 
ends  and  the  response  results  are  shown  in  Figure  3.  The  beam  represents  one 
stiffener  and  its  tributary  plating  from  the  DRF.S  panel  (Sec.  3.2.4),  and  the 
load  was  a  rectangular  pressure  pulse  of  magnitude  4635  lb/in  (or  129  psi  on 
the  panel)  and  duration  2  msec*  The  agreement  between  the  FENTAB  program  and 
the  simple  rigid-plastic  theory  is  remarkably  good  up  to  the  maximum  displace¬ 
ment  hut  then  the  latter  overpredicts  the  permanent  displacement  by  about  10%. 
This  is  obviously  due  to  the  neglecting  of  elastic  effects  and  its  importance 
decreases  as  the  load  intensity  increases.  The  foregoing  may  be  thought  of  as 
a  reasonable  approximation  of  the  response  of  one-way  stiffened  panels  to 
intense  blast  loads. 


3.  PLATE  STRUCTURES 


As  mentioned  In  the  introduction,  the  numerical  analysis  of  complex  plate 
structures  such  as  stiffened  plates  is  prohibitively  expensive  especially  for 
preliminary  design  work.  Hence  there  appeared  to  be  a  need  for  a  more  econo¬ 
mical  but  perhaps  less  accurate  approach.  Exploratory  work  by  Mofflin,  et  al. 
[8]  showed  that  using  the  finite  strip  method  had  the  potential  of  considerable 
savings  in  computer  costs  over  finite  elements. 

A  complete  finite  strip  program  has  now  been  developed  for  the  large 
deflection,  elastic-plastic  static  and  dynamic  response  of  plate  structures 
[9-12].  In  the  following,  we  present  a  brief  description  of  the  method  and 
some  example  results. 


3.1  Finite  Strip  Formulation 

Finite  strip  displacement  functions  vary  across  the  strip  in  the  same 
manner  as  finite  elements,  but  the  variation  along  the  length  is  given  by 
continuous  functions  selected  to  satisfy  the  boundary  conditions  at  the  ends  of 
the  strips  as  well  as  provide  a  reasonable  approximation  of  the  displacement 
distribution.  Letting  the  degrees  of  freedom  be  the  u,v,w  displacements  and 
the  rotation  (9)  about  the  x  axis  (i.e.  9  =  9w/ 3y)  at  each  of  the  two  nodal 
lines  (Figs.  4(a)  and  (b)),  the  displacements  for  a  strip  are  given  by 
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u  =  z[(l-n)ulm  +  nu2ra]g“(0  ,  V  =  z[(l-n)v1  +  nv2  ]gj[(0  , 

m  n 

w  =  (l-3n2+2n3 )wlp  +  (n-2n2+n3)belp  +  (3n2-2n3)w2p  +  ( n3-n2)b62p ]gp( O 


where  n  =  y/b  ,  £  =  x/a,  u,  =  l  u.  ,  vo  «  Z  v?  ,  etc.  In  the  strip  direction, 


m 

,U  „v  „w 


the  displacements  vary  according  to  the  g^,g^,gw  functions,  which  for  different 
boundary  conditions  are  as  follows: 


(i)  Members  without  stiffeners  (axially  constrained): 
a.  Simply  supported  ends:  b.  Clamped  ends: 


g„(0  =  sin  mwC 

evfr\  =  jsln  n,r£ 
f’n's/  'cos  nirC 

gp(0  =  sin  ptt( 


=  sin  mirf; 

_  rsin  nir^ 
>cos  nu? 

=  *pU> 


;  m  =  2 , 4, 6 . 

;  n  =  1,3,5. 
;  n  =  2,4,6. 

;  p  -  1,3,5. 


where  the  <t>p  are  the  clamped  beam  vibration  modes. 


(11)  Members  with  stiffeners  (I-beams  or  stiffened  plates): 
a.  Simply  supported  ends:  b.  Clamped  ends: 


rJJco 


cos  mir?; 


1  m  1,3,5... 


<(0  = 

g“(0  = 


sin  nxf 


sin  pirf; 


♦p(° 


;  n  =  1,3,5...  (3) 

;  p  =  1,3,5... 


For  large  deflections,  a  second  u-mode  was  found  necessary  for  each  case, 
namely  sin  2tt£  and  sin  4irf;  for  simply  supported  and  clamped  ends, 
respectively. 

Stiffeners  can  be  modelled  by  considering  the  strip  turned  on  its  edge. 
In  the  same  way  I  beams  can  be  built  up  using  a  series  of  strips  as  shown 
later.  For  these  cases,  the  v  displacement  in  the  web  stiffener  must  match  the 
w  displacement  in  the  other  strips,  and  thus  they  must  have  the  same  functional 
form  and  magnitude. 

The  derivation  oi  the  matrix  equations  for  a  strip  follows  that  for 
finite  elements  and  on’y  some  of  the  pertinent  points  are  discussed  in  the 
following.  The  nonlinear  strain  displacement  equations  of  von  Karman  type  are 
used.  These  include  quadratic  terms  in  both  v  and  w.  The  material  is  assumed 
to  follow  a  bilinear  elastic-plastic  law,  with  a  strain  rate  sensitive  yield 
stress.  The  von-Mises  yield  criteria  and  an  associated  hardening  flow  rule  are 
used . 

The  equilibrium  equations  for  one  strip  are  obtained  via  the  principle  of 
virtual  work  In  the  form 


/v  [I  +  £]T  o  dV  =  £ 
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where  B  and  C  are  the  linear  and  nonlinear  strain-displacement  matrices, 
respectively,  o  is  the  stress  vector,  and  is  the  consistent  load  vector. 

The  volume  integrals  are  evaluated  numerically  using  a  Gauss  integration 
scheme.  The  numher  of  integration  points  depends  on  the  mode  shape  and  whether 
the  material  behaviour  is  plastic  or  remains  elastic.  For  the  simplest  elastic 
problem  with  a  single  half  sine  wave  displacement,  a  scheme  with  5-2-2  integra¬ 
tion  points  in  the  x-y-z  directions  was  found  to  be  adequate. 

Static  problems  are  solved  by  the  Newton-Raphson  method  applied  to  Eq . 
(4)  to  yield  the  standard  stiffness  matrix  representation.  Dynamic  solutions 
on  the  other  hand  are  obtained  by  assembling  a  generalized  force  vector  for  a 
complete  structure  directly  from  Eq .  (4)  (including  damping  and  inertia  forces) 
and  integrating  with  a  finite  difference  time  stepping  procedure  with  a  diagon¬ 
alized  mass  matrix. 


3.2  Numerical  Results 


Several  beam  and  plate  examples  have  been  solved  to  test  the  accuracy  of 
the  finite  strip  method.  The  central  deflections  predicted  for  linear  elastic 
rectangular  beams  subjected  to  static  uniform  loads  are  very  good.  A  one  mode 
solution  for  the  simply  supported  case  is  nearly  exact,  while  the  clamped  case 
is  in  error  by  about  4%. 

For  large  deflections,  the  results  are  highly  dependent  on  the  mode  shape 
used  for  the  u  displacement.  As  a  general  rule  if  w  is  represented  by  a  mode 
shape  given  by  cos  pir£,,  then  u  should  have  a  shape  of  sin  2pni,  to  give  the  best 
approximation  of  axial  equilibrium.  Good  static  results  were  obtained  for  the 
large  deflection,  elastic-plastic  response  of  both  simply  supported  and  clamped 
rectangular  beams  using  (m,n,p)  =  (2,1,1)  and  (4,1,1),  respectively  [9]. 


3.2.1  Simply  Supported  I  Beam  -  Uniform  Static  Load 

Elastic  large  deflection  results  of  a  simply  supported  I  beam  are 
presented  in  Figure  5,  along  with  the  section  dimensions  and  material  proper¬ 
ties.  Finite  strip  results  were  obtained  by  employing  six  finite  strips,  two 
each  in  the  top  flange,  bottom  flange,  and  the  web.  In  this  case  two  modes  are 
needed  to  represent  the  u  displacement,  even  though  only  one  w  mode  is  used. 
One  u  mode  accounts  for  the  bending  strains,  and  so  should  have  the  shape  given 
by  8w/3x,  or  cos  2uE  in  this  case,  while  the  other  u  mode  accounts  for  the 
axial  forces  in  the  large  displacement  region  of  the  response  as  discussed 
above.  It  Is  clear  from  Figure  5  that  the  central  deflections  are  in  very  good 
agreement  with  finite  element  results  obtained  by  FENTAB. 

The  comparison  of  predicted  central  deflections  with  FENTAB  for  an 
elast ic-per fectly  plastic  material,  including  large  deflections,  is  presented 
in  Figure  6,  where  it  is  seen  that  the  agreement  is  excellent.  When  the 
central  deflection  approaches  twice  the  beam  depth,  the  FENTAB  solution  runs 
asymptotic  to  the  plastic  string  limit.  The  finite  strip  solution,  on  the 
other  hand,  agrees  with  the  solution  obtained  using  a  one  mode  Galerkin  proced¬ 
ure  on  the  governing  differential  equation  for  a  plastic  string.  This  is 
expected  as  the  assumed  displacement  variation  in  the  Galerkin  analysis  is  the 
same  as  in  the  finite  strip,  namely  sin  wf;. 
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3.2.2  Clamped  I-Beam  -  Uniform  Step  Load 


The  dynamic  response  of  the  same  I-beam  with  clamped  ends  was  obtained 
for  a  step  load  in  time  of  magnitude  495  Ib/in  assuming  elastic-perfect  ly 
plastic  material  behaviour  and  nonlinear  geometry.  The  central  displacement 
history  is  shown  in  Figure  7  along  with  that  from  FENTAB.  The  second  u  mode 
referred  to  in  the  figure  was  sin  4tt£.  The  lumped  mass  matrix  was  used,  and 
the  time  step  was  0.02  msec.  The  two  results  compare  quite  well  for  most  of 
the  response,  but  the  finite  strip  model  is  stiff  compared  to  the  FENTAR 

model  as  the  deflections  are  less  and  the  peak  displacement  is  reached 

sooner.  However  the  displacement  levels  predicted  here  are  very  extreme, 
being  about  4  times  the  beam  depth.  At  these  levels,  the  beam  is  acting 

essentially  as  a  plastic  string  and  the  clamped  beam  mode  used  herein  is  not 

optimum  for  this  case.  Hence  considering  all  this,  an  error  of  only  15  per¬ 
cent  in  the  maximum  displacement  is  really  exceptionally  good. 


3.2.3  Simply  Supported  Square  Plate  -  Dynamic  Load 

Figure  8  shows  a  comparison  of  the  finite  strip  results  with  other 
numerical  results  [131  for  a  nonlinear,  elastic-plastic  response  of  a  simply 
supported  square  plate  with  edges  constrained  against  in-plane  motion  subjected 
to  a  transient  uniform  pressure.  This  example  Is  one  of  very  large  deflections 
with  a  central  deflection  of  approximately  25  thicknesses  or  0.12  times  the 
span.  Increasing  the  number  of  strips,  and  using  2  modes  instead  of  one  for 
each  of  the  displacement  functions  reduced  the  stiffness  of  the  finite  strip 
model  and  made  it  closer  to  the  other  predicted  results  shown  in  Figure  8. 


3.2.4  ORES  Stiffened  Panel  -  Air  Blast  Test 


An  8'xl5'  T-beam  stiffened  steel  panel  with  1/4"  plating  and  3" x6” 
T-beam  stiffeners  was  tested  at  the  Defence  Research  Establishment,  Suffield, 
Alberta  (DRES)  [14].  Figure  9  shows  the  details  for  one  half  of  this  panel. 
The  panel  was  embedded  in  a  reinforced  concrete  foundation  to  simulate  clamped 
boundary  conditions,  and  was  subjected  to  an  air  blast  load  from  a  ground 
explosion.  The  pressure  time  history  shown  in  Figure  10  was  obtained  bv 
averaging  the  measurements  of  several  pressure  transducers  after  synchronizing 
the  rise  times.  The  following  analysis  was  simplified  by  ignoring  the 

transient  time  (about  3  msec)  of  the  shock  front  over  the  panel  (parallel  to 
the  stiffeners),  and  assuming  the  pressure  loading  to  be  spatially  uniform  over 
the  panel  surface. 

The  half-par.el  was  modelled  with  16  finite  strips,  4  between  stiffen¬ 
ers,  1  for  each  web  and  2  for  each  bottom  flange,  and  a  time  step  of  20 

microseconds  was  used  for  the  calculations.  The  predicted  responses  of 

points  D12  and  D13  (Figure  9)  are  shown  in  Figures  11(a)  and  (b),  respec¬ 
tively,  along  with  the  experimental  results  for  the  first  50  msecs.  The 
essential  features  of  the  response  seem  to  be  well  represented  by  this 

relatively  simple  model.  That  is,  the  predicted  and  measured  transient 

deflections  which  are  well  into  large  deflection-yielding  levels  are  reason¬ 
ably  close  and,  although  not  shown  here  the  final  permanent  deflections 

predicted  by  the  model  are  close  to  the  experimentally  observed  ones  of  0.6 

and  1.0  inches  for  the  stiffener  and  central  panel,  respectively. 

The  foregoing  calculations  used  about  14  minutes  of  CPU  time  on  an 
AMDAHL  580  Computer,  which  is  one  order  of  magnitude  less  than  that  required 
for  a  comparable  calculation  using  ADINA. 
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4.  CONCLUSIONS 


A  review  has  been  presented  of  recent  progress  In  modelling  the  large 
deflection,  elastic-plastic  dynamic  response  of  beam  and  plate  structures  to 
air-blast  pressure  loads.  Simple  beams  with  constrained  ends  were  considered 
first  and  some  new  important  solutions  for  this  case  were  discussed.  In 
particular.  It  was  noted  that  closed  form  solutions  could  be  obtained  for 
rigid-plastic  beams  of  general  cross-section  using  simple  hinge  mechanisms  and 
a  linear  representation  of  the  appropriate  interaction  diagram. 

For  plate  structures,  a  new  finite  strip  formulation  which  includes  the 
effects  of  large  deflections,  yielding,  strain  hardening  and  high  strain  rates 
was  briefly  reviewed.  The  results  reported  herein  are  very  encouraging.  It 
appears  that  reasonable  engineering  accuracy  is  achievable  with  modelling 
involving  only  a  few  modes  and  a  few  finite  strips.  The  number  of  variables 
and  the  computer  times  are  typically  an  order  of  magnitude  less  than  those 
required  by  corresponding  finite  element  codes.  Thus  considerable  savings  in 
cost  are  possible  for  certain  problems  with  only  a  minimal  loss  in  accuracy. 

Work  is  currently  underway  to  extend  the  finite  strip  analysis  to 
composite,  laminated  structures. 
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7.  CONVERSION  UNITS 


Most  of  the  results  shown  in  the  figures  are  presented  in  English  units 
which  may  easily  be  converted  to  SI  units  as  follows:  1  psi  =  6.895  kPa, 
1  lb/in  =  0.175  kN/m,  1  in  =  25.4  mm,  density  p  =  0.25  x  10“ 3  lbsecz/in4  =  2670 
kg/m3. 
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NONLINEAR  RESPONSES  OF  A  RIGID  BLOCK  WITH  A 
SIMPLY  SUPPORTED  BEAM  SUBJECTED  TO  SHOCK  EXCITATION 


XI  Dechang*  and  Pen  Nan ling 
Zhejiang  University,  China 


1.  ABSTRACT 


in  this  paper,  the  responses  of  a  rigid  block- simply  supported  beam 
system  with  nonlinear  elastic  material  at  the  block' b  bottom  subjected  to 
shock  excitation  are  discussed,  and  the  nonlinear  differential-integral 
equation  Which  governs  the  motion  of  the  system  is  deduced.  Numerical 
solution  of  this  equation  is  obtained  by  using  Spline  Functions  in  the 
paper.  Through  computation,  the  influence  of  different  variables  on  the 
acceleration  of  the  rigid  block  and  the  stress  in  the  beam  is  analysed . 
some  measurements  have  been  presented  to  decrease  the  response  value. 


2 .  NOTATIONS 

x 

t 

1 

PA 

EJ 

yi(t),y2(x,t) 

H(t) 

U2(x,t) 

*o.Hm 


<*o 


ym'CTm 

k2,c2 

Fs<u> 

*1 


axial  coordinate  of  beam 
time 

mass  of  rigid  block 
length  of  beam 

mass  per  unit  length  of  beam 
bending  stiffness  of  beam 

vertical  displacement  of  rigid  block  and  beam 
vertical  displacement  of  the  system  bottom 
Yi(  t  )—H(  t  ) 

y2(x,t)-yA(t) 

the  duration  and  maximum  value  of  acceleration 
pulse  exerted  on  the  system  bottom 
maximum  stress  of  beam  subjected  to  static 
uniformly  distributed  loading  ( pAf%  per  unit 
length ) 

maximum  acceleration  of  block  and  maximum  stress 
of  beam  under  shock  excitation 

stiffness  and  damping  coefficient  per  unit  length 
of  material  between  beam  and  rigid  block 
damping  coefficient  of  material  at  the  bottom  of 
system 

force-deflection  relation  of  material  at  the 
bottom  of  system 

initial  spring  rate  of  nonlinear  material 


M=pAl/m  k=k2l/kA  c=c2l/c 


T=t/t0 


3 .  INTRODUCTION 

Many  objects  in  the  real  world  can  be  simply  treated  as  a  rigid  block- 
s imply  supported  beam  system  ( for  example,  some  works  of  art  and  some 
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instruments).  under  certain  circumstances  such  as  transportation,  these 
objects  will  be  subjected  to  shock  excitation  from  outside.  In  order  to 
decrease  damage  caused  by  shock,  cushioning  material  with  nonlinear 
properties  is  often  placed  at  the  bottom  of  the  system,  obviously,  it  is 
necessary  to  investigate  the  nonlinear  cushioning  properties  of  this  kind 
of  system. 

In  1945,  R.o.  Mindlin  [1]  studied  a  rigid  block- longitudinal  rod 
system.  But  actually  he  studied  the  rigid  block  and  longitudinal  rod 
respectively,  because  he  assumed  that  the  ness  of  the  rod  is  much  smaller 
than  that  of  the  block,  so  the  interaction  between  rod  and  block  can  be 
neglected.  The  latest  research  on  the  dynamic  responses  of  rigid 
block-s Imply  supported  beam  system  is  by  XI  Dechang  [2  ]-[5  ] .  on  the  basis 
of  considering  the  interaction  between  beam  and  block,  the  curves  which 
represent  effects  of  different  variables  on  responses  are  given,  some 
re le vamt  results  are  obtained .  However,  the  above  work  is  all  limited  to 
linear  systems,  the  nonlinearity  of  cushioning  material  is  not  taken  into 
account . 

4.  BASIC  EQUATIONS 

■Hie  mechanical  model  of  rigid  block-s imply  supported  beam  system  is 
shown  in  Fig.  l,  its  equations  of  motion  are: 


">iYi  +  c^yj.  -  H)  +  F8(yt  -  H)  -  J^(y2  -  YiKlx 

-  JoC*(^2  “  Yl)dx  +  EJyz(3>(x=o)  ~  EJyr(3)(x=l)  =  o 

EJy2<4>  +  pAy2  +  c2(y2  -  yx)  +  k2(y*  -  yx)  •=  o  (la) 

boundary  condition:  at  x=0,l  y2=yx  EJy2( 2  >=Q  (lb) 

initial  condition:  When  t=0  yi=y1=yz=y 2=0  (lc) 


In  the  paper,  the  force-deflection  function  of  tne  cushioning  material 
at  the  bottom  of  the  system  is  considered  as  Tangent  Elasticity: 


n  u 
2‘h 


(2) 


Referring  to  Fig.  2,  k^  is  the  initial  spring  rate  and  h  is  the 
maximum  available  deflection. 

We  take  the  ratios  yun/Hm  And  to  represent  system  responses,  by 

noting: 


and  expanding  u2(x, t)  into  the  series: 

u*(x,t)  =^|isini^x.q-j(t)  (4) 

Where  y^(x)  =  sin^x  is  a  mode  of  a  simply  supported  beam,  we  earn  get  a 
nonlinear  differential-integral  equation  as  below: 
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d2v  ,  dv 


+  +  +  e‘3=l S-g3<T-T)dT  =  G<T) 


initial  condition:  When  r  =  0,  v  =  —  =  0 

dT 


where  a  =  2n(±u± 


p  -  2tt6v±* 


9  =  rrv/, 


g-j(r  -  T)  =  e 


■T)0rr(T- T)  8  1  f 


.sintrr)j(  r-T)J 


.  |2  £ iCf)  j  * cosm-f  j (  t-T  )+  [X+M  j  4d2-2 n(  -£ 1 ) 2 ] 


^0  = 


hj*  =  [*  +  34d2  "  (j^)2]’2 


nj  =  nj 


The  ratio  of  acceleration  and  the  ratio  of  stress  can  also  be  obtained: 


CT(X.T)  _  32d2Vj2 


^  ,  J  S^..-"’1<><T-T>..i„nrH(T-T>aT 

tt2  3=1,3 . .  .rij  1  Jo  %  J 

(7) 


5.  THE  SOLVING  OP  NONLINEAR  DIFFERENTIAL-INTEGRAL  EQUATION 

With  regard  to  equation  (5a),  the  Splir.e  Function  method  is  used  to 
get  numerical  solution.  That  is  to  assume: 


When  T«[T;i,T1+1J 


v(t)  =  ai(T-ri)s  +  biCr-Ti)2  +  Cj/x-xi)  +  dA 

(8) 


From  this,  we  get: 


bi+1  =  3ai(ar)  +•  bj 


c1+1  =  3a±(Ax)2  +  2bi(Ax)  +  c± 

di4i  =  ai(ar)3  +  b^Ax)2  +  c^at)  +  di#  at  =  ri+1  -  Tj 


.  d2v  dv 

and  rr-j  _  =  2bi  — 

dt2  T=Ti  1  dx 


_  =  Ci  v I  =  dj.  ( i=0, 1,2...)  (9b) 

X=Ti  A  |X=Ti 


Let  x0=o,  then  bG,  c0,  d0  can  be  easily  obtained  from  equation  (5a) 
and  its  initial  condition,  and  a^  is  determined  by  equation  (5a)  at  x=xi+1 
based  on  assumption  (8),  i.e. 
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(loa) 


ptgE  ^aiUrjHbiUTjf+Cit^O+^i  +  r6(AT-)+3a(AT)*w.p]a± 
2  6 

=  G(  Ti+  x  )-  {  2bi+a [  2i>i(  AT  )+C i  ]  }  -G .  qx 


where  p,qi  are  defined  as  follows: 

rTl+ 

j=I?3...J  5fZ-9:j<ri+i  ~  T)dT  =  aiP  +  qx  (10b) 

o 

Nonlinear  equation  (10a)  can  be  solved  with  the  Newton  iteration  method. 
After  the  a^  are  obtained,  the  acceleration  and  stress  can  be  calculated 
from  formulae  (6)  to  (9),  so  following  these  steps  we  can  get  the  response 
of  the  system  for  t  >  o. 

6.  RESULTS  AND  DISCUSSION 

In  the  paper  we  consider  H(t)  to  be  a  half  sine  wave  pulse,  i.e. 
t 

H(t)  =  Hmsinrr—  .u(t0  -  t) 
i-o 

where  u(t)  is  unit  step  function.  calculated  with  the  previous  formula, 
the  results  are  given  in  Fig.  3  to  Fig,  6.  From  these  figures  we 
conclude 


(1)  When  other  variables  remain  constant,  the  change  of  k  c  and  d  almost 
have  no  effect  on  the  acceleration  of  block;  the  reason  is  that  the 
action  on  the  block  exerted  by  the  beam  through  the  spring  k2  and 
damping  c2  is  much  smaller  than  the  total  action  on  the  block  exerted 
by  the  material  at  the  bottom  of  system  an^  exerted  by  the  beam  through 
two  simply  supported  ends . 

(2)  Within  a  certain  range,  the  increase  of  k,c  will  decrease  the  stress  of 
the  beam  substantially.  However  ^m/^o  will  not  decrease  very 
obviously  as  the  value  of  k  becomes  large 

(3)  When  k  is  small  (<  0.1),  <rr rv/a0  has  a  peak  value  at  d  =  1.0  or  so.  So 
this  situation  must  be  avoided . 

(4)  When  l  <  <  2,  the  acceleration  and  stress  are  relatively  large. 

Increasing  will  decrease  them,  but  the  effect  is  less  evident  than 
that  when  the  system  resonance  occurs  under  vibration  excitation. 

(5)  After  contrasting  the  results  in  this  paper  with  [4],  we  can  find  that 
the  maximum  acceleration  and  stress  here  are  larger  than  that  of  the 
linear  system.  This  is  because  the  nonlinear  cushioning  material  with 
force-deflection  relation 


2k, h  ir  u, 

Fs(Ul)  =  T^g2-h 


is  equivalent  to  a  hard  spring. 

(6)  From  Fig.  6  we  know  the  beat  range  of  5  is  «  >  5.0.  The  decrease  of  6 
will  make  the  acceleration  large.  When  s  is  very  large,  the  system  is 
approximately  equivalent  to  the  linear  system,  so  the  responses  also 
approach  the  results  of  a  linear  system. 
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DYNAMIC  IMPACT  OF  BEAMS  --  A  CORRELATION 
OF  EXPERIMENTAL  AND  THEORETICAL  RESULTS 
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Department  of  Mechanical  Engineering 
University  of  Alabama  -  Huntsville 
Huntsville,  Alabama  35899 


1 .  INTRODUCTION 

The  transverse  impact  of  beams  has  long  been  a  problem  of  theoretical 
and  practical  interest  in  applied  mechanics  research.  Recent  theoretical 
static  and  dynamic  indentation  studies  by  Keer,  et.al.  (see  refs.  [l]-[5]) 
and  Schonberg,  et.  al .  [6]  have  shown  that  local  contact  stresses  will 
differ  significantly  from  Hertzian  distributions  when  the  region  of  contact 
is  relatively  large.  The  validity  of  the  theory  developed  in  these  studies 
was  demonstrated  through  comparisons  of  special  case  results  with  the 
predictions  of  appropriate  elementary  beam  theories.  However,  no  correlation 
between  experimental  results  and  theoretical  predictions  was  in  these 
investigations.  Furthermore,  the  geometric  parameters  and  material  proper¬ 
ties  considered  constituted  only  a  preliminary  investigation.  As  such,  the 
purpose  of  this  paper  is  two- fold.  First,  to  show,  by  comparing  experimen¬ 
tal  results  with  theoretical  predictions,  that  the  analytical  theory  devel¬ 
oped  by  Keer  and  Lee  [3]  and  Schonberg,  et.al.  [6j  correctly  models  the  low 
velocity  impact  response  of  finite  beams.  Second,  to  use  that  analytical 
theory  in  an  in-depth  investigation  of  low  velocity  impact  response. 

In  the  first  part  of  the  paper,  the  theoretical  solution  of  the  beam 
impact  problem  is  reviewed.  In  the  second  part,  data  from  several  experimen¬ 
tal  impact  studies  are  used  to  test  the  validity  of  the  analytical  model. 
Theoretical  values  of  peak  central  displacement  and  impact  duration  are 
obtained  and  compared  to  available  experimental  values.  In  the  third  part  of 
the  paper,  the  theoretical  model  Is  used  to  generate  new  data  for  a  wide 
variety  of  material  properties  and  geometric  and  impact  parameters.  Results 
are  obtained  for  two  isotropic  materials  (steel  and  aluminum)  and  for  two 
transversely  isotropic  materials  of  different  levels  of  anisotropy  (magnes¬ 
ium,  which  is  nearly  isotropic;  cadmium,  which  is  highly  anisotropic).  Data 
concerning  newly  observed  rebound  phenomena  are  presented  and  discussed. 


2.  SECTION  I  --  THEORETICAL  SOLUTION  METHOD 

Consider  a  beam  of  finite  length  2L  and  thickness  h  that  is  struck  at 
its  center  by  a  rigid  projectile.  The  beam  is  supported  at  its  ends  by  two 
rotational  stiffness  springs  with  equal  spring  constants  K  (Figure  II.  1). 
The  projectile  is  assumed  to  impact  the  beam  at  s  velocity  low  enough  so 
that  penetration  or  perforation  of  the  beam  does  not  occur.  Under  this 
assumption,  local  deformations  are  coupled  to  the  global  deformations  of  the 
beam  and  are  assumed  to  occur  elastically  and  quasi-statically  as  in  Sun  and 
Huang  [ 7] . 


The  dynamic  response  of  the  beam  is  obtained  as  the  superposition  of  a 
static  finite  layer  solution  with  a  dynamic  beam  theory  solution.  The  static 
layer  solution  Itself  is  the  superposition  of  two  solutions.  The  first  is 
an  infinite  layer  solution  in  which  stress  and  deformation  fields  are 
determined  by  the  solution  of  an  appropriate  mixed  boundary  value  problem  in 
two-dimensional  elastostatics .  The  second  is  a  static  beam  theory  solution 


chat  accounts  for  tha  support  conditions  at  tha  ands  of  the  bean.  Stress  and 
displacement  fields  are  obtained  by  superimposing  associated  layer  and  bean 
theory  expressions: 


ij(x'z)-  1 

O"' 

f  ;<»■ 

)T^  (x,z;x' )dx' 

+  <rf](x) 

(1) 

u^x.z)  -  1 

r:<- 

jU^x.z-.x'  )dx' 

+  u|B  (x) 

(2) 

o 


where  p(x)  is  the  contact  pressure  distribution  and  T  ,  are  functions 
of  layer  geometry  and  elastic  moduli.  The  superscript  JSB  refers  to  the 
static  beam  solution  terms .  Such  a  representation  gives  the  layer  stresses 
and  strains  as  functions  of  an  instantaneous  contact  stress  distribution. 
This  result  is  then  placed  into  the  context  of  a  dynamic  theory  through  the 
superposition  of  appropriate  expressions  derived  from  a  standard  dynamic 
beam  theory  solution.  The  overall  solution  thereby  gives  an  accurate 
description  of  the  local  impact  stresses  as  well  as  the  beam  bending 
stresses  at  points  distant  from  the  impact  site.  Application  of  boundary 
conditions  at  the  impact  site  leads  to  a  Volterra  integral  equation: 


/ 


c(t) 

p(x' , t)K(x,x' )dx' 


o 


// 


t„c(T) 

P(x'  ,t)M(x,x‘  ,r)dx*dr  -  vt 


O  O 


x2/2R 


(3) 


where  K(x.x')  and  M(x,x',t)  are  functions  of  geometric,  material  and 
impact  parameters,  V  is  the  inital  impact  velocity,  and  R  is  the  radius  of 
curvature  of  the  Impactor.  The  unknown  contact  pressure  distribution  and 
contact  length  as  functions  of  time  are  determined  at  successive  time-steps 
using  a  technique  that  combines  a  standard  numerical  scheme  for  Volterra 
integral  equations  with  an  iterative  technique  developed  by  Ahmadi,  Keer, 
and  Mura  [8]  for  the  solution  of  non-Hertzian  contact  problems.  The  reader 
is  referred  to  the  works  of  Schonberg,  et.  al.  [6]  and  Keer  and  Lee  [3]  for 
the  details  of  this  method  as  applied  to  transversely  isotropic  and 
isotropic  materials,  respectively. 


3.  EXPERIMENTAL  VALIDATION 

There  have  been  numerous  experimental  investigations  of  dynamic  impact 
phenomena.  Of  those  that  study  central  transverse  impact  of  finite  beams, 
the  majority  usually  employed  impactors  and  beams  made  from  similar 
materials  (typically  steel,  as  in  ref.  [9]).  Since  the  theoretical  model 
assumes  a  rigid  impactor,  the  experimental  studies  that  were  chosen  for 
comparative  purposes  were  those  in  which  a  ball  or  hammer  was  used  to  impact 
a  beam  of  considerably  softer  material. 


Results  from  twenty  experiments  were  used  to  check  the  validity  of  the 
analytical  model.  The  experiments  are  contained  In  three  early  photoelastic 
investigations  of  low  velocity  beam  impact;  the  parameters  of  each  experi¬ 
ment  are  given  in  Table  1.1.  It  should  be  noted  that  the  values  in  Table  1.1 
are  based  on  Information  provided  In  the  investigators'  reports.  In  certain 
instances,  the  information  was  incomplete  and  assumptions  had  to  be  made 
regarding  geometry  or  support  conditions.  Therefore,  analytical  predictions 
need  not  be  exactly  equal  to  experimental  results.  If  the  difference  be¬ 
tween  analysis  and  experiment  Is  on  the  order  of  20  to  25%,  then  the  analy¬ 
tical  theory  can  be  considered  to  adequately  model  beam  impact  response. 
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Additional  comments  regarding  other  possible  explanations  of  the  differences 
between  analytical  results  and  experimental  predictions  may  be  found  in  the 
SUMMARY  AND  CONCLUSIONS. 

In  the  first  study,  three  simply  supported  castolite  beams  with  differ¬ 
ent  thicknesses  were  subjected  to  impacts  by  a  steel  hammer  [10] .  A  compari¬ 
son  of  experimental  impact  durations  and  corresponding  analytical  predic¬ 
tions  are  presented  in  Table  1.2  for  each  beam  and  for  three  different 
impact  velocities.  The  average  differences  between  the  experimental  results 
and  the  theoretical  predictions  are  10.2%,  26.1%,  and  30.5%  in  Test  Sets  I, 
II,  and  III.  The  overall  average  difference  for  all  nine  experiments  is 
approximately  22% . 

In  the  second  study,  two  simply  supported  araldite  epoxy-resin  beams  of 
different  lengths  were  subjected  to  central  transverse  impact  [11].  A  com¬ 
parison  of  experimental  maximum  central  deflections  and  times  at  which  they 
occur  are  presented  in  Table  1.3.  The  theoretical  maximum  displacements, 
A  ,  differ  from  experimental  values  by  approximately  -6%  in  Test  No.  1 
an  less  than  +3%  in  Test  No.  2.  The  times  at  which  they  are  predicted  to 

occur,  t.  ,  are  virtually  identical  with  the  observed  times. 

A , max  J 

In  the  third  study,  three  simply  supported  phenolite  beams  cf  different 
lengths  were  impacted  by  a  steel  ball  [12].  Comparisons  of  maximum  central 
displacements  an  impact  durations  are  presented  in  Tables  I. A  and  5, 
respectively.  In  this  study,  the  analytical  model  was  found  to  under¬ 
estimate  beam  displacement:  by  an  average  of  approximately  33%  and  over¬ 
estimate  impact  duration  by  approximately  22%. 


4.  ANALYTICAL  INVESTIGATION 
A.l  Impact  Parameters 

The  elastic  and  physical  properties  of  the  materials  employed  in  this 
study  are  given  in  Tables  II. la  and  b.  For  each  material,  so’utions  were 
obtained  for  simply  supported  and  clamped  beams  1  cm  thick,  10  and  100  cm 
long,  and  for  impact  velocities  of  1  and  10  m/sec.  The  impactor  radius  of 
curvature  was  varied  from  .1  cm  to  100  cm,  and  the  ratio  of  beam  mass  to 
impactor  mass  (M)  was  varied  from  0.1  to  10.0.  The  results  are  presented  in 
in  the  form  of  data  comparison  tables  and  stress  history  plots.  Tables 
11.2,3  and  Figure  II. A  compare  the  results  of  impact  on  steel  and  aluminum 
beams;  Tables  11.4,5  and  Figures  11.2,3  show  results  for  the  magnesium  and 
cadmium  beams.  Figuras  11.2,3  show  typical  impact  stress  histories.  In 
Tables  11.2,3  analytical  values  of  maximum  central  displacement  and  impact 
duration  are  compar'd  with  those  obtained  from  an  elementary  beam  theory 
analysis  [ 13 ] . 

4 . 2  Results  and  Observations 

4.2.1  Effect  of  Impactor  Curvature 

For  a  given  impact  velocity  and  beam  configuration,  impactor  curvature 
was  found  to  have  little  effect  on  the  global  impact  response  of  the  beam. 
It  did,  however,  have  a  pronounced  effe  t  on  local  phenomena  such  as  the 
contact  pressure  distribution  and  the  s.ze  of  the  contact  region.  This 
agrees  with  the  results  obtained  by  Sur.  end  Chen  [14]  in  an  impact  study 
using  composite  laminates.  Peak  contact  stresses  were  found  to  rise  signifi¬ 
cantly  as  R  decreased  and  sometimes  even  rose  above  the  yield  stress.  As  R 
Increased,  peak  stresses  decreased  and  overall  stress  distributions  became 
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severely  non-Hertzian.  In  these  cases,  peak  contact  stresses  were  found  to 
occur  near  the  edges  of  the  contact  regions  and  not  at  the  center  of  Impact. 

4.2.2  Effect  of  Impact  Velocity 

Contact  forces  and  beam  displacements  corresponding  to  different  Impact 
velocities  were  found  to  be  similar  except  for  their  respective  amplitudes. 
The  differences  in  the  amplitudes  were  proportional  to  the  relative  values 
of  the  impact  velocities  (see  Table  II. 2).  This  is  also  in  agreement  with 
Sun  and  Chen  [14].  In  some  cases,  high  impact  velocities  produced  central 
deflections  that  exceeded  small  deflection  theory  limits.  These  cases  are 
indicated  by  an  entry  of  '***'  in  the  Tables.  Revisions  in  the  present 
theory  to  accomodate  these  cases  are  currently  under  investigation. 

It  should  be  noted  that  the  duration  of  Impact  was  found  to  be 
relatively  independent  of  the  impact  velocity  (Table  II. 3).  This  has  been 
observed  to  be  true  for  very  low  impact  velocities  [10,12].  However,  for 
higher  impact  velocities,  this  should  no  longer  be  the  case.  The  author 
believes  that  inclusion  of  inertial  effects  in  the  construction  of  the 
static  elasticity  solution  would  alter  the  durations  of  impact  for  the 
higher  velocity  impacts. 

4.2.3  Effect  of  Mass  Ratio 


It  was  observed  that  massive  impactors  produced  more  severe  responses 
than  did  lighter  ones  and  usually  produced  force  and  displacement  histories 
with  many  peaks.  These  fluctuations  are  probaoly  due  to  the  increased 
participation  of  the  higher  modes  of  vibration  of  the  beam  [14].  Heavier 
beams  simply  deflected,  rebounded,  and  ejected  lighter  projectiles.  When  the 
beam  and  impactor  were  nearly  equal  in  mass,  force  and  displacement 
histories  had  only  two  peaks  and  occasionally  resulted  in  a  multiple  impact 
phenomenon  (see  Figure  II. 2  and  compare  with  Figure  II. 3).  In  these 
cases,  the  beam  reached  its  maximum  deflection  before  the  Impactor  had 
reversed  its  trajectory.  As  the  beam  deflected  upward,  a  new  force  maximum 
was  achieved.  However,  there  was  no  separation  in  those  cases  where  a  pro¬ 
jectile  was  impacting  a  clamped  beam.  Clamped  beams  are  not  as  flexible  as 
simply  supported  ones  and  therefore  less  likely  to  give  rise  to  double  or 
multiple  impact  phenomena. 


In  most  of  the  cases  studied,  the  rebound  velocity  of  the  impactor  was 
approximately  equal  to  its  initial  Impact  velocity.  However,  as  the  ratio  of 
beam  mass  to  impactor  mass  increased  there  were  significant  reductions  in 
the  rebound  velocity.  In  these  cases,  the  impactor  was  released  before  the 
beam  had  returned  to  its  horizontal  position.  As  such,  the  impactor  had  not 
yet  recovered  all  of  the  energy  it  had  imparted  to  the  beam  upon  impact.  The 
high  inertial  resistance  of  the  heavy  beam  caused  a  force  maximum  to  be 
achieved  and  released  before  the  beam  had  reversed  its  trajectory.  In  Figure 
II. 4  the  ratio  of  the  beam  displacement  at  which  the  impactor  was  released 
to  the  maximum  beam  displacement  (4-/4  )  is  seen  to  vary  dramatically 
as  the  mass  ratio  increases.  It  is  interesting  to  note  that  the  these 
curves  are  independent  of  impactor  radius  and  velocity  and  depend  only  on 
the  material  and  physical  properties  of  the  beam  and  impactor. 


4.2.4  Effect  of  Material  Anisotropy 

In  previous  static  indentation  studies  [1,5],  it  was  shown  that  the 
higher  bending  stiffness  and  lower  transverse  stifness  of  beams  made  of 
highly  anisotropic  materials  produce  smaller  transverse  deflections,  smaller 
contact  forces,  and  larger  contact  lengths.  As  can  be  seen  from  Tables 
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11,4,5,  this  was  not  necessarily  true  in  the  case  of  dynamic  indentation. 
Examination  of  elementary  beam  theory  equations  [13]  reveals  that  the  maxi¬ 
mum  transverse  displacement  is  indeed  inversely  proportional  to  the  bending 
stiffness,  but  that  it  is  also  directly  proportional  to  the  mass  of  the 
beam.  Thus  while  the  higher  bending  stiffness  of  cadmium  beams  should 
reduce  deflections  anu  impact  times  by  approximately  25%  as  compared  to 
magnesium  beams,  the  high  mass  density  of  the  cadmium  beams  will  Increase 
deflections  nearly  125%  resulting  in  a  net  increase  of  almost  70%  over 
magnesium  beams.  Similar  arguments  can  be  used  to  explain  the  differences  in 
the  durations  of  impact  as  well  as  the  peak  contact  stresses  and  forces. 

The  relative  sizes  of  the  contact  lengths  in  the  cadmium  and  magnesium 
beam  impacts,  however,  did  agree  with  those  predicted  by  the  static  indenta¬ 
tion  studies  holds  for  the  duration  of  impact.  Cadmium  beams  are  less  stiff 
in  the  transverse  direction  than  magnesium  beams  (note  the  relative  values 
of  c^^  in  Table  II. lb).  As  such,  impacting  projectiles  penetrated  more 
deeply  into  cadmium  beams  than  into  magnesium  beams  which  resulted  in  larger 
contact  lengths  for  the  cadmium  beams  [6] . 


5.  SUMMARY  AND  CONCLUSIONS 

Data  from  several  experimental  impact  studies  were  used  to  test  the 
validity  of  an  analytical  model  of  beam  impact  response.  Theoretical  values 
of  central  beam  displacement  and  impact  duration  were  obtained  and  compared 
to  available  experimental  values.  The  average  differences  between  predicted 
and  observed  values  for  impact  duration  and  maximum  beam  displacement  are 
approximately  +20%  and  -27%,  respectively.  These  differences  may  be  attri¬ 
buted  to  several  factors.  First,  it  was  assumed  +hat  the  experimental  inves¬ 
tigators  carefuly  modelled  the  beam  end  conditions.  Any  deviation  from  true 
simply  supported  ends  would  affect  beam  response.  Second,  all  photoelastic 
materials  exhibit  a  certain  amount  of  time  effects  (ie.  optical  or  mechan¬ 
ical  creep)  in  response  to  static  and  dynamic  loadings.  The  analytical  model 
assumes  a  perfectly  elastic  material  whose  properties  do  not  depend  on 
stress  level  or  strain  rate.  Third,  the  analytical  model  does  not  include 
the  effects  of  shear  deformation.  Inclusion  of  shear  effects  would  serve  to 
increase  the  predicted  beam  displacments .  In  reviewing  the  experimental  data 
and  the  predictions  of  the  analytical  model  and  in  light  of  these 
observations,  it  is  concluded  that  the  analytical  model  satisfactorily 
predicts  the  low  velocity  impact  response  of  finite  beams. 

Using  the  analytical  model,  an  in-depth  study  of  low  velocity  projec¬ 
tile  impact  on  isotropic  and  transversely  isotropic  beams  was  performed.  For 
a  given  impact  velocity  and  beam  configuration,  impactor  curvature  was  found 
to  have  little  effect  or.  the  global  response  of  the  beam,  but  did  have  a 
pronounced  effect  on  local  phenomena.  The  effects  of  different  impact  velo¬ 
cities  was  evident  ir  the  relative  amplitudes  of  peak  contact  forces  and 
impact  durations.  The  differences  in  the  amplitudes  were  found  to  be  di¬ 
rectly  proportional  to  the  relative  values  of  the  impact  velocities.  The 
ratio  of  the  beam  mass  to  impactor  mass  was  found  to  be  an  important  parame¬ 
ter  in  determining  beam  impact  response.  For  some  values  of  this  ratio, 
multiple  mpact  phenomena  were  observed  to  occur.  Mass  ratio  effects  were 
also  found  to  be  strongly  coupled  with  the  effects  of  material  anisotropy  in 
determining  relative  beam  deflections  and  contact  pressure  distributions. 
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Displacement  at  Final  Separation 


SHOCK  TESTING  VflTH  ELECTRDDYNAMIC  EXCITERS  USING  OSCILLATORY 

TRANSIENT  EXCITATION 

D.H.  Trepess  and  R.G.  White 

Institute  of  Sound  and  Vibration  Research 
University  of  Southampton 


1 .  INTRODUCTION 

Shipboard  equipment  in  service  may  undergo  shock  excitation  Which 
could  cause  damage  and  result  in  malfunction.  It  is  necessary,  therefore, 
to  representatively  shock  load  equipment  prior  to  it  being  installed  to 
indicate  whether  or  not  the  equipment  may  malfunction  in  service.  In 
service,  shipboard  equipment  will  usually  be  inertially  loaded  due  to  the 
transient  motion  of  its  supports . 

If  the  motion  of  the  supporting  structure  of  the  equipment  to  be  shock 
tested  is  known,  then  this  could  possibly  be  reproduced  by  a  shock  test 
machine.  The  motion  will  be  a  forced  vibration  response  followed  by  free 
vibration,  which  will  generally  consist  of  the  summation  of  vibration  modes 
of  the  supporting  structure,  this  being  composed  of  a  number  of  decaying 
sinewaves.  This  transient  motion  of  the  supporting  structure  could  be 
reproduced  in  a  laboratory  shock  test,  but  it  would  be  unique  to  that  piece 
of  equipment,  the  supporting  structure,  the  position  of  the  equipment  and 
position  of  adjacent  equipment.  A  variation  in  any  of  the  above  would 
result  in  different  support  motions.  However,  it  is  usual  that  vibrational 
motion  of  the  supporting  structure  is  unknown. 

A  general  approach  to  shock  testing  is  therefore  needed.  simple  test 
waveforms  such  as  half  sine,  triangular  and  rectangular  pulses  are  often 
specified.  These  types  of  transient  excitations,  however,  are  not  ideal 
for  specification  testing  or  environmental  simulation.  Simple,  single 
pulses  of  the  above  type  exhibit  regions  of  zero  or  very  low  spectral 
content.  Also,  being  non-oscillatory  in  nature,  resonant  response 
"build-up”  is  not  achieved  in  the  test  item,  as  would  be  the  case  if 
excited  by  an  oscillatory  motion  Induced  by  supporting  structure 
resonances,  as  discussed  above.  If  a  single  decaying  sinusoid  is  used  as  a 
test  waveform,  the  excitation  is  essentially  narrowband,  depending  on  the 
decay  rate,  and  resonances  of  the  test  item  may  not  be  stimulated.  A 
transient  waveform  Which  is  oscillatory  in  nature  and  Which  has  attractive 
spectral  characteristics  is  the  rapid  frequency  sweep  [1].  The  Fourier 
transform  modulus  does  not  have  zeros  and  the  spectrum  shape  can  be  readily 
controlled  via  the  characteristics  of  the  time  signal.  In  simple  form,  the 
linear,  constant  amplitude,  rapid  fre  uency  sweep  has  a  Fourier  transform 
modulus  Which  is  essentially  rectangular  in  shape. 

This  paper  describes  how  a  rapid,  linear,  acceleration  frequency  sweep 
can  be  amplitude  weighted,  so  when  used  to  excite  in  phase,  the  supports  of 
a  structure,  the  structure  experiences  equal  damage  potential  in  a  set  of 
its  modes  of  vibration. 

A  method  is  described  in  which,  by  use  of  computer  control,  the 
frequency  response  characteristics  of  the  signal  generating  system 
(exciter,  power  amplifier)  can  be  compensated  for  so  that  the  motion  of  the 
exciter  table  upon  Which  the  test  item  is  mounted  cam  be  specified. 
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2. 


WEIGHTED  RAPID  FREQUENCY  SWEEP  TO  PRODUCE  CONSTANT  PEAK  MODAL  STRESS 


The  first  approach  examined  was  to  obtain  n  shaped  or  weighted  rapid 
frequency  sweep  Which  can  be  used  to  excite  a  structure  via  its  supports  so 
that  the  maximum  stress  due  to  Inertial  loading  is  the  same  in  a  set  of 
inodes  of  vibration.  This  was  performed  for  two  simple  structures,  the 
simply  supported  beam  and  the  clamped -clamped  beam. 

The  analysis  of  a  simply  supported  beam  excited  via  acceleration  of 
its  supports  due  to  rapid  frequency  sweep  has  been  performed  in 
reference  [2].  A  similar  analysis  for  a  clamped-c lamped  beam  is  given  here 
in  Appendix  1. 

Both  analyses  show  that  only  the  odd  modes  of  vibration  axe  excited  by 
in  phase  support  motion  since  the  generalised  force  in  the  even  modes  of 
vibration  is  zero. 


Appendix  1  shows  that  the  maximum  stress  in  a  clamped -clamped  beam 
occuring  at  the  supports,  for  light  damping,  in  all  odd  inodes  of  vibration 
from  equation  Al.22  is  given  by 


c^n  - 


4V3  ERq  ••  n 
( c^n1 )  cL  00  V  a 


(1) 


where. 


prescript  c  indicates  a  clamped-c lamped  beam, 
stress  in  the  n***  mode  of  vibration  ( n  always  being  odd ) 
Young's  modu'  s 
E 

,  -  longitudinal  wave  speed 

V  P 

excitation  acceleration  amplitude  at  each  support 
2T 

initial  angular  frequency  of  frequency  sweep 
final  angular  frequency  of  frequency  sweep 
sweep  duration 
COSh  Afl c  ~  cos 
sinh  Ani  -  sin  ini 

Xnl  "n’*1  !h]  *  (2) 

where, 

A  -  cross-sectional  area  of  the  beam 

I  -  second  moment  of  area  of  cross-section  of  the  beam 
p  -  density 
i  -  bf  un  length 

Wn  -  the  nth  angular  natural  frequency  of  the  beam 


the 

ffn  - 
E  - 

CL  - 

iio  - 

a  = 

- 

ujt  - 
T  - 

Rn  = 


Reference  [2]  shows  that  for  a  simply  supported  beam 


b°  n  -  E<3 


TT 

/  a 


(3) 


where, 

the  prescript  s  indicates  simply  supported  beam 
n  -  mode  number 


The  following  arranges  <3)  into  a  similar  form  to  (l)i- 
For  a  simply  supported  beam. 


m 

For  a  rectangular  beam. 


“>n 


PA 
/  El 


I  = 


bd3 

12 


b  -  beam  width 
d  -  beam  thickness 


And  from  ( 2 ) , 


m  -  -  w 

-  ■  ;  ffl" 

-  *.  ffl" 


(4) 


n  = 


sxnL 


(5) 


After  substituting  (4)  and  (5)  into  (3),  the  following  is  obtained i- 

2/3  E 


8ffn  ~ 


<s*nl )  ct  “o  /  a 


(6) 


Tabulated  values  of  Ani  for  both  types  of  beam  are  given  in  Table  l 
for  all  the  odd  inodes  up  to  the  19th  mode  of  vibration. 


Now,  writing  (i)  and  (6)  together  to  show  their  similarities, 

(1) 


4/3  E  ■■ 
c°n  =  ,  ,  v  «o 


( cAnl )  c i 
( clamped-clan^ped  beam) 


IT 


2/3  E  •• 
B°n  ~  7~T~~  7T  uo 


n 

V  a 


(s*nl )  ct 
(simply  supported  beam) 


(6) 


Rearranging  (l)  and  (6)  to  give 


E_  ■;  IT  _  4  /3 

ct  ^  /  l  •  c«n  -  ^  Rn 


E  ff 

r~  uo  r 


_  _  U2L 

s^n - TT 

sAnl 


(7) 


(8) 


ITie  left  hand  sides  of  both  (7)  and  (8)  axe  peaX  values  of  stress  in 
each  type  of  beam,  multiplied  by  an  Identical  scale  factor.  The  factor 
consists  of  material  properties,  beam  dimensions  and  sweep  excitation 
parameters . 
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NOW 


> 


k 

I 


I 


I 


(2) 

becomes 


(9) 

sides  of  equations  (7)  (for 
inversely  proportional  to  the 
square  root  of  the  natural  frequencies  of  the  respective  beams;  the 
constants  of  proportionality  depend  on  beam  dimensions  and  material 
properties . 

Table  1  gives  values  of  the  left  hand  side  of  equations  (7)  and  (8), 
Rf,,  and  for  the  right  hand  side  of  (9)  for  each  odd  mode  of  vibration.  The 
graph  in  Pigure  1  shows  how  the  peak  stress  in  each  mode  varies  with 
natural  frequency. 

The  axes  of  the  graphs  are  scaled  factors  of  peak  stress  and  natural 
frequencies,  the  scale  factors,  as  mentioned  above,  depend  on  material 
properties,  beam  dimensions  and  sweep  excitation  parameters.  Ibis  type  of 
presentation  has  been  used  for  generality. 

It  should  be  noted  that  the  symbols  X  and  ©  represent  peak  stress  due 
only  to  the  corresponding  beam  natural  frequency.  Therefore,  the  lines 
joining  the  data  points  do  not  represent  peak  stress  in  the  beam  at 
frequencies  other  than  the  natural  frequencies.  These  lines  serve  only  to 
demonstrate  how  the  peak  modal  stress  varies  as  natural  frequency  Changes. 

Por  the  clamped-c  lamped  beam,  the  peak  stress  for  each  odd  mode  above 
mode  3  decreases  with  increasing  frequency  at  a  rate  of  10  dB  per  decade. 
Por  the  8 imply  supported  beam,  the  peak  stress  decreases  again  at  10  dB  per 
decade  for  all  of  the  odd  modes  of  vibration. 

In  order  to  achieve  equal  peak  stress  in  each  mode  of  vibration,  the 
transient  support  motion  needs  to  be  controlled.  The  required  support 
motion  given  in  the  frequency  domain  is  the  original  acceleration  spectrum 
multiplied  by  the  square  root  of  the  angular  frequency  at  which  the 
supports  are  moving. 

The  instantaneous  frequency  of  the  rapid  frequency  sweep  varies 
linearly  with  time.  Thus,  in  the  time  domain,  the  signal  can  be  similarly 
weighted  as  in  the  frequency  domain  to  obtain  constant  peak  modal  stress. 
In  the  time  domain  a  rapid  frequency  sweep  with  a  constant  acceleration 
amplitude  is 


*n*-  =  V*  l 


[*r 

LEI  J 


Por  a  rectangular  cross-section  beam  ( 2 ) 


12 


<*nO*  =  «>nia - 

V  ct*d* 

<v.  -  ^ 


This  demonstrates  that  the  right  hand 
n  >  3,  i.e.  as  Rp  tends  to  unity)  and  (8)  are 


u(t)  =  Uq  sin(at*  +  bt)  (10) 

(2at  +  b)  being  the  instantaneous  frequency. 

Thus,  by  multiplying  (10)  by  (2at  +  b)1*  gives  a  rapid  frequency  sweep 
support  acceleration  waveform  which  produces  equal  peak  stress  in  each  mode 
of  vibration. 
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The  required  signal  is  thus 


(2at  +  b)1*  Uq  sin(at*  +  bt) 

The  next  stage  is  to  substitute  values  of  the  beam  properties  an<l 
sweep  parameters  into  equations  (7)  and  (8)  and  also  to  substitute  the 
value  of  ultimate  tensile  stress  (for  the  beam  material)  for  the  peak 
stress  in  the  same  equations.  iTten,  assuming  that  the  beam  deforms 
linearly  up  to  failure,  the  value  of  the  acceleration  amplitude  ( Uq)  can  be 
calculated  in  order  that  the  beam  should  break. 

3.  CONTROLLED  TRANSIENT  TESTING 

3.1  The  Need  for  Controlled  Testing 

When  using  an  electrodynamic  exciter,  a  signal  of  the  same  form  as  the 
required  exciter  table  motion  is  usually  generated  electronically  and  input 
to  a  power  amplifier;  this  signal  is  then  applied  to  the  exciter  coil. 
However,  the  motion  of  the  exciter  table  does  not  possess  the  same  spectral 
characteristics  as  that  of  the  original  electronically  generated  signal. 

In  shock  testing,  the  levels  of  excitation  on  the  equipment  under  test 
are  important.  It  is  therefore  desirable  to  compensate  for  the  exciter  and 
power  amplifier  frequency  response  characteristics.  In  steady  state 
sinusoidal  or  slow  sweep  testing,  a  feedback  system  is  employed  for 
compensation,  but  in  transient  testing,  i.e.  shock  testing,  a  feedback 
system  is  impractical  due  to  response  time  limitations.  A  method  for 
compensation  in  transient  testing  using  the  rapid  frequency  sweep  is 
proposed  and  demonstrated  for  a  constant  amplitude  rapid  frequency  sweep 
and  the  proposed  weighted  frequency  sweep  described  in  Section  2. 

3.2  Control  Technique 

An  open  loop  technique  is  used  for  frequency  response  compensation. 
The  method  employed  is  first  to  measure  the  frequency  response  of  the 
generating  system  through  the  frequency  range  of  interest.  Then,  by 
multiplying  the  required  exciter  table  motion  Bpectrum  by  the  inverse  of 
frequency  response  function,  the  required  input  Bpectrum  is  obtained  via 
inverse  Fourier  transformation  and  the  time  domain  signal  is  obtained.  The 
theory  is  outlined  in  Appendix  2 . 

3.3  control  implementation 

The  experimental  arrangement  for  the  proposed  controlled  transient 
testing  technique  is  shown  in  Figure  2 . 

The  personal  computer  is  fitted  with  signal  generating  (digital  to 
analogue  converter)  and  data  acquisition  ( analogue  to  digital  converter) 
boards.  A  signal  is  created  within  the  computer  and  generated  via  the  l/A 
converter  at  a  selected  sampling  rate.  The  analogue  signal  is  then  applied 
to  the  power  amplifier  and,  ultimately,  the  exciter  coil  via  the  low  pass 
smoothing  filter.  The  filter  is  set  to  a  maximum  "cut-off"  frequency  of 
half  the  output  sampling  rate.  The  resultant  acceleration  of  the  exciter 
table  is  recorded  by  the  computer  via  a  charge  amplifier,  anti-aliasing  low 
pass  filter  and  an  analogue  to  digital  converter.  At  this  stage,  the 
computer  memory  contains  output  and  input  signals.  The  analysis  technique 
described  in  Section  3.2  can  then  be  implemented  so  that  the  required  input 
spectrum  can  be  obtained.  Before  inverse  Fourier  transformation,  the 
spectrum  is  windowed  in  the  frequency  range  of  interest,  this  is  to  remove 
any  d.c.  offset  from  the  A/D  converter  and  any  background  noise  not  within 
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the  frequency  range  of  interest.  The  inverse  Fourier  transform  is  then 
found,  yielding  the  time  domain  signal  vrtiich  can  be  applied  to  the  exciter 
coil  as  described  above,  so  the  table  motion  is  that  required. 

3.4  Results 

The  procedure  described  was  implemented  using  an  electrodynamic 
exciter  with  a  maximum  force  output  of  200  N. 

The  compensation  was  performed  for  a  linear,  constant  amplitude,  rapid 
frequency  sweep  and  for  a  linear  rapid  frequency  sweep  Whose  amplitude 
Increased  at  a  rate  of  10  dfl  per  decade  (as  described  in  section  2),  both 
over  the  frequency  range  100  H z  to  1000  Hz. 

Figures  3  and  4  show  the  generated  and  required  exciter  motion  modulus 
spectrum,  the  resulting  exciter  table  motion  modulus  spectrum  is  shown  in 
Figure  5.  The  windowed,  calculated  generator  spectrum  is  shown  in  Figure 
6,  the  window  being  shown  in  Plgure  7.  The  resultant  table  motion  spectrum 
is  shown  in  Figure  8. 

Figure  9  shows  the  linear  rapid  frequency  sweep  increasing  at  10  dB 
per  decade;  Figure  11  shows  the  resultant  compensated  signal,  Pigure  10  is 
the  required  generator  signal  spectrum. 

It  can  be  seen  that  the  spectral  characteristics  of  the  compensated 
exciter  table  motion  (Figures  8  and  11)  compare  favourably  with  the 
required  table  motion  spectrum  proving  a  useful  technique.  When  the 
relative  levels  of  excitations  are  important,  such  as  in  shock  testing. 

4.0  CONCLUSIONS 

Section  2  demonstrates  how  a  rapid  frequency  sweep  can  be  shaped  so 
that  When  used  to  excite  a  simple  structure  via  its  supports,  the  peak 
stress  produced  in  the  structure  is  constant  for  a  set  of  its  modes  of 
vibration . 

Section  3  shows  how  the  required  excitation  level  at  the  exciter  table 
can  be  obtained  via  compensation  of  the  frequency  response  characteristics 
of  the  testing  system. 

By  combining  the  above  two  techniques,  a  shock  test  can  be  specified 
which  produces  equal  damage  potential  to  a  simple  structure  in  a  set  of  its 
inodes. 
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APPENDIX  1 


Calculation  of  Maximum  stress  in  a  Vibrating  clamped-ciamped  Beam 
The  deflection  of  a  bean  vibrating  in  a  mode  is  given  by 
Vn  =  <Jn(t>  ♦n(x)  (Al.l) 


where. 


4>n(  x )  =  The  nth  mode  shape 

qn( t )  =  Generalised  displacement ,  nth  mode 

Prom  Engineer's  bending  theory,  the  stress  in  a  beam  due  to  bending  is 
given  by 

My 

°  =  —  (A1.2) 

I 


where, 

M  =  Bending  Moment 

y  =  The  perpendicular  distance  from  the  neutral  axis  to  the 
plane  of  Interest 

,  I  =  second  moment  of  area  of  cross-section 

► 

For  all  initially,-  undeflected  beans,  the  neutral  axis  is  at  the  same 
position  as  the  geometric  axis.  Thus,  from  equation  A1.2,  the  maximum 
►  stress  will  occur  When  y  is  a  maximum,  i.e.  at  the  surface  of  the  beam. 


r  d*y 

The  bending  moment  is  given  by  El  - 

dx2 


E  =  Young' 8  Modulus 

Combining  A2.1,  A2.2  and  A2.3  to  give 


Ed  <a2*n(x) 

cn(x,t)  =  — .  qn(t)  - 

2  dX* 


(A1.3) 


<A1.«> 


Where  d  is  the  beam  depth. 


The  response  in  each  node  of  vibration  is  given  by  the  convolution  of 
the  Generalised  force  *Lth  t..e  corresponding  unpuise  response. 

•••  qn(t)  =  J^nCO  hn(t  -  r)dr  (A1.5) 

Pn  =  generalised  force 
h(t)  =  Unpuise  response 

hn(t )  =  -  •~*Mnt  Sin  u«jnt  (A1.6) 

«nWn 

Mh  =  generalised  mass 
C  =  viscous  damping  ratio 
t  =  time 

wn  =  natural  frequency 
(•ton  =  damped  natural  frequency  =  ton  Y1  -  C* 

The  generalised  mass  is  given  by 

=  pa  fl*n*(x)dx  (Ai.7) 

J  o 

and  the  generalised  force  is  given  by 

Fn(T>  *  -  pAu  [  *n(x)dx  (A1.8) 

J  o 

now  for  a  clamped— clamped  beam, 

«n(x)  =  cosh  Anx  -  cos  Anx  -  %( sinh  Anx  -  sin  Anx)  (A1.9) 

Where, 

cosh  Afjl  -  COS  Anl 

Rn  =  -  (Al.lO) 

sinh  Ani  -  sin  Ani 

and 


A  =  beam  cross-sectional  area 
p  =  density 
i  =  beam  length 
u  =  acceleration 


Substituting  (A1.9)  into  (Xl.7)  and  evaluating  the  integral  gives  the 
generalised  mass  for  all  nodes  as 

Mn  =  pAi  (Al.ll) 

i.e.,  the  generalised  mass  =  beam  mass  for  all  modes, 
d2*n( x ) 

-  =  An2  (cosh  Anx  +  cos  Anx  -  Rn  (sinh  Anx  +  sin  Anx>)  (Al.12) 

dx2 


545 


Thus  the  integral  in  (Al.17 )  becomes 


|  Uq  sin(a-rz  +  br)  sin  «n(t  -  t)Ot 
Jo 


The  Integral  gives. 


<Tjrj(  X,  t  ) 


-  48 d  Rn  xn 
tun 


Uq  V 


4a 


(A1.18) 


NOW, 


“n  -  A*n 


»* 


for  a  beam  with  a  rectangular  cross-section, 

IS  ST  ■  *•* 

Substituting  into  (A2.18), 

.  _ .  -4E  Rn  ri2pl’*  ••  .  It 

■■  ‘’n'*-"  -  rssrr  l*  J  '  = 


4a 


_  4.,  _  -E  4/3  Rn  Uq  it 

n(x,t)  (Xno  cL  ^  a 


(A1.19) 


(A1.20) 

(A1.21) 


Note  The  negative  sign  refers  to  compression,  since  it  was  assumed 
that  the  stress  varies  linearly  across  the  cross-section  of  the  beam  then 
the  opposite  face  will  be  in  tension  with  the  same  magnitude  of  Btress. 


l.e.  (Al.21)  becomes. 


E  4/3  Rq  Uq  fr 
(An*-)  ct  a~ 


(A1.22) 


APPENDIX  2 


x(t)  -  signal  generator  output 

h< t )  -  acceleration  generating  system  (i.e.  power  amplifier, 
shatter )  impulse  response 

y(  t )  -  acceleration  signal  produced  at  the  table  of  the  exciter 

Now, 
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SIMPLY 


A  METHOD  FOR  FINDING  AN  UPPER  BOUND  FOR  THE  RESPONSE  OF  STRUCTURES  TO 

BLAST  NAVES 

S. J.C.Dyne,  J.K.m— .ind  and  P. Davies 
Institute  of  Sound  and  Vibration  Research 


Abstract 

The  paper  presents  a  technique  for  prediction  of  an  upper  bound  for 
the  response  of  a  structure  to  a  shock  excitation.  The  analysis  Is  a 
development  of  the  uork  by  Davies  [6]  uho  used  time  domain  approaches  to 
system  response  problems  and  shoued  hou  an  envelope /Hilbert  transform 
technique  could  be  used  to  find  an  upper  bound  for  the  response  of  single 
Input-single  output  systems.  The  contribution  of  this  paper  Is  an 
extension  of  this  to  describe  the  response  of  structures  subject  to 
convectlng  blast  (pressure)  uaves . 


1 .  INTRODUCTION 

Analysis  of  complicated  structures  containing  large  numbers  of 
(possibly  coupled)  modes  can  become  demanding  of  computer  resources.  Model 
input  data  are  generally  either  measured  experimentally  or  assumed  from 
theory  representing  a  simplification  of  the  physical  model  or  prototype. 
Thus  experimental  results  and  mathematical  model  predictions  are  rarely 
identical;  however,  often  the  full  detail  of  these  responses  is  not 
required  and  approximate  methods  that  yield  the  main  features  of  interest 
are  sought. 

This  technique  involves  describing  the  system  impulse  response 
function,  the  (distributed)  input  and  the  response  in  terms  of  envelopes. 
The  response  envelope  can  be  shown  to  satisfy  an  inequality  involving  the 
envelopes  of  the  input  and  of  the  system  and  this  is  used  as  an  upper 
bound  for  the  system  response. 


2.  ANALYSIS 

For  a  discrete  time  history  y(n )  we  define  the  Hilbert  transform  y(n) 
as  the  convolution  ( 1 ) 

.  00 

y(n)  -  E  z(n-m)y (m)  (1) 

”00 

Where 


z(m) 


2  slnz(rmr/2) 
n  m 


m*Q 


0 


nr=0 


(2) 


The  implication  of  the  convolution  is  a  filter  referred  to  as  a  90°  phase 
shifter  from  a  consideration  of  the  frequency  domain,  and  it  should  be 
noted  that  the  transform  of  a  causal  sequence  is  acausal.  Furthermore,  the 
infinite  limits  of  tne  sum  prevent  exact  calculation  of  the  ideal  Hilbert 
transform  and  methods  of  finding  an  approximation  to  y(n)  have  been 


discussed  [3].  By  analogy  with  signals  in  communications  systems  in  a 
continuous  time  domain  [4]  the  envelope  of  a  signal  is  defined  as 


Ay(n)  *  (vz(n)+yz(n)j't  (3) 

An  example  of  a  time  history  and  its  envelope  calculated  using  this  method 
is  given  below  in  figures  1  and  2. 

If  we  now  consider  a  single  input-single  output  discrete  system  with 
impulse  response  t\(n)  subject  to  an  input  x(n),  the  response  y(n)  is  given 
as  the  convolution  [5  etc.] 

y(n)  =  h(n)*x(n)  (4) 

It  can  be  shown  [6]  that  the  envelopes  of  the  response,  input  and  impulse 
response  tire  related  by  an  inequality  giving  an  upper  bound  for  the 
response  of  the  systems  i.e. 

Ay(r.)  <  ’*A h(n)*Ax(n)  (5) 

An  example  is  sketched  below:  Figure  4  shows  the  right  hand  side  of  the 
inequality  superimposed  on  Ay(n)  for  a  linear  second  order  system  with  the 
input  shown  in  figure  3.  It  cam  be  clearly  seen  how  the  envelope  of  the 
response  is  always  less  than  the  convolution  of  the  envelopes  of  the  input 
and  impulse  response .  we  show  below  how  this  concept  may  be  extended  for 
systems  with  distributed  input. 

The  general  system  sketched  in  figure  5  with  impulse  reponse  h(t,r,a) 
may  be  used  to  describe  a  linear  system  subject  to  a  distributed  loading 
x(t,a),  where  the  independent  variables  t ,  r  and  a  represent  time,  the 
response  function  position  vector  and  the  input  function  position  vector 
respectively.  The  response  y(t,r)  for  example  might  represent  the 
acceleration  of  the  tip  of  a  mast  of  a  vessel  in  rough  seas,  or  the  stress 
induced  in  a  component  mounting  when  an  aircraft  is  subject  to  a  pressure 
wave  excitation.  The  response  is  again  expressed  as  a  convolution  of  the 
input  and  impulse  response  function:  i.e. 


■  ,r)  =  f  K(t,r, 
>s 


e)  *x(t,s)dc. 


where  integration  is  over  the  domain  of  influence  of  x(t,s)  and  the  * 
denotes  the  temporal  convolution  of  n(t,r,s)  and  x(t,a).  The  Hilbert 
transform  of  this  relation  is  taken  to  give 


y(t,r)  =  j  h(t,r,B)*x(t,s)ds 
J  S 


combining  equations  6  and  7  we  have 


y(t,r)  +  Jy(t,r)  =  ]  ( h(t,r,a )  +  jh(t,r,s)')*x(t,B)(ls  (8) 

J  S 

where  j  is  the  root  of  -l .  Noting  that  the  Hilbert  transform  of  y  is  -y  we 
may  take  the  Hilbert  transform  again  to  give 


V(t,r)  -  Jy(t,r) 


JS 


b)  +  jn(t,r,a))*x(t,a)ds  (9) 


multiplying  this  by  j  and  then  adding  to  equation  (8)  gives 


2 (v(t,r)  +  jy(t.r')  =  f  ( h(t,r,a )  +  jh(t,r,a)')*(x(t,a)  +  x(t,a))ds 

JS 

(10) 


Exploiting  the  integration  inequality  [7] 

I  \b f(t)dt  I  <  fbj  f(t )  I dt 

I  J  a  l  J  a  I  1 

equation  10  reduces  to 


(11) 


Ay ( t  t  X )  < 


r,a)  *Ax(t,a)ds 


(12) 


Thus  the  response  envelope  has  an  upper  bound  given  by  the  right  hand  side 
of  inequality  (12)  which  is  half  the  convolution  of  the  impulse  response 
envelope  at  a  point  with  position  vector  r  due  to  an  input  at  a,  with  the 
envelope  of  the  input  ac  a  all  integrated  over  the  domain  of  a. 


3 .  APPLICATION 

An  example  illustrates  the  use  of  the  inequality.  We  suppose  we  should 
like  an  upper  bound  for  the  response  of  a  beam  subject  to  a  convecting 
pressure  wave,  (figure  6)  and  that  we  know  only  the  envelope  of  the  form 
of  the  pressure  distribution.  The  analysis  above  can  be  used  to  compute 
the  envelope  of  the  response  to  arbitrary  input  if  the  envelope  of  the 
impulse  response  is  either  measured  or  can  be  found.  In  the  problem  below 
we  compute  the  response  y(t )  at  a  point  a  distance  z  from  the  end  of  the 
beam  and  hence  its  envelope  A y(t)  .  This  is  compared  with  the  upper  bound 
for  Ay ( t )  from  the  distributed  convolution 

ft 

Ah(t,z,u)*Ax(t.u)du  (13) 

J  o 

A  modal  method  is  used  for  convenience  in  the  computation  although  it 
is  not  a  prerequisite  for  the  envelope  analysis  and  other  methods 
including  propagating  waves  or  finite  elements  could  be  used.  An 
Euler-Bernoulli  model  is  used  to  describe  a  beam  made  from  a  visco-elastic 
material  with  density  p.  Young's  modulus  E,  and  damping  factor  y.  The  beam 
is  assumed  simply  supported  with  mass  m,  length  t,  cross-section  S  and 
second  moment  of  area  I.  The  equilibrium  equation  of  motion  is  [8] 


dzi9t J 


x(t,z) 


(14) 


Where  x(t,z)  is  a  convecting  field  travelling  at  a  constant  velocity  c  of 
the  form 

x(t,z)  =  x(t-z/c)  (15) 

The  position  vectors  r  and  a  in  inequality  (12)  become  the  scalar 
quantities  u  and  z  so  the  upper  bound  for  the  response  envelope  is  given  as 
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(16) 


we  show  how  the  impulse  response  function  cam  be  founds  Suppose 
x'(t,u)  is  an  impulse  at  z=z0  at  t*=0.  i.e. 

x’(t.z)  -  B(t)B(z-z0)  (22) 

then  for  small  damping 

*r(z9).eXp(  ) 3in(urt )  t>0  (23) 

0  otharulse 

hence  the  response  at  z  due  to  a  unit  impulse  at  z0  i3 
R  1 

h(t,z,z0)  -  E  — — axp(-'iyu)r*t)sln(wrt)<t>r(z0)<t>r(z)  (24) 

r«v  "“r 

from  Which  A ^(t,z,z0)  can  be  found  using  the  method  of  equation  (3). 
Equation  (24)  also  enables  us  to  find  the  response  due  to  the  converting 
field  using  equation  (6).  i.e. 


(25) 


y(t,z)  -  h(+,,z,u)*x(t,u)du 

J  o 

and  since  we  require  the  response  only  at  one  particular  location  zL  we 
have 

yL(t )  =  f  hL(t,u)*x(t,v)du  (26) 

•*  o 

from  which  A yL(t)  can  he  found.  Finally  Ax(t,u)  is  found  directly  from 
x(t,u)  and  is  convolved  with  A7, (t,u,zx)  and  integrated  as  in  equation  (12). 


4.  RESULTS 

A  Fortran  program  was  used  to  perform  the  analysis  outlined  above  by 
sampling  each  of  the  functions  in  both  temporal  and  spatial  variables  o»J 
using  fast  Fourier  transforms  (with  zero  padding )  for  the  (linear) 
convolutions  and  Simpson's  method  for  integration  over  the  spatial 
variables.  Envelopes  were  calculated  using  am  algorithm  based  on  equations 
(l),  (2)  and  (3).  Physical  parameters  were  given  the  following  values: 


beam  mass 

m 

2kg 

rigidity  modulus 

El 

* 

400Nmz 

beam  length 

i 

= 

2m 

measurement  location 

* 

0.7m 

damping  factor 

y 

&2 

0.001 

convecting  field  velocity 

c 

« 

20ms'1 

The  input  pressure  time  history  is  given  in  Figure  v.  Figure  8  shows 
the  response  of  the  beam  from  equation  ( 26 ) .  The  envelope  of  this  response 
together  with  the  convolution  of  envelopes  from  expression  13  is  shown  in 
figure  9.  We  note  that  the  upper  bound  always  exceeds  the  response 
envelope  confirming  the  analysis  above.  Note  also  that  at  the  peak 
response  the  upper  bound  exceeds  the  response  value  by  a  factor  of  about 
two  and  that  the  duration  of  the  upper  bound  is  greater  than  that  of  the 
response  envelope. 


5 .  CONCLUSIONS 

An  upper  bound  can  be  found  for  the  envelope  of  the  response  of  a 
structure  subject  to  distributed  loading.  Since  the  value  of  a  function  is 
itself  bounded  by  its  envelope  an  upper  bound  is  found  for  the  peak  value 
of  the  response  of  a  structure.  The  only  requirements  are  a  knowledge  of 
the  envelope  of  the  impulse  response  of  the  structure  and  the  envelope  of 
the  distributed  load.  Further  computation  has  shown  tnat  the  factor  by 
which  the  upper  bound  exceeds  the  response  envelope  peak  is  affected  by 
the  physical  properties  of  the  system  -  the  factor  of  2  is  typical,  but 
for  the  system  above  a  faster  convection  speed  reduces  the  factor  to  about 
1.2. 

Impulse  response  envelopes  are  required  so  the  computational  effort 
for  this  analysis  is  similar  to  that  for  traditional  techniques  such  as 
frequency  domain  or  finite  element  methods.  However,  experimental  methods 
can  be  used  to  determine  the  impulse  response  envelopes  at  a  small  number 
of  locations  and  these  may  be  used  by  interpolation  to  find  approximations 
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to  the  distributed  impulse  response  envelopes  and  hence  the  upper  bounds. 
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Figure  4:  Envelope  of  the  Response  of  the  Second  Order 
System  and  an  Upper  Bound  for  this. 


Figure  5:  General  System  with  Distributed  Properties 
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Figure  6:  Beam  Configuration 
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Figure  9:  Envelope  of  Beam  Response  and  Upper  Bound 
for  this. 


IMPACT  COUPLED  OSCILLATOR  SYSTEMS 


D.K. Anderson 

C.E.G.B.  Berkeley  Nuclear  Laboratories 


1 .  INTRODUCTION 


Much  effort  Is  being  devoted  to  the  development  of  analytical  models 
for  predicting  the  dynamic  response  of  complex  structures.  The  well  devel¬ 
oped  methods  of  linear  analysis  have  proved  extremely  effective  in  aiding 
both  the  design  and  assessment  of  mechanical  systems  in  the  engineering  en¬ 
vironment.  There  are  many  situations,  however,  in  which  nonlinear  effects 
determine  the  response  of  the  system.  Examples  of  this  kind  are  afforded  by 
mechanical  systems  in  which  a  component  responds  to  the  applied  forcing  in 
such  a  way  that  it  makes  intermittent  contact  with  those  adjacent  to  it. 
Such  contacting  motions  may  lead  to  wear  or  other  impact  damage,  partic¬ 
ularly  if  the  component  settles  into  a  steady  state  motion  in  which  impacts 
occur  at  regular  intervals  over  a  prolonged  period.  In  order  to  assess  the 
likelihood  of  damage  through  such  a  mechanism  it  is  clearly  necessary  to  be 
able  to  predict  the  occurence  of  steady  state  motions  and  then  to  determine 
the  relevant  parameters  e.g.  frequency  and  impact  velocity.  By  their  very 
nature,  impacting  systems  are  strongly  nonlinear  and  linearisation  tech¬ 
niques  have  little  relevance  to  such  problems. 

A  number  of  Investigators  have  considered  impacting  systems  under 
different  types  of  fc  ing  and  it  nas  been  found  that  even  in  apparently 
simple  systems  a  great  variety  of  behaviour  may  be  exhibited  [1-5]  .  It  has 
become  clear  that  physical  intuition  is  unreliable  and  that  there  is  a  need 
for  systematic  investigation  of  the  types  of  dynamical  behaviour  which  can 
occur  in  this  kind  of  system. 

The  "dynamical  systems"  approach  has  proved  particularly  effective  in 
the  analysis  of  nonlinear  systems  of  all  varieties.  In  this  approach  the 
central  idea  is  that  of  the  phase  space  in  which  every  point  corresponds  to 
a  state  of  the  physical  system.  The  problem  is  then  essentially  reduced  to 
determining  the  changes  in  phase  space  topology  as  the  control  parameters 
of  the  system  are  varied.  In  this  way  a  global  understanding  of  the  system 
behaviour  may  be  achieved.  This  is  particularly  important  in  systems  where 
there  may  be  more  than  one  steady  state  motion  which  can  be  reached  from 
initial  conditions  in  the  range  considered  possible.  In  such  cases  it  may 
be  vital  to  determine  the  "basins  of  attraction"  of,  i.e.  those  initial 
conditions  which  will  converge  to,  each  steady  state  in  order  to  devise 
practical  methods  of  avoiding  those  which  may  be  catastrophic  for  the  com¬ 
ponent  under  consideration. 

Most  previously  published  investigations  of  such  strongly  nonlinear 
systems  [1-5]  have  concentrated  on  a  single  degree  of  freedom  approximation 
for  the  very  good  reason  that  conceptually  a  two  or  three  dimensional  phase 
space  is  much  easier  to  visualise  than  one  with  higher  dimension.  Real 
structures  have  an  infinite  number  of  degrees  of  freedom;  in  this  paper  the 
effect  of  energy  transference  occuring  in  strongly  nonlinear  dynamical  sys¬ 
tems  is  investigated  in  a  highly  idealised  conservative  system  with  two  de¬ 
grees  of  freedom  consisting  of  two  simple  oscillators  which  are  coupled  by 
impacts  occuring  when  the  sum  of  the  displacements  is  equal  to  a  given 
value.  The  simplest  real  system  to  which  this  model  corresponds  is  a  beam¬ 
like  structure  whose  motion  is  locally  constrained  by  symmetrically  placed 
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stops,  although  aue  to  the  Idealisation  the  correspondence  Is  by  no  leans 
exact.  The  results  presented  relate  to  changes  In  the  behaviour  of  the 
underlying  conservative  systea  as  the  energy  and  frequency  ratio  of  the 
oscillators  are  varied.  The  aotivation  for  this  investigation  was  to  gain 
an  understanding  of  the  regions  in  control  paraaeter  space  which  are  likely 
to  give  rise  to  periodic  steady  state  solutions  of  a  simple  type  in  systems 
derived  from  that  considered  here  by  "small"  non-conservative  perturba¬ 
tions. 


To  facilitate  the  analysis  the  four  dimensional  phase  space  is  re¬ 
duced,  by  taking  an  appropriate  cross  section  and  normalisation  of  the  im¬ 
pact  condition  to  a  two  dimensional  semi-ellipsoidal  surface.  A  nonlinear 
mapping  of  an  elliptical  region  onto  itself  is  derived  which  contains,  for 
impacting  motions,  all  dynamical  behaviour  exhibited  by  the  full  four  di¬ 
mensional  "flow"  described  by  the  differential  equations.  The  topological 
properties  of  this  mapping  are  investigated  analytically  where  possible  and 
otherwise  by  numerical  simulation. 


2.  SYSTEM  AND  REDUCTION  OF  DIMENSION 


The  simple  system  considered  here  is  described  by  the  differential 
equations  together  with  the  impact  law  given  below,  (1)  &  (2).  For  simplic¬ 
ity  it  is  assumed  that  the  masses  associated  implicitly  with  the 

oscillators  are  equal.  This  system  was  obtained  from  a  more  general  equal 
mass  system  by  a  process  cf  non-dimensionalisation  in  which  all  but  two 
control  parameters  are  eliminated  leaving  the  frequency  ratio,  K,  and  the 
system  energy,  E,  remaining. 

d2x  +  x  =  0  j 

dt2  ( 

)  when  I  x+y  I  <  1  ( 1 ) 

llz  +  K2y  =  0  1 

dt2  ) 

where  x,y  are  the  displacements  in  the  two  degrees  of  freedom  and  t  is 
time.  Impacts  occur  when  I  x+y  1=1,  the  impacts  are  assumed  to  be  instantaneous 
and  perfectly  elastic  giving  the  relationship  between  quantities  before  and 
after  impact  as 


x+  =  x-  ,  y+  =  y- 

(2) 

dx+  =  -dy-  ,  dy+  =  -dx- 
dt  dt  dt  dt 

where  +  and  -  indicate  values  before  and  after  impact. 

As  there  is  no  dissipation  mechanism  in  this  system  there  must  be 
conservation  of  energy: 

x  2+K2y2+(dx/dt) 2+(dy/dt) 2  =  2E  =  constant 

This  equation  defines  a  hyper-elliptical  surface  In  the  four  dimensional 
phase  space  which  is  the  subset  of  Euclidean  four-space  defined  by 

{ (x.y.dx/dt.dy/dtkR*  :  |  x+y  I  <1 } 
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Only  those  motions  which  lead  to  impacts  are  of  interest,  others  being  sim¬ 
ply  those  of  two  uncoupled  linear  oscillators  which  are  well  understood  to 
lie  on  the  surface  of  a  torus.  In  order  to  reduce  the  dimension  of  the  sys¬ 
tem  further  therefore,  only  those  points  which  correspond  to  an  impact  i.e. 
ix+y|=1  will  be  considered.  This  effectively  reduces  the  space  of  interest 
to  two  semi-elllpsoidal  surfaces  in  Euclidean  three-space,  E1  and  Z2, 
defined  by: 

Z1  =  {(x,dx/dt,dy/dt)eR3  :x2+K2(  1-x)  2+(dx/'dt)  2+(dy/dt) 2 =2E,dx/dt+dy/dt>0 I 

Z  2  =  { (x  ,dx/dt,dy/dt)cR3 :x  Z+K 2 ( 1+x ) 2+(dx/dt) 2+(dy/dt ) 2=2E,dx/dt+dy/dt<0 ( 

corresponding  to  impact  with  the  x+y=1  and  x+y=-1  impact  conditions  respec¬ 
tively.  This  reduction  has  been  effected  however  by  changing  the  system 
representation  from  a  continuous  "flow”  in  four-space  to  a  discrete  mapping 
between  three  dimensional  surfaces  of  section  through  the  flow. 

Two  further  simplifications  can  now  be  achieved.  The  first  by  notic¬ 
ing  that  E1  and  E2  can  in  fact  be  identified  since  the  system  possesses 
symmetry.  In  practice  this  means  that  any  point  on  E2  is  normalised,  by 
multiplying  all  quantities  by  -1,  into  a  point  of  E 1 .  Thus  the  mapping  is  now 
defined  from  E1  to  itself.  The  second  simplification  is  effected  by  projecting 
the  semi-ellipsoidal  surface  onto  its  elliptical  base  so  that  the  mapping 
becomes  one  of  a  plane  elliptical  region  onto  itself.  This  is  achieved  by 
changing  variables  as  follows: 

define  :  <t)  =  (dx/dt~dy/dt)//2  ,  ip  =  (dx/dt+dy/dt)//2 

In  terms  of  these  variaoles  the  definition  of  E1  becomes: 

El  =  {(x,<)),4j)eR3:x2+K2(1-x)2+i)2+iiiz  =2E,0>0 } 
now  project  down  onto  the  region,  T,  of  the  plane  ip=0  defined  by 
T=  { (x  ,<p)eR2  :x2+K2(  1-x)  2+<i>7<2E} 

For  each  value  of  K  there  is  a  limiting  energy  value  below  which  impacts 
cannot  occur,  the  elliptical  region  r  shrinking  to  a  single  point 
when  the  system  energy  is  given  by: 

E  =  K2/(2( 1+K2 )) 


3.  THE  MAPPING 


The  explicit  mapping  equations  depend  upon  whether  the  next  impact 
after  the  present  one  occurs  with  x+y=1  or  x+y=-1  in  the  real  system;  re¬ 
call  that  all  impacts  are  normalised  so  that  x+y=1.  Consider  a  point  (x,<j>); 
which,  by  definition,  corresponds  to  a  condition  immediately  before  an  im¬ 
pact  with  x+y=1.  By  applying  the  impact  law,  (2),  to  this  condition  and  us¬ 
ing  the  resulting  displacements  and  velocities  as  initial  conditions  for 
the  original  differential  equations,  then  changing  variables  back  it  can  be 
shown  that  the  time  to  the  next  impact  (i.e.  mien  1  *+y  i  =  i  next)  is  given  by 
t=T  where  t  is  the  first  positive  root  of 


1  =  I  -/(2E-{x  2+K2(  1-x)  2+<(»2  j ) . (Ksint+sinKt)/(K/2) 
+<MKsint-sInKt)/(K/2}+  x(cost-cosKt)+cosKt I 


(3) 


IP  the  expression  before  taking  the  absolute  value  Is  equal  to  +1  then  the 
next  lapact  In  the  systea  occurs  with  x+y=+1,  otherwise  It  occurs  with 
x+y=-1.  If  the  point  (x,$)  aaps  onto  (£,®)er  then 

5  =  t  (/(2E- (x*44I1(  1-x)  *♦$* }  )slnT//2-4>sinT//2-xcosT  ) 


and 


♦  =  ±  ( /(2E- lx  J+K2(  1-x )  2+$  1 !  Kcost-cosKt  )/2-iMcost+cosKt  )/2 
+x(sinT+KsinKT )//2-KslnKt//2 ) 

where  the  upper  sign  is  taken  if  the  next  impact  occurs  when  x+y=1  and  the 
lower  sign  otherwise. 

The  question  arises  as  to  whether  all  points  of  the  elliptical  region 
may  be  aapped  onto  by,  or  map  into,  other  points.  The  answer  is  yes  for  all 
points  lying  strictly  within  the  ellipse  as  these  correspond  to  impacts 
with  non-zero  velocity.  However  for  points  lying  on  the  boundary  the  situ¬ 
ation  is  more  coaplicated.  Let  X(t)=x( t)+y(t)  and  assume  that  X(0)-1, 
dX/dt(0)=0  with  x(0)=x,  dx/dt(0)=-dy/dt(0)=v,  then  from  the  differential 
equations: 

X(t)=xcost+vsint+( 1-x)cosKt-v/KsinKt  ,  0<t<T 

expanding  near  t=0  gives 

X( t)= 1-t 2 (x+K2  (1-x))/2!+t3v(1-K2)/3!+t‘*(x+K‘*(1-x))/4!  + . 

from  this  expression  it  can  be  seen  that  those  boundary  points  with  x  coor¬ 
dinates  satifying  (x+K2 ( 1-x) )<0  are  able  to  take  no  part  in  the  mapping  as 
they  correspond  to  trajectories  which  have  penetrated  beyond  the  barrier. 


4.  FIXED  POINTS,  STEADY  STATE  SOLUTIONS  AND  STABILITY 


From  the  definition  of  the  surface  of  section  It  can  be  seen  that  pe¬ 
riodic  points  of  the  mapping  correspond  to  impacting  periodic  states  of  the 
system.  A  point  which,  after  ra  applications  of  the  mapping,  returns  to  it¬ 
self  corresponds  to  an  impacting  periodic  motion  of  the  system.  Because 
the  system  is  conservative  the  mapping  is  area  preserving  (i.e.  the 
Jacobian  of  the  mapping  is  always  equal  to  one)  and  no  attracting  sets  can 
exist.  However,  under  a  broader  definition  than  that  usually  applied  in  the 
analysis  of  dissipative  systems  a  stability  type  can  be  assigned  to  peri¬ 
odic  points  by  looking  at  the  eigenvalues  of  the  Jacobian  of  the  mapping  at 
the  fixed  point  (or  of  the  m-th  iterate  of  the  mapping).  If  the 
eigenvalues  are  real  then  the  periodic  point  is  a  saddle  point  with  stable 
and  unstable  manifolds  whose  intersections  with  the  surface  of  section  are 
locally  in  the  direction  of  the  eigenvectors.  If  tne  eigenvalues  are  a  com¬ 
plex  conjugate  pair  then  the  periodic  point  is  neutrally  stable.  Such 
points  are  identifiable  in  the  mapping  because  they  are  surrounded  by  re¬ 
gions  of  quasi-periodic  behaviour.  Here  the  analysis  will  be  mainly  con¬ 
fined  to  the  fixed  points  of  the  mapping  corresponding  to  single-sided  one 
impact  per  cycle  or  symmetrical  double-sided  two  impact  per  cycle  steady 
states. 

The  position  of  the  fixed  points  can  be  located  by  noticing  that  the 
mapping  satisfies  the  relation 
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2|t/(2E-  {£2+K2(1-£)z+$2})+£>2-K2(1-02 

=  -2<}>/(2E-  {x  2+K2  ( 1-x )  2+4» 2  }  )+x  2-K2  ( 1-x ) 2 

This  relation  implies  that  if  (x,<$>)er  lies  on  the  contour  S(x,<$>)=C  of  the 
surface,  where 

S(x,  <(>)  =  2<ti/(2E-{x2+K2(1-x)2+<}>2})-x2+K2(1-x)2 

then  ({;,$)  will  lie  on  the  contour  S(x,-<j>)=C.  By  symmetry  the  two  contours 
only  intersect  along  the  line  4> =0  so  internal  fixed  points  of  the  mapping 
can  occur  only  on  this  line. 


5.  THE  INTEGRABLE  CASE 


In  general  the  system  described  by  equations  (1)  and  (2)  is  not 
integrable  in  the  sense  that  there  does  not  exist  a  second  constant  of  the 
motion  beside  the  energy.  This  is  evidenced  by  the  appearance  of  regions  of 
apparently  random  or  stochastic  behaviour  of  the  mapping  in  which  no 
clearly  defined  invariant  curves  exist.  By  contrast,  however,  when  K=1  the 
system  is  completely  integrable,  the  additional  constant  being  given  by  the 
impact  velocity  or  (up  to  a  constant  multiplier)  in  the  new  variables. 
In  this  case  the  mapping  can  be  written  down  explicitly: 

/^/2\  = /-cost  -sint\/x/2\  4  /( 1+cosx  )//2\ 

\  $  J  ^  sinx  -cost/^  $  J  \  -oint//2  J 

where  t  =  2tanl  ( 1//(4E-2(x2-(1-x)2+4>2  } ) ) 

which  represents  precession  around  the  ellipses  2x(x-1 )+4>  2=constant.  In 
this  case  there  is  only  one  fixed  point,  located  at  (x  ,$)  =  (  1/2,0) ,  it  is 
neutrally  stable:  the  whole  elliptical  region  being  filled  with  invariant 
ellipses  0.1  wnich  the  Dehaviour  is  quasi-periodic .  Figure  1  shows  a  typical 
mapping  diagram  illustrating  quasi-periodic  behaviour,  the  dashed  lines  in¬ 
dicate  points  which  are  mapped  onto  each  other. 


6.  FIXED  POINT  BEHAVIOUR 


As  the  frequency  ratio  is  increased  from  unity  the  behaviour  of  the 
mapping  becomes  complicated  by  the  appearance  of  a  region  of  stochasticity 
around  the  upper  edge  of  the  elliptical  region.  This  region  grows  in  size 
with  increasing  K  as  the  regions  of  "regular"  or  quasi-periodic  behaviour 
gradually  shrink  to  oecome  islands  in  a  sea  of  stochasticity.  The  existence 
of  stochasticity  at  all  energies  (greater  than  the  limiting  energy)  and  for 
all  frequency  ratios  greater  than  unity  is  associated  with  the  breaking  of 
the  separatrices  which  bound  the  regions  of  quasi-periodicity  surrounding 
(neutrally  stable)  periodic  points  (see  [6]  for  example).  In  this  case  a 
number  of  periodic  points  of  various  orders  evist  near  the  upper  rim  of  the 
elliptical  region  for  small  K.  Associated  with  each  there  is  a  layer  of 
stochasticity.  As  K  is  Increased  the  boundaries  between  layers  are  breached 
resulting  in  the  formation  of  larger  stochastic  regions. 

Numerical  simulation  of  the  mapping  has  shown  that  the  fixed  points 
behave  in  a  regular  way  as  the  energy  and  frequency  ratio  are  varied.  A 
typical  behaviour  sequence  is  illustrated  in  figure  2  where  the  energy  is 
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Starting  Point 


fixed  and  the  x  coordinates  of  all  fixed  points  are  traced  as  K  is  varied. 
Similar  calculations  have  been  carried  out  for  a  number  of  energy  values 
and  the  assertion  that  the  behaviour  shown  in  figure  2  is  qualitatively  en¬ 
tirely  typical  has  been  confirmed. 

For  K  near  unity  the  mapping  is  dominated  by  the  fixed  point  which 
evolves  from  that  of  the  integrabie  case.  In  this  range  most  of  the  ellip¬ 
tical  region  is  covered  by  quasi-periodic  behaviour  surrounding  this 
neutrally  stable  point.  Invariant  curves  in  the  quasi-periodic  region  are 
almost  elliptical,  these  close  to  the  fixed  point  being  more  so  than  those 
close  to  the  boundary.  Numerical  simulation  shows  that  these  curves  become 
more  elliptical  with  increasing  system  energy.  A  feature  of  this  regular 
region  is  that  it  appears  to  remain  connected  at  the  bottom  of  the  bounding 
ellipse  of  r  (i.e.  the  zero  velocity  point  with  minimum  x  value  lies  on  an 
invariant  curve  upon  which  the  mapping  has  quasi-periodic  behaviour)  until  the 
first  unstable  point  is  "born"  from  the  bottom  of  F.  After  this  value  of  K  the 
quasi-periodic  region  is  completely  surrounded  by  stochasticity .  As  K  is 
increased  further  tie  quasi  periodic-region  shrinks.  Fventually  the  bound¬ 
ing  invariant  curve  of  the  region  becomes  the  intersection  with  I  of  a 
homoclinic  connexion,  composed  of  branches  of  the  stable  and  unstable  mani¬ 
folds  (see  [7.1)  associated  with  the  unstable  fixed  point,  which  have  become 
identified.  Finally  the  neutrally  stable  and  unstable  fixed  points 
anihilate  in  the  conservative  equivalent  of  the  saddle-node  bifurcation, 
the  quasi-per ioaic  region  also  vanishes.  This  sequence  is  illustrated  in 
figure  3(a) . 

As  K  is  increased  from  unity  unstable  fixed  points  are  immediately 
born  from  the  top  edge  of  F.  One  corresponds  to  a  periodic  solution  with 
impacts  on  a  single  barrier;  a  "single  sided  fixed  point",  and  the  other  to 
a  periodic  solution  with  successive  impacts  oceuring  symmetrically  on  al¬ 
ternate  barriers,  a  "symmetrical  double  sided  fixed  point".  Both  of  these 
points  initially  lie  within  the  stochastic  region.  For  each  of  these  fixed 
points  there  is  a  value  of  K  at  which  bifurcation  occurs,  resulting  in  a 
change  of  stability  type.  A  necessary  and  sufficient  condition  for  the 
occurence  of  such  a  bifurcation  is  that  the  eigenvalues  of  the  Jacobian  at 
che  fixed  point  should  be  equal  (either  both  +1  or  both  -1).  In  the  case  of 
the  saddle-node  bifurcation  discussed  above  the  eigenvalues  are  positive, 
this  being  the  only  type  of  bifurcation  with  this  property  oceuring  in  this 
system . 


When  the  eigenvalues  are  both  equal  and  negative  one  of  several  simi¬ 
lar  bifurcations  may  occur  through  which  the  stability  type  of  the  fixed 
point  changes.  The  eigenvalue  sign  implies  that  locally  the  mapping  flips 
successive  iterates  from  side  to  side  over  the  fixed  point.  A  change  in 
eigenvalue  type  from  complex  to  real  tnrough  the  bifurcation  results  in  the 
disappearance  of  a  pair  of  periodic  points  (corresponding  to  a  single  two 
impact  per  cycle  periodic  solution).  For  a  range  of  values  of  K  before 
bifurcation  the  unstable  fixed  point  has  two  homoclinic  connexions  each  of 
which  surrounds  a  point  of  the  periodic  pair  uni  their  associated  qjasi- 
periodic  regions.  As  the  frequency  ratio  approaches  the  bifurcation  value, 
the  periodic  points  coalesce  and  a  stable  fixed  point  results.  This  is  an 
example  of  a  "subcritical  flip  bifurcation"  (figure  3(b)).  A  change  in 
eigenvalue  type  from  real  to  complex  across  the  bifurcation  results  in  the 
production  of  an  unstable  asymmetric  two  impact  per  cycle  periodic  pair. 

The  points  lie  on  opposite  sides  of  the,  now  stable,  fixed  point;  either  both 
lying  on  a  line  perpendicular  to  the  4>=0  axis  or  both  on  the  axis.  The  periodic 
pair  are  connected,  at  least  for  a  small  K  range  after  bifurcation,  by  two 
heteroclinic  orbits  which  together  form  the  separatrix  between  the  regular 
region  surrounding  the  stable  fixed  point  and  the  stochastic  region  beyond. 


v/>  I 


This  is  an  example  of  the  "supercritical  flip  bifurcation"  (figure  3(c)).  A 
particular  fixed  point  may  undergo  several  stability  changing  bifurcations 
before  it  dissappears  in  a  saddle  node  bifurcation. 

Fixed  points  are  created  at  integer  values  of  K  at  the  base  of  the 
elliptical  region;  when  K  is  even  a  single  sided  fixed  point  is  created  and 
when  K  is  odd  (>1)  the  new  point  is  double  sided  symmetrical.  They  are  always 
created  unstable.  Fixed  points  can  also  be  produced  "spontaneously"  from 
within  a  stochastic  region  as  is  the  case  with  those  points  in  figure  2 
which  appear  from  the  upper  x  range.  The  production  mechanism  is  the 
dissappearance  of  an  intermediate  impact,  through  a  zero  velocity  impact 
condition,  enabling  a  solution  to  become  periodic.  The  opposite  event  can 
also  occur,  viz.  the  dissappearance  of  a  fixed  point  by  the  development  of 
an  intermediate  impact  through  a  zero  impact  velocity  impact  condition. 
This  explains  the  abrupt  end  of  several  of  the  curves  representing  single 
sided  fixed  points  when  the  amplitude  becomes  sufficient  for  the  occurence 
of  an  impact  on  the  opposite  barrier. 

Figure  2  indicates  that  the  cycle  of  fixed  point  production,  stabil¬ 
ity  change  and  anihilation  repeats  itself  ad  infinitum  as  K  is  increased. 
This  means  that  stable  fixed  points  will  exist  for  arbitrarily  high  values 
of  K,  however,  numerical  simulation  indicates  that  the  surrounding  quasi- 
periodic  regions  become  vanishingly  small  compared  with  the  overall  area  of 
F.  High  energy  seems  to  have  the  opposite  effect  in  that  it  appears  to 
increase  the  area  of  the  quasi-periodic  region  and  thus  extends  the  "life" 
of  stable  fixed  points.  Figure  4  indicates  those  regions  in  the  control  pa¬ 
rameter  plane  (for  E,K<10)  in  which  stable  symmetrical  double  sided  fixed 
points  exist. 


7.  HIGHER  ORDER  PERIODIC  BEHAVIOUR 


Stable  periodic  behaviour  of  any  order  seems  possible  in  this  type  of 
system,  it  is  evidenced  by  the  appearance  of  points  which  are  mapped  back 
onto  themselves  after  m(>1)  iterations  of  the  mapping.  This  point  together 
with  all  of  its  iterates  forms  the  "periodic  set";  each  element  of  which  is 
surrounded  by  its  own  region  of  quasi-periodic  behaviour  if  the  set  is  sta¬ 
ble.  Generally  the  larger  the  number  of  points  in  the  periodic  set,  the 
smaller  the  surrounding  quasi-periodic  region.  Consequently,  the  largest 
regions  of  regular  behaviour  in  T  are  associated  with  low  order  periodic 
behaviour,  usually  either  fixed  points  or  periodic  sets  containing  two 
points.  High  order  periodic  sets  tend  to  develop  at  the  edge  of  the  quasi- 
periodic  regions  associated  with  lower  order  stable  periodic  sets  leading 
to  the  well  known  "islands  around  islands"  phenomenon  [6]  .  These  high  order 
islands  are  relatively  short  lived  and  tend  to  break  down  rapidly  into 
stochastic  regions  as  the  control  parameters  are  changed. 

Bifurcations  of  higher  order  periodic  sets  are  also  possible.  The 
equivalent  of  the  super-critical  flip  bifurcation  in  which  an  unstable  two 
point  periodic  set  becomes  stable  with  the  production  of  an  unstable  four 
point  set  has  been  observed.  High  order  bifurcation  behaviour  is  difficult 
to  observe  numerically  as  the  regular  regions  associated  with  the  fixed 
points  are  hard  to  find  within  stochastic  areas. 
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CONCLUSIONS 


The  analysis  of  the  iapact  coupled  system  given  above  indicates  that 
even  in  such  simple  systems  a  wide  variety  of  phenomena  can  occur  when  cou¬ 
pling  between  degrees  of  freedom  is  possible  through  non-linear  mechanisms. 
The  behaviour  is  neither  totally  regular  (except  in  the  simplest  case)  nor 
is  it  entirely  stochastic,  indicating  that  an  assumption  of  ergodicity 
would  not  be  justified  in  the  analysis  of  such  systems.  This  may  be  an  im¬ 
portant  consideration  when  analysing  the  response  to  random  excitation  par¬ 
ticularly  if  the  control  parameters  are  such  that  large  regular  regions 
exist  in  the  phase  space  of  the  underlying  system.  For  deterministic  sys¬ 
tems  the  "global"  analysis  shown  in  figure  4  indicates  that  steady  state 
solutions  of  a  simple  type  are  most  likely  to  exist  when  the  frequency  ra¬ 
tio  between  the  coupled  structural  modes  is  close  to  unity,  because  it  is 
in  this  range  that  the  largest  regions  of  regularity  occur  in  the  underly¬ 
ing  system.  For  larger  frequency  ratios  the  degree  of  stochasticity  is 
highly  energy  dependent.  Because  it  is  impossible,  a  priori,  to  know  the 
bounds  on  the  internal  energy  within  which  a  particular  system  will  choose 
to  exist,  a  judgement  as  to  the  likelihood  of  the  existence  of  simple 
steady  states  is  difficult. 
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1 .  ABSTRACT 

A  number  of  new  aircraft  and  spacecraft  configurations  are  being  considered  for 
future  development.  These  include  high-speed  turboprop  aircraft,  advanced  vertical  takeoff 
and  landing  fighter  aircraft,  and  aerospace  planes  for  hypersonic  intercontinental  cruise  or 
flight  to  orbit  and  return.  Review  of  the  acoustic  environment  expected  for  these  vehicles 
indicates  levels  high  enough  that  acoustic  fatigue  must  be  considered.  Unfortunately,  the 
sonic  fatigue  design  technology  used  for  current  aircraft  may  not  be  adequate  for  these 
future  vehicles.  This  has  resulted  in  renewed  emphasis  on  acoustic  fatigue  research  at  the 
NASA  Langley  Research  Center.  The  overall  objective  of  the  Langley  program  is  to 
develop  new  methods  and  information  for  design  of  aerospace  vehicles  that  will  resist 
acoustic  fatigue  without  excessive  weight  penalties. 

The  program  includes  definition  of  the  acoustic  loads  acting  on  structures  due  to 
exhaust  jets  or  boundary  layers,  and  subsequent  determination  of  the  resulting  stresses 
within  the  structure.  Material  fatigue  associated  with  the  high  frequency  structural  stress 
reversal  patterns  resulting  from  acoustic  loadings  is  considered  to  be  an  area  requiring 
study,  but  no  activity  is  currently  underway. 

2.  INTRODUCTION 

Sonic  fatigue  has  been  recognized  as  an  important  consideration  for  aerospace 
vehicles  since  the  1950's.  Operational  experiences  of  a  variety  of  aircraft  and  spacecraft 
have  demonstrated  that  intense  acoustic  pressures  can  actually  cause  failure  of  lightweight 
structures  such  as  skin  panels,  fuselage  rings  and  stringers,  and  ribs  in  wing,  flap,  and 
tailplane  structures  [1].  While  these  failures  may  not  be  catastrophic,  the  maintenance  and 
repair  costs  may  be  considerable.  During  the  1950' s  and  1960's  considerable  research  was 
done  to  both  understand  and  develop  design  methods  for  acoustic  fatigue  [2,  3). 

Figure  1  shows  a  variety  of  new  vehicle  types  which  are  either  under  development  or 
being  considered  for  development,  [4].  All  of  these  vehicles  feature  increased  performance 
in  comparison  with  currently  existing  vehicles.  Performance  increases  such  as  higher 
speed,  greater  maneuverability,  larger  payload,  and  increased  efficiency  can  be  expected  to 
lead  to  new  sonic  fatigue  problems  associated  with  higher  noise  loading  and  lighter  weight 
structures.  The  effects  of  extremely  high  temperatures,  new  structural  materials,  and  new 
complex  structural  configurations  must  also  be  taken  into  account.  The  existing  sonic 
fatigue  technology  is  not  expected  to  meet  the  needs  of  these  emerging  vehicles,  therefore 
basic  research  in  sonic  fatigue  has  been  given  renewed  emphasis. 

This  paper  will  present  an  overview  of  the  current  acoustic  fatigue  program  at  the 
NASA  Langley  Research  Center.  Estimation  of  the  acoustic  fatigue  situation  for  future 
vehicles  is  discussed  first  to  identify  needed  research  areas.  Then,  current  research  on 
acoustic  loads  prediction  and  structural  response  is  described,  including  example 
results, facilities  used,  and  plans.  Acoustic  loads  research  is  focused  on  supersonic  heated 
jets  and  boundary  layers.  Structural  response  research  is  focused  on  1)  development  of 
theoretical  methods  for  predicting  strain  and  modal  response  characteristics;  2)  the  effects 
of  high  temperature  on  structural  response  behavior;  and  3)  fiber-reinforced  composite 
material  structures. 


SPECIAL  NOTE:  Ail  dimensional  quantities  in  this  pap:r  have  been  convened 
from  their  original  English  system  values  into  S!  system  values  and  rounded  to  no  more 
than  two  significant  figures.  Some  numerical  inaccuracy  and  inconsistency  may,  therefore, 
appear  to  be  present.  For  precise  values  the  original  sources  should  be  consulted. 

3.  SONIC  FATIGUE  ESTIMATION 

The  vehicles  shown  in  figure  1  are  in  very  early  stages  of  development,  therefore  no 
direct  information  is  available  on  the  acoustic  loadings,  structural  response,  or  fatigue 
lifetime.  An  indication  of  the  potential  acoustic  fatigue  problems  can  be  obtained  by  use  of 
acoustic  data  from  existing  similar  aircraft,  scaling  laws,  and  available  design  guides  [3,  5, 
6,7] 


Previous  aircraft  experience  provides  a  guide  to  noise  levels  that  may  be  expected  to 
result  in  fatigue  failures  [1).  As  shown  m  figure  2,  the  shaded  bars  indicate  the  noise 
levels  at  which  acoustic  fatigue  failures  were  observed  for  various  types  of  acoustic 
loadings.  For  levels  in  the  range  of  140  to  150  dB  fatigue  damage  can  occur  after  many 
cycles,  and  for  levels  of  1 80  dB  or  higher  damage  can  occur  after  only  short  exposure, 
llte  noise  pressure  scale  indicates  that  sound  can  exert  significant  forces,  for  example  170 
dB  of  normally  incident  sound  would  exert  about  640  Newtons  of  force  on  a  30  cm  square 
panel.  The  need  for  lighter  weight  structures  on  future  aircraft  suggests  that  they  may 
experience  fatigue  at  noise  levels  similar  to  those  shown  in  figure  2. 

3.  l  Am»spa.v,£  riant: 

The  aerospace  plane  concept  focuses  un  two  types  of  mission  oneration,  either 
sustained  hypersonic  cruise  within  the  a  mo.-phere.  or  spat  e  launch  of  payloads  into  orbit 
[8],  In  cither  case  takeoff  is  horizontal  from  a  runway  and  acceleration  is  rapid.  Acoustic 
loadings  should  be  considered  tor  \  arious  phases  of  flight,  including  takeoff,  ascent, 
cruise,  reentry,  and  landing. 

In  the  early  stages  of  the  iakeoff  roll  the  street!!..'  ui  the  nearfield  of  the  engine 
exhaust  jet  will  experience  noise  levels  tv  tween  16('  and  170  dB.  These  levels  are  similar 
to  those  measured  on  the  Shuttle  and  can  be  estimated  Irom  known  empirical  formulas  and 
exhaust  jet  parameters.  As  die  speed  of  the  airplane  increa  ;es.  the  relative  speed  between 
the  jet  and  the  freestream  decreases  so  that  the  intensity  of  the  jet  noise  sources  is 
decreased.  When  the  local  How  speed  becomes  sonic,  the  disturbances  from  the  jet  cannot 
propagate  upstream  to  die  structure.  The  speed  of  Mach  1  is  expected  to  be  reached  within 
minutes  after  takeoff,  and  then  the  jet  noise  loads  are  expected  to  become  negligible. 

Flight  envelopes  for  ascent  and  cruise  operation  have  been  proposed  (8j,  and  are 
shown  in  figure  3  Use  of  the  data  in  figure  3  along  with  standard  atmosphere 
characteristics  leads  to  the  result  that  the  aircraft  will  operate  at  dynamic  pressure  values  on 
tlie  order  of  48  to  96  kN/m-.  Maximum  fluctuating  pressure  loads  on  a  structure  under  a 
boundary  layer  have  been  found  to  vary  in  proportion  to  the  dynamic  pressure.  Empirical 
scaling  laws  that  relate  fluctuating  pressure.  Prn\s •  to  free  stream  dynamic  pressure,  Q,  are 
given  in  the  following  table  J9|. 


Boundary  Layer  Type 


Attached 


RMS  Pressure,  Prms 


0.006  Q/(l  +  0.1 4M0 
0.022Q 

0.14OM  +  0.5  M0 


Separated 
Shock  Interaction 


Estimates  of  acoustic  loadings  for  various  vehicle  locations,  figure  4,  indicate  levels  that 
are  well  into  the  range  where  acoustic  fatigue  failures  have  been  observed  in  the  past. 


Temperature  is  expected  to  be  an  important  parameter  when  considering  structural 
response  and  fatigue  under  aerospace  plane  flight  conditions.  Estimated  temperatures, 
figure  5,  are  high  over  large  areas  of  the  vehicle  structure,  with  large  temperature  gradients 
in  some  regions  [10].  These  temperatures  may  affect  the  acoustic  fatigue  problem  in  two 
ways.  First,  the  structures  and  materials  that  are  required  for  reusable  high  temperature 
operation  are  likely  to  be  complex,  as  shown  in  figure  6,  [  1 1 ,  1 2,  1 3]  and  to  be  of  the  type 
for  which  little  acoustic  fatigue  data  is  available.  Second,  temperature  can  influence  the 
acoustic  fatigue  lifetime  in  die  several  ways  shown  in  figure  7.  The  effects  include  thermal 
prestress,  thermal  buckling  (wnich  may  result  in  high  stress  "oil  canning"  or  "snap- 
through"  behavior),  changes  of  material  propertie'  «uch  as  Young’s  modulus,  and  changes 
of  the  fatigue  lifetime  as  expressed  in  the  S-N  diagram. 


3.2  High  Performance  Fighters 

One  feature  of  increased  performance  for  fighter  aircraft  is  increased  maneuverability, 
as  exemplified  by  the  Harrier  VSTOL  aircraft  [14].  Thrust  vectoring  provides  both  vertical 
takeoff  and  landing  capability,  and  greatly  increased  maneuverability  in  forward  flight. 

Most  designs  feature  engine  exhaust  locations  that  are  forward  on  the  fuselage  such  that  the 
exhaust  jets  are  directed  either  onto,  or  nearly  onto,  the  aircraft  structure,  figure  8. 

Estimates  indicate  that,  for  some  nozzle  positions,  most  of  the  aircraft  is  immersed  in  a 
noise  field  with  levels  above  150  dB,  with  levels  near  the  nozzle  being  significantly  higher. 
The  exhaust  temperatures  may  exceed  540°C  in  the  region  of  the  nozzle,  and  therefore  the 
structure  needs  either  high  temperature  capability  or  thermal  protection  devices. 

Composite  materials  are  finding  increased  usage  in  tighter  aircraft  [15,  16].  Figure  9 
indicates  the  areas  where  composites  are  used  on  the  Harrier  II  aircraft.  It  is  reported  that 
approximately  30%  of  the  aircraft  by  weight  is  made  up  of  composites  [  16].  Design  guides 
for  graphite-epoxy  composites  are  available  [  1 7],  and  appear  to  be  acceptable  for  current 
applications.  New  materials  and  configurations  are  still  evolving,  however,  and  new 
V/STOL  aircraft  of  higher  performance  are  under  consideration  [  1 8,  19],  indicating  that  a 
continuing  program  of  acoustic  fatigue  study  is  desirable. 

3 . 3 .Advanced  Turboprop  Aircraft 

New  propeller  configurations  have  been  under  development  for  some  time  for  large 
passenger  transport  aircraft  with  the  objective  of  saving  fuel  costs.  These  propeller  blades 
have  a  swept-back  shape  that  is  intended  to  increase  the  aerodynamic  performance  and  to 
decrease  the  noise  generated  for  cruise  speeds  in  the  range  of  Mach=0.8.  However  the 
noise  levels  remain  in  the  range  where  acoustic  fatigue  must  be  considered,  especially  for 
configurations  having  the  propellers  located  near  the  fuselage,  figure  10.  There  are  two 
unique  features  of  this  situation.  First  is  the  tonal  nature  of  the  acoustic  field,  where  the 
acoustic  energy  is  concentrated  at  the  propeller  blade  passage  frequency  (in  the  range  150 
to  250  Hz)  and  harmonics  of  that  frequency,  and  where  the  acoustic  field  is  highly 
correlated  over  large  areas  of  the  structure.  These  noise  field  characteristics  cause  the 
response  to  be  especially  sensitive  to  the  relative  dynamics  of  the  structure  and  the  noise, 
and  must  be  treated  with  a  different  approach  than  those  used  for  broad  band  jet  or 
boundary  layer  noise  The  second  feature  is  the  unusually  long  duration  of  the  high  noise 
levels.  1  he  propeller  noise  is  highest  at  the  highest  tip  speed,  which  occurs  during  the 
cruise  phase  of  flight.  The  exposure  time  is  much  longer  than  usual  (for  most  aircraft  the 
high  noise  levels  occur  only  for  a  relatively  short  time  during  takeoff  and  landing),  and 
therefore  requires  special  consideration. 


4.  ACOUSTIC  LOADS  RESEARCH 

4.1  Boundary  Laver  Loads 

With  respect  to  the  vehicle  types  shown  in  figure  1,  new  information  on  boundary 
layer  loads  is  most  important  for  the  hypersonic  (aerospace  plane)  vehicle.  Most  available 
boundary  layer  loads  data  are  for  speeds  less  than  Mach  2.5,  with  the  exception  of  some 
data  for  a  maneuverable  entry  body  taken  in  Mach  4  and  Mach  8  wind  tunnels  [7].  The 
scatter  in  the  high  speed  data  is  large,  with  overall  levels  currently  estimated  within  5  dB 
and  spectrum  levels  within  10  dB.  This  uncertainty  in  levels  is  inadequate  since  use  of  the 
higher  values  would  probably  result  in  overdesigned  structure,  and  use  of  lower  values 
may  lead  to  an  unsafe  design. 

New  information  for  the  higher  speed  segments  of  the  flight  envelope,  figure  3,  may 
not  be  required  because  there  are  indications  that  fluctuating  pressures  decrease  with  Mach 
number  above  about  Mach  6.  When  the  entry  and  descent  flight  profiles  are  defined,  the 
associated  loads  can  be  determined  using  the  same  methods  as  for  ascent 

Experimental  and  theoretical  research  has  been  initiated  for  definition  of  the 
fluctuating  boundary  layer  loads  for  super/hypersonic  flight  conditions.  Experimental 
studies  are  focused  on  development  of  methods  for  measurement  of  fluctuating  pressures  at 
Mach  numbers  up  to  6  for  temperatures  up  to  980°C.  Langley  test  facilities  being 
considered  include  the  8-Foot  High-Temperature  Structures  Tunnel  and  the  7-Inch  Wind 
Tunnel.  A  key  element  is  a  transducer  that  can  operate  at  the  high  temperature  and  at  the 
high  frequencies  (several  thousand  Hertz)  required  for  model  studies.  Theoretical  studies 
are  developing  methods  to  account  for  the  effects  of  factors  such  -s  velocity  and 
temperature  gradients  on  the  measurements. 

4.2  Jet  and  Plume  Loads 

Acoustic  loadings  due  to  engine  exhaust  jets  are  currently  of  most  interest  for  the 
hypersonic  vehicle  and  the  high  performance  fighter  configurations,  figure  1.  Because  of 
the  vehicle  configurations,  with  the  engine  exit  located  relatively  far  forward  on  the 
fuselage,  the  exhaust  flow  impinges  on  a  significant  length  of  fuselage  structure.  The  high 
performance  of  the  vehicles  results  in  exhaust  flows  with  high  velocities  and  high 
temperatures.  In  the  vertical  landing  mode  an  ASTOVL  aircraft,  figure  8,  may  also  be 
subjected  to  jet  loadings  due  to  the  "reflection"  of  the  downward-  flowing  engine  exhausts 
from  the  landing  surface  [15].  Available  information  such  as  acoustic  loadings  from  free 
jets  [20]  and  low  speed  impinging  flows  [21],  can  serve  as  initial  guidelines,  but  are  not 
expected  to  be  sufficient  for  these  future  aircraft  conditions. 

Research  is  underway  on  existing  configurations,  and  has  been  proposed  for 
definition  of  acoustic  loads  for  configurations  and  jet  conditions  approaching  the 
requirements  of  future  vehicles.  Test  facilities  and  instrumentation  are  not  available  for  the 
actual  temperatures  that  are  expected.  Figure  1 1  illustrates  a  test  to  define  the  acoustic 
pressures  and  temperatures  on  a  flat  plate  that  is  located  close  to,  and  parallel  to  the  exhaust 
axis  of  a  supersonic  jet.  The  nozzle  exit  is  10cm  wide  by  1.3  cm  high,  and  it  is  designed 
to  operate  at  exit  Mach  numbers  of  1 .35  and  2.0,  and  at  temperatures  f  rom  ambient  to 
540°C.  Preliminary  results  indicate  that  the  jet  flow  is  strongly  influenced  by  the  presence 
of  the  plate  and  that  fluctuating  pressure  levels  are  high.  The  interaction  of  two  supersonic 
jets  is  illustrated  in  figure  12  [22].  The  test  configuration  is  a  dual  nozzle  of  0.025  scale 
with  geometry  representative  of  currently  operating  aircraft.  The  unsuppressed  jets  interact 
to  form  intense  sound  waves  that  propagate  upstream,  where  they  could  impinge  on 
structure.  For  this  configuration  the  resonance  was  suppressed  using  a  slight  offset  of  the 
operating  conditions  of  one  of  the  nozzles,  resulting  in  a  reduction  of  the  peak  pressure  to 
about  25%  of  the  unsuppressed  value.  The  facility  used  for  these  tests  has  been  used  for  a 
variety  of  studies  and  has  been  shown  to  give  results  in  agreement  with  full  scale  results 
[23].  Modifications  of  this  facility  are  planned  in  order  to  obtain  temperatures  up  to 
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1400°C  and  increased  fio"  velocities  up  to  Mach  2  in  an  outer  co-annular  nozzle,  to  more 
closely  represent  future  vehicles. 

For  hypersonic  vehicles,  combustion  may  be  a  significant  source  of  acoustic  loading 
on  the  engine  and  airframe  structure.  Theoretical  and  experimental  research  has  been 
proposed  for  definition  of  the  loads  and  for  invesdgation  of  active  combustion  control. 

5.  STRUCTURAL  RESPONSE  RESEARCH 

5.1  Dynamic  Strain  Prediction 

The  great  variety  of  structural  materials  and  configurations  called  for  by  future 
vehicles  suggests  that  an  empirical  approach  may  be  too  costly  and  time  consuming  to 
provide  the  required  acoustic  fatigue  data  in  a  timely  manner.  Consequently,  an  alternate 
approach  employing  theoretical  methods  may  be  appropriate.  A  theoretical  basis  for  stress 
prediction  exists  [24],  and  the  recent  advances  in  analytical  methods  (simh  as  finite 
elements)  and  computing  power  are  causes  for  some  optimism  that  renewed  efforts  could 
produce  satisfactory,  improved  theoretical  methods. 

In  a  recent  study  [25],  several  flat  panels  were  subjected  to  normally  incident  acoustic 
waves  and  their  acceleration  and  strain  responses  were  measured  and  predicted.  Care  was 
taken  in  setup  and  calibiation  of  die  horn,  in  mounting  the  panel,  and  in  maintaining  a  con¬ 
stant  environmental  temperature  in  order  to  approach  ideal  test  conditions.  All  four  panel 
edges  were  supported  in  rubber-faced  clamps.  Very  good  agreement  between  measured 
and  predicted  panel  acceleration  was  achieved.  However,  the  measured  strain  was 
consistently  less  than  the  predicted  strain.  Predicted  strains  were  about  three  times  the 
measured,  on  average,  for  an  aluminum  panel  as  well  as  for  three  composite  panels.  This 
result  appears  to  be  in  general  agreement  with  previous  attempts  to  predict  strain  for 
idealized  panels  [26,  eg].  Recent  theoretical  efforts  have  treated  the  boundary  conditions  in 
an  improved  way  and  have  compared  Ritz  solutions  with  finite  element  solutions  [27]. 
Agreement  with  test  results  was  improved,  but  not  satisfactory. 

The  configurations  currently  being  studied  consist  of  cantilevered  plates  that  are 
mechanically  excited  by  base  motion,  figure  13.  A  range  of  plate  sizes  w  as  studied;  the 
results  shown  are  for  a  plate  having  10  cm  x  7.6  cm  x  0.08  cm  dimensions.  The  clamping 
block  material  and  bolt  arrangement  were  varied  until  agreement  was  achieved  between 
measured  and  predicted  modal  frequencies,  and  until  the  plate  strains  induced  by  the 
clamping  were  felt  to  be  minimized.  Shaker  excitation  was  random,  band  limited  to  0-500 
Hz.  and  constant  acceleration.  The  prediction  method  used  the  Ritz  approach  with  16 
modes,  16  terms  per  nuxle,  and  was  validated  by  showing  agreement  with  known  plate 
modal  frequencies.  Measured  damping  values  and  base  motion  are  used  as  inputs,  but  the 
results  shown  used  the  calculated  resonant  frequencies.  The  good  agreement  shown  is 
typical  of  the  four  strain  gage  locations  where  comparisons  were  made.  This  result  may  be 
viewed  as  a  benchmarx  demonstration  of  the  accurate  prediction  of  dynamic  strain  response 
of  a  plate.  Plans  include  the  study  of  other  more  realistic  boundary  conditions,  acoustic 
excitation,  and  elevated  temperatures  up  to  the  range  of  540°C. 

5.2  Man-.Lin.fiar.  Strain. Kesponse 

Intense  acoustic  loadings  can  drive  flat  panels  to  such  large  deflections  that  non¬ 
linear,  in-plane  forces  become  important.  Development  of  theoretical  methods  for 
prediction  of  panel  stress/strain  response  when  large  ampbtude  non-lintar  effects  are 
important  is  underway  [28]. 

Some  recent  results  showing  non-linear  effects  for  aluminum  and  composite  panels 
are  presented  in  figure  14  [29],  For  this  analysis  the  sound  was  normally  incident, 
resulting  in  a  constant  pressure  distribution  over  the  surface  of  the  plate.  The  frequency 
spectrum  of  this  pressure  was  flat,  consequently  the  forcing  pressure  magnitude  on  the 
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plate  vibration  modes  was  the  same  for  the  three  plates,  even  though  the  modal  frequencies 
were  different  due  to  the  different  plate  stiffnesses.  The  effective  stiffness,  D  eff ,  was 
determined  from  the  modal  vibration  frequency  of  the  plates.  The  method  of  equivalent 
linearization  was  used  to  solve  the  non-linear  equation  that  resulted  from  the  use  of  a  single 
mode  substitution  in  the  non-linear  plate  equations.  Both  linear  and  non-linear  analysis 
show  that  the  composite  panels  have  more  strain  than  the  aluminum  panel.  For  the  linear 
case  the  magnitudes  of  the  differences  can  be  explained  using  the  mass  values,  stiffness 
values,  and  the  approximate  formula  given  at  the  lower  right  of  the  figure.  The  effect  of 
nonlinearity  is  shown  to  depend  on  the  particular  composite  layup,  for  example  at  the 
highest  sound  level  the  strain  of  the  aluminum  panel  and  of  the  90/+  45/0  composite  panel 
are  both  reduced  to  about  45%  of  their  linear  values,  but  the  0/+45/90  composite  panel 
is  reduced  to  37.5%  of  its  linear  value. 

The  analytical  methods  used  for  figure  14  have  also  been  used  to  study  the  effect  of 
non-linear  damping  on  the  large  amplitude  response  of  composite  panels  [30],  and  to  study 
the  effects  of  transverse  shear  and  plate  thickness  on  panel  response  to  acoustic  excitation 
[31,  32], 

5.3  Snan-Throueh  of  Buckled  Plates 

Acoustic  excitation  can  also  cause  non-linear  response  behavior  in  panels  that  are 
naturally  curved  or  are  curved  due  to  thermal  or  buckling  effects.  The  non-linear  response 
of  panels  that  are  buckled  due  to  in-plane  compression  has  been  investigated  theoretically 
[33,  34]  and  experimentally  [35].  Some  theoretical  results  are  illustrated  in  figure  15. 

In  this  analysis,  the  out-of-plane  displacement  of  a  rectangular  plate  under  in-plane 
compression  is  represented  by  a  single  mode.  By  including  tensile  energy  due  to  large 
displacements,  the  non-linear  force-displacement  relation  is  obtained.  When  the 
compressive  edge  shortening,  u,  is  less  than  the  critical  value,  Uc,  the  plate  remains  flat  and 
the  force-  displacement  curve  is  monotonically  increasing.  When  u>uc  the  curve  has  a 
local  maximum  and  a  minimum,  and  therefore  the  two  equilibrium  positions  A  and  B. 
When  the  vibratory  motion  about  equilibrium  position  A  becomes  just  sufficiently  large, 
the  displacement  will  "snap-through"  to  point  C  and  the  ensuing  motion  will  take  place 
about  equilibrium  position  B,  or  snap-through  towards  A  again. 

The  equivalent  linearization  technique  is  used  to  find  the  non-linear  vibratory 
response  of  the  buckled  plate  under  random  acoustic  excitation,and  results  are  shown  at  the 

right  of  the  figure.  The  excitation  level  parameter  a  is  nondimensionalized  such  that  a  = 
mean  square  displacement,  qms,  for  linear  response  of  a  flat  plate  without  compression. 

For  a  given  excitation  level,  response  increases  with  increasing  in-plane  compression  until 
the  buckled  deflection  is  too  large  for  snap-through  on  every  cycle  (persistent  snap- 
through)  and  the  snap-through  occurs  only  intermittently.  The  figure  also  shows  tJiat  as  the 
excitation  level  increases,  the  point  of  maximum  response  corresponds  to  increased  plate 

buckling,  i.e.  larger  values  of  u/uc.  For  a  =  2,  the  maximum  mean  square  displacement, 
(and  there  fore  the  maximum  stress)  is  about  1.4  times  the  value  with  no  compression. 

This  increased  stress  could  lead  to  reduced  acoustic  fatigue  lifetime. 

5.4  Response  at  Elevated  Temperature 

The  effects  of  elevated  temperature  are  expected  to  be  more  important  for  future 
vehicles  due  to  the  combination  of  longer  duration  exposure  to  both  acoustic  and  thermal 
loads,  larger  areas  of  the  structure  that  are  exposed,  and  the  need  for  lighter  weight, 
reusable  structure.  As  indicated  in  figure  7,  temperature  can  affect  the  structural  response 
to  acoustic  loads  through  four  mechanisms.  Preparations  are  being  made  for  experimental 
and  theoretical  study  of  these  mechanisms.  The  "oil  canning",  or  "snap-through"  behavior 
of  a  thermally  buckled  panel  might  be  expected  to  be  similar  to  the  behavior  of  a 


578 


mechanically  buckled  pant  1,  therefore  the  results  described  above  in  section  5.3  could 
provide  some  guidance. 


The  initial  measurements  of  temperature  effects  will  use  the  test  apparatus  sketched  in 
figure  13(a  cantilever  plate  with  moving  base  excitation),  and  will  measure  strain  response 
at  temperatures  up  to  about  540°C.  This  configuration  will  simplify  the  test  hardware  to 
avoid  problems  such  as  mechanical  attachment  of  a  shaker  to  a  hot  test  panel,  and  will 
allow  study  of  the  effects  of  material  property  changes  without  the  complicating  effects  of 
large  prestress  or  buckling.  Exploratory  tests  with  quartz  radiant  heaters  (but  no  acoustics) 
show  that  such  temperatures  can  be  obtained  and  closely  controlled  using  available 
equipment,  but  that  significant  temperature  gradients  can  occur  across  the  plate  surface,  and 
through  the  thickness.  Some  effects  of  temperature  gradients  and  material  property 
changes  have  been  calculated  [36]. 

Analysis  of  panels  having  combined  thermal  and  acoustic  loadings  has  been  initiated 
using  finite  element  methods  and  the  Von  Karman  large  deflection  (non-linear)  strain- 
displacement  relations.  Material  properties  were  not  varied  with  temperature.  Non-linear 
equations  were  solved  for  deflections  due  to  temperature  changes  that  are  uniform 
throughout  the  panel.  Dynamic  response  to  a  uniformly-distributed  acoustic  load  was 
calculated  using  a  Miles  single  mode  solution  of  linear  equations  for  small  amplitude 
motions  about  the  thermally  loaded  static  equilibrium  position.  Predicted  results  for  an 
initially  flat,  simply  supported,  panel  are  shown  in  figure  16.  The  thermal  static  solution 
(upper  right  in  the  figure)  shows  that  center  deflection  W  is  zero  until  the  buckling 
temperature,  ATcr,  is  reached.  For  this  panel  only  2.8°C  temperature  change  was 
sufficient  to  cause  buckling.  For  further  temperature  increase  the  deflection  follows  a 
strongly  non-linear  trend.  Both  deflection  shape  and  stresses  from  this  non-linear  static 
thermal  analysis  were  used  as  input  to  the  linear  dynamic  acoustic  analysis.  The  frequency 

of  the  first  mode,  co,  decreases  at  first  due  to  the  increase  of  ir.plane  stresses  as  temperature 
increases,  but  following  buckling  at  AT/ATcR=l.  the  frequency  increases  again  due  to  the 

increasing  panel  curvature.  Panel  dynamic  deflection,  W,  and  dynamic  stress,  arms,  both 
have  a  peak  value  in  the  neighborhood  of  the  buckling  temperature.  In  particular,  the  very 
large  stress  increase  at  buckling  temperature  suggests  the  increa.sed  possibility  of  acoustic 
fatigue  failure.  However,  the  linear  theory  is  limited  to  small  values  of  deflection,  W, 
therefore  a  non-linear  dynamic  analysis  will  likely  be  required  for  accurate  determination  of 
the  stresses  at  temperatures  near  the  buckling  temperature.  In  figure  16,  the  linear  limit  has 
been  taken  at  W/h=0.5,  resulting  in  a  large  non-linear  region  for  the  100  dB  noise  level. 

?-5  Testing  at  Elevated  Temperature 

Facilities  and  test  methods  for  use  at  high  temperature  are  not  well  developed, 
therefore  new  developments  ire  needed.  For  example,  there  is  a  need  to  know  the  resonant 
frequencies,  damping  values,  and  strain  response  of  panels  at  high  temperature  (as  well  as 
at  large  amplitudes).  An  example  of  a  method  that  is  being  studied  is  the  Ibrahim  Time 
Domain  (ITD)  method  j 37].  This  method  is  intended  to  measure  structural  properties  while 
the  structure  is  in  steady  state  response  to  a  random  input.  The  random  response  time 
history  is  sampled  to  obtain  a  decay  curve,  which  is  then  analyzed  to  obtain  the  component 
resonant  frequencies  and  damping  values.  In  a  recent  study  [36]  results  from  the  ITD 
method  were  compared  with  results  from  a  standard  impulse  hammer  test  of  four  panels  at 
room  temperature.  Damping  ratio  estimates  obtained  using  the  ITD  method  had  an  average 
value  in  the  range  of  0.0 1  to  0.03,  which  is  somewhat  lower  than,  but  in  reasonable 
agreement  with  the  values  of  0.029  to  0.046  obtained  from  the  impulse  tests.  The  natural 
frequencies  identified  by  the  ITD  and  hammer  test  methods  were  in  excellent  agreement. 
Since  no  special  test  procedures  or  instrumentation  are  required,  further  studies  of  the  ITD 
method,  as  well  as  related  methods  [38],  appear  warranted. 

The  Thermal  Acoustic  Fatigue  Apparatus  (TAFA),  figure  17,  was  developed  for 
testing  of  Space  Shuttle  theimal  protection  systems  [39,  40,  41],  It  uses  two  electro- 
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pneumatic  sound  generators  of  30  kW  each  to  produce  a  progressive  wave  at  levels  up  to 
163  dB  rms  overall,  and  can  accomodate  test  panels  up  to  a  maximum  size  of  1.8  m  by  1.8 
m.  Electrical  power  of  500  kW  is  available  at  the  test  chamber  for  panel  heating.  The 
TAFA  is  currently  being  returned  to  service  after  an  inactive  period,and  is  being  fitted  with 
quartz  heaters  of  several  types  for  evaluation.  Upgraded  acoustic  and  electrical  power 
capabilities  may  be  required  in  order  to  produce  the  highest  sound  levels  and  heat  flux 
values  envisioned  for  future  environments. 


6 .  CONCLUDING  REMARKS 

This  paper  describes  the  current  status  of  the  acoustic  loads  and  fatigue  program  at 
the  NASA  Langley  Research  Center.  Estimates  of  the  possible  acoustic  fatigue 
requirements  of  future  ASTOVL  and  hypersonic  aircraft  are  discussed,  and  research  topics 
that  are  being  studied  are  outlined.  It  is  suggested  that  near  term  sonic  fatigue  technology 
developments  include  understanding  of  the  behavior  of  high  temperature  and  composite 
structures,  improved  accuracy  in  analytical  prediction  of  the  strain  response  of  structures, 
and  development  of  acoustic  and  thermal  test  facilities  that  can  produce  the  environments 
expected  for  future  aerospace  vehicles. 
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Figure  1.-  Future  Aerospace  Vehicles. 
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Figure  3.-  Proposed  Flight  Envelope  for  an  Experimental 
Hypersonic  Vehicle  [8] . 


Figure  4.-  Generic  Design  Environments  for  NASP 
(National  Aerospace  Plane). 
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Figure  6.-  Candidate  Structural  Concepts  1 1 1 ,  12,  13] 
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Figure  10.-  Sonic  Fatigue  Considerations  for  Advanced 
Turboprop  Aircraft, 
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Figure  11.-  Apparatus  for  Measuring  Interaction  of  a  Structure 
with  a  Supersonic  Jet  Plume. Dimensions  in  cm. 
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Figure  12.-  Load  Reduction  by  Suppression  of  Resonance  of 
Twin  Supersonic  Plumes.  ■  1.3  [22] 


588 


f  BASE 

I  EXCITATION 


TRANSFER  FUNCTIONS 

103; 

102f 

—  Measured 
Predicted 

103r 

1 

1 02f* 

io1! 

101 

u  strain/G 

p  straln/G 

1 0°f 

10°. 

kt1; 

Iff1! 

io'2i 

io-2 

0 

250  500 

Frequency,  Hz 

(a)  LOCATION  6 

0 

250 

Frequency.  Hz 
(b)  LOCATION  2 


Figure  13.-  Prediction  of  Random  Dynamic  Strain  Response  of 
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DISPLACEMENT  RESPONSE 


Figure  15.-  Theoretical  Snap-Through  Characteristics  of  a 
Buckled  Plate  under  Acoustic  Excitation  [34]  . 
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Figure  16.-  Effects  of  Heating  on  the  Acoustic  Response  of  a 
Flat  Panel  Calculated  using  Finite  Elements. 


Figure  17.-  Progressive  Wave  Thermal- Acoustic  Fatigue  Test  Apparatus  at 
NASA  Langley  Research  Center. 
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l .  INTRODUCTION 

Acoustic  fatigue  has  become  an  important  factor  in  structural  design  and 
safety  of  most  aircraft  and  aerospace  structures.  These  problems  have  been 
complicated  by  uncertainty  of  loads,  stress  prediction  procedures,  adverse 
thermal  conditions  and  lack  of  proper  fatigue  damage  models.  Improved 
technology  base  is  needed  for  fatigue  live  assessment  of  ASTOVL  and  STOL 
aircraft  and  the  proposed  new  generation  orbital  and  sub-orbital  vehicles 
(NASP)  for  which  experimental  and  theoretical  data  base  is  yet  limited 
[1,2].  The  complex  acoustic  and  surface  flow  pressures  acting  on  various 
critical  components  of  these  flight  vehicles  need  to  lie  prescribed  as 
accurately  as  possible  in  order  that  proper  thermal  protection  systems  can  be 
designed.  Due  to  high  acoustic  loads  and  severe  thermal  environment,  the 
structural  response  is  often  nonlinear  requiring  improved  mathematical  models 
for  dynamic  stress  and  fatigue  life  prediction  [3,4].  Furthermore,  with  an 
increasing  use  of  filler  reinforced  composite  materials,  the  need  for  improved 
solutions  increases  due  to  inherent  large  uncertainties  of  mechanical  and 
thermal  properties  of  these  materials  [5-8]. 

The  surface  orotection  systems  of  aerospace  and  aircraft  structures  are 
usually  constructed  from  discretely  stiffened  panels  or  stiffened  shells. 

High  cycle  fatigue  failures  have  occurred  in  these  structures  with  the 
majority  of  fatigue  cracks  appearing  in  the  near  vicinity  of  the  stiffening 
element  or  the  stiffener  itself  [5-9].  This  paper  presents  an  analytical 
study  on  dynamic  response  and  fatigue  damage  of  discretely  stiffened  titanium 
panels  to  turbulent  boundary  layer  flow  and  acoustic  loads.  Preliminary  study 
on  the  thermal  effects  due  to  engine  exhaust  yases  and/or  high  speed  aero¬ 
dynamic  surface  flow  is  given.  The  objective  of  the  present  work  is  to  deter¬ 
mine  stresses  in  the  stiffened  panels  and  the  stiffeners.  These  results  are 
used  in  conjunction  with  sonic  fatigue  data  to  estimate  fatigue  life  of  these 
stiffened  structures.  A  generalized  transfer  matrix  procedure  is  used  to 
calculate  dynamic  stresses  to  random  pressure  inputs  [10,11].  The  inputs 
considered  in  this  study  include  surface  pressures  corresponding  to  a  trun¬ 
cated  Gaussian  white  noise  process,  rocket  or  jet  engine  exhaust  noise  and 
supersonic  turbulent  boundary  layer  [12].  Stress  response  calculations  and 
fatigue  life  predictions  are  obtained  for  several  different  loading  and 
thermal  conditions.  Furthermore,  expected  damage  is  determined  for  different 
stress  response  peak  distributions. 


2.  THEORY 


This  section  briefly  describes  the  general  theory  developed  for  dynamic 
stress  and  fatigue  life  predictions  of  discretely  stiffened  flat  panels. 


2*1  Problem  Formulation 

Consider  a  typical  stiffened  aircraft  panel  exposed  to  a  turbulent 
boundary  layer  flow  and/or  acoustic  pressure  on  one  side  and  backed  by  a  fluid 
filled  cavity  of  finite  dimensions  on  the  other  side  as  shown  in  Fig.  1.  The 
dynamic  response  solution  can  be  developed  utilizing  the  transfer  matrix 
procedure  [10,11,13].  Modifications  can  be  incorporated  to  include  thermal, 
cavity  pressure  and  nonsteady  aerodynamic  surface  flew  effects  [11].  The 
basic  approach  in  this  development  is  to  determine  first  the  field  transfer 
matrices  for  the  loaded  panel  and  point  transfer  matrices  for  the  stiff¬ 
eners.  Then,  incorporating  boundary  conditions  at  the  edges  of  the  panel 
these  results  can  be  combined  to  obtain  the  response  solution  for  the  entire 
stiffened  panel. 


The  linearized  equation  of  motion  for  a  single  panel  bay  located  between 
any  two  arbitrary  stiffeners  is 

DV4w  +  cw  +  nipW  =  pr(x,y,t)  -  pC(x,y,0,t)  (1) 

3  T 

+  p  (x,y,0,t)  +  p  (x,y,t) 


where  w(x,y,t)  is  the  normal  displacement  to  the  panel  surface,  D,  c,  rti  are 
plate  stiffness,  damping  and  mass  per  unit  area,  pr  is  the  external  random 
pressure  (exhaust  noise,  turbulent  boundary  layer  flow,  etc.),  pc  is  the 
cavity  back  up  pressure  acting  on  the  lower  surface  of  the  panel,  pa  is  the 
nonsteady  aerodynamic  pressure  due  to  convected  surface  flow  and  p*  is  the 
thermal  pressure  due  to  hot  exhaust  gases  or/and  aerodynamic  heating.  The 
pressure  loading  terms  pc,  pa  and  p  are  functions  of  the  transverse  dis¬ 
placement  w.  The  solutions  for  cavity  pressure  and  the  nonsteady  aerodynamic 
flow  has  been  developed  in  ref.  11.  If  the  cavity  is  sufficiently  deep  in 
comparison  to  panel  dimensions,  the  acoustic  back  up  pressure  effects  can  be 
neglected  [14,15].  However,  for  shallow  cavities  significant  increase  in 
panel  modal  frequencies  is  observed.  Such  an  increase  is  mostly  felt  for  odd 
modes.  The  nonsteady  aerodynamic  pressure  could  induce  panel  flutter  when  the 
surface  speed  reaches  supersonic  and  hypersonic  flow  regimes  [15,16].  The 
result  is  nonlinear  deflection  response  and  large  stress  gradients.  As  shown 
in  refs.  16  and  17,  the  nonsteady  aerodynamic  flow  effects  must  be  included 
when  panel  flutter  conditions  are  reached.  At  panel  flutter,  the  nonsteady 
aerodynamic  loads  completely  dominate  panel  response  with  random  turbulent 
boundary  layer  flew  pressure  contributing  only  a  small  amount.  In  the  present 
study,  the  cavity  pressure  and  the  nonsteady  aerodynamic  pressure  are  not 
included. 


The  thermal  loading  acting  on  the  panel  can  be  written  as  [18] 


pT(x,y,t)  =  -  ■—  V2!^,  +  Nx&2w/ftx2  +  N  52w/dy2  +  2Nx  d2w/dxSy 


where 


=  aE  /  T(x,y,z,t)zdz 
-h/2 

Eh  ^t 

N  =  - ~  (  u/dx  +  v  dv/dy)  -  -= — 

X  1-v2  1_v 


(2) 

(3) 

(4) 
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II 

2: 

Ph  T 

— — j  ( dv/hy  +  v  hu/nx )-  j — - 

1-V 

(S) 

N 

xy 

Eh 

2(l+v) 

( hu/9x  +  dv/dy) 

(6) 

h/2 

\  = 

ctE  / 

T(x,y,z,t)dz 

(7) 

-h/2 

in  which  u  and  v  are  in-plane  displacements  corresponding  to  x  and  y  coordi¬ 
nates,  T  is  temperature  distribution  in  the  panel,  and  a,E,v,h  are  thermal 
expansion  coefficient,  elastic  modulus,  Poisson's  ratio  and  panel  thickness, 
respectively.  If  a  panel  is  restrained  along  the  edges,  u  =  v  =  0  and 

N  =  N  =  -  N_/( 1-v) ,  N  =0.  The  in-plane  stress  resultants  Nv  and  could 
x  V  i  xv  1  x  y 

have  enlarge  influence  on  transverse  displacements  w  and  induce  thermal 

buckling  of  the  panel.  If  the  in-plane  boundaries  are  fixed,  such  a  buckling 

state  could  be  reached  even  for  a  relatively  small  increase  in  temperature  T 

[18].  However,  in  the  post  buckling  state  further  increase  in  temperature 

does  not  result  in  immediate  failure  of  the  panel.  Only  when  thermal  stresses 

reach  plastic  zone,  permanent  deformation  and  failure  of  the  panel  occur.  For 

steady  state  conditions  and  constant  temperature  distribution  through  the 

thickness  of  the  panel,  =  0  and  Vr  =  aFhT.  Furthermore,  if  the  in-plane 

stress  resultants  Nx  and  N  are  not  included  in  the  formulation,  pT  =  0  and 

there  is  no  effect  on  transverse  displacement  w.  However,  thermal  stresses 

are  not  equal  to  zero  for  these  thermal  loading  conditions. 

The  random  pressure,  pr,  acting  on  the  panel  arises  from  sources  such  as 
exhaust  noise,  turbulent  boundary  layer  flew,  oscillating  shocks,  etc.  The 
random  pressure  data  can  be  expressed  in  a  cross-spectral  density  form 


Sp(r.,n,m)  =  S(i0)  Rx(r„«)  R  (*!,u))  (8) 

whore  Rx  and  R  are  spatial  correlation  coefficients,  S( w)  is  the  spectral 
density  of  pressure  f ’ actuations,  and  c.  =  x^  -  x^ ,  h  =  -  y_  are  spatial 

separations.  The  empirical  expressions  for  parameters  RX,R,  are 

given  in  ref.  12  for  attached  and  separated  turbulence  boundary  layer  flows. 
Similar  expressions  are  available  for  random  surface  pressures  generated  by 
jet  noise  [19]. 


*  2.2  Solution  Procedure 

r  The  response  solution  procedure  in  terms  of  generalized  transfer  matrix 

formulation  has  been  developed  in  ref.  11.  The  panel  shown  in  Fig.  1  is 
assumed  to  be  simply  supported  along  the  edges  normal  to  the  stiffeners. 

Then,  the  beam  modes  along  the  coordinate  x  can  be  written  as  Y  =  sin(nitx/a). 

’  If  the  panel  is  taker,  tc  be  clamped  along  these  edges,  a  beam  mode  corre- 

|  sponding  to  clamped-c lamped  conditions  can  be  used.  Then,  deflection  response 

^  can  be  written  as 


w ( x , y , t )  =  v  qn(y,t)Y  (x) 
n=l  1 1 


(9) 


where  qn  are  the  generalized  coordinates.  Taking  a  Fourier  transformation  of 
equations  (1)  and  (9),  substituting  equation  (9)  into  equation  (1|,  utilizing 
orthogonality  and  the  procedures  given  in  ref.  11,  solutions  for  q  (y,w)  can 
be  determined.  Differentiating  these  solutions  and  using  the  relationship 
between  the  various  derivatives  of  q  (y,u>),  the  solution  can  be  written  in  a 
convenient  state  vector  form  {z  }  =  [6  ,  9n#M  ,V  1  where  ^n'en'Mn'Vn  are 
components  of  deflection,  sloped  moment  and  shear,  respectively.  Such  a 
formulation  allows  for  a  simple  procedure  to  include  any  boundary  conditions 
at  y  =  0,L  and  to  calculate  stresses  in  the  panel  in  terns  of  known  quantities 
from  the  state  vector.  A  detailed  analysis  on  response  of  stiffened  panels  is 
given  in  refs.  10,  11  and  13. 


2.3  Thermal  Stresses 


Thermal  stresses  in  thin  plates  can  be  calculated  from  the  equations 
given  in  ref.  18.  If  the  edges  of  the  plate  are  assumed  to  bt  restrained  in 
the  plane,  the  stress  resultants  Mx  =  IT,  =  N  =  0.  Furthermore,  for  a 

uniform  temperature  distribution  Mq>  =  0  and  =  aEhT.  Then,  the  stresses  at 

the  plate  surface  (z  =  ±  h/2)  reduce  to 


a 

xx 

a 

yy 

X 

xy 


6Mx/h2  -  EaT/( 1-v) 
6My/h2  -  EaT/(l-v) 
-  6Mxy/h2 


where  M  ,  M  and  M  are  the  tending  and  twisting  moments.  The  spectral 
densityxof  ¥he  stress  component  a xx  at  the  location  s  of  the  panel  is 

(x,o)  =  (— j)  SM  (x,u)  +  (— 

°xx  x 


(10) 

(ID 

(12) 


(13) 


where  5(tu)  is  the  delta  function  and  spectral  density  of  the  tending  moment 

S,.  can  be  obtained  from 
M 


(x,u) 


y 

n=l 


(v2S^  M  (a)  +  D2(  1-v2) 2(nit/a) 4  S*  U) 
n  n  ^n^n 


-2Dv( 1-v2) (nn/a)2  M  (w))Y2(x) 

n 


(14) 


g 

where  the  cross-spectral  densities  S„  „ 

MM 
n  n 

directly  from  the  response  state  vector, 
can  be  written  for  stress  components  a 
value  of  stress  response  is  calculated-^ 


,Ss  and  S  ,,  can  be  calculated 
q  q  q  M 

^nMn  ^n  n 

Similar  spectral  density  expressions 
and  x  .  Then,  the  root  mean  square 

VV 

rom 


^  RMS 

i 


=  f ( 6/h 2 ) 2  J  S*  (x,w)du>  + 
o  x 


, EaT, 2 i 1/2 


(15) 


i 
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In  these  simplicity]  expressions,  stress  response  due  to  thermal  conditions  can 
be  calculated  independently  Cron  stress  calculations  due  to  external  random 
loads.  However,  if  the  in-plane  stress  resultants  N  ,N  and  N  are  retained 
in  the  governing  equation  of  motion,  thermal  loads  haveJa  direct  effect  on  the 
characteristic  roots  and  the  response  solution  needs  to  be  developed  simulta¬ 
neously  for  the  total  problem.  As  can  be  observed  from  equations  (14)  and 
(15),  the  root  mean  square  value  of  the  stress  can  be  computed  directly  from 
known  quantities  in  the  state  vector. 


2.4  Fatigue  Life 

The  key  elements  in  predicting  fatigue  life  of  flight  structures  to 
random  and  thermal  loads  are  detailed  stress  load  spectra  at  a  critical  point 
of  a  structural  component  and  reliable  cumulative  damage  rules  for  random 
stress  amplitudes.  For  a  multidimensional  stress  state,  the-  most  damaging 
stress  components  must  De  known  as  well  as  the  choice  between  the  nominal 
stress  and  the  actual  load  stress  in  complex  geometries  and  connections.  The 
load  spectra  is  a  function  of  mission  requirements,  flight  conditions  and 
flight  duration.  The  information  on  threshold  crossings  and  peak  exceedances 
of  stress  time  histories  is  needed  for  the  development  of  stress  load 
spectra.  In  addition  to  this  information,  stress  fatigue  data  in  the  form  cf 
S-N  diagrams  are  needed.  Such  data  are  usually  obtained  from  coupoh  testing 
either  under  constant  amplitude  or  random  loading.  Since  stress  response  of 
surface  protection  systems  is  random,  fatigue  data  from  random  tests  should 
give  the  required  information  for  life  predictions.  However,  due  to  non- 
Gaussian  response  characteristics  of  structures  under  severe  acoustic  environ¬ 
ment,  proper  interpretation  and  utilization  of  this  data  are  needed  when 
constructing  analytical  fatigue  damage  models,  riost  of  the  fatigue  data  for 
trunoom  loading  is  digested  into  a  form  of  root  mean  square  (rms)  stress  versus 
the  number  of  cycles.  For  a  Gaussian  response,  the  rms  stress  is  a  useful 
quantity  to  obtain  all  the  required  statistics  of  the  response  process.  The 
number  of  cycles  in  a  random  process  has  only  a  meaningful  interpretation  for 
a  narrow  band  process  where  the  response  is  dominated  by  a  single  peak  at  a 
prescribed  frequency.  When  the  structural  recoonse  is  multi-modal,  "the 
number  of  cycles"  parameter  used  in  plotting  the  S-N  diagrams  loses  its 
validity.  For  non-Gaussian  inputs  and/or  nonlinear  stress  response,  the 
stress  amplitude  distribution  is  non-Gaussian.  In  this  case,  not  only  the  rms 
value  but  also  higher  order  statistics  are  needed  to  characterize  the  random 
response  process.  Using  the  rms  stress  value  as  the  sole  parameter  in 
predicting  fatigue  life  could  lead  to  erroneous  results.  Significantly 
different  stress  response  time  histories  might  have  about  the  same  value  of 
rms  stress  while  fatigue  life  resulting  from  these  stress  histories  could  be 
vastly  different.  Thus,  alternative  procedures  are  needed  to  develop  damage 
prediction  models.  One  approach  might  be  to  utilize  the  information  of  peak 
distribution  of  the  non-Gaussian  stress  process  and  the  S-N  diagrams  corre¬ 
sponding  to  a  constant  amplitude  stress.  To  illustrate  this  procedure,  let  us 
consider  a  general  case  of  a  stationary  Gaussian  stress  response  process  x(t) 
with  a  zero  mean.  The  peak  distribution  can  be  written  as  [20] 

2  1/22  2 
P„<«  =  - exp( - / - — >  t  ^  |l+  erf(_ - - - )  exp<-  -/) 

k  \^r2  k  <i6> 
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where  the  parameter  a  is  defined  as 

a  =  E[Nf(0)]/E[MT]  =  (17) 

where  E[N+(0)]  is  the  upcrossing  rate  at  the  stress  at  zero  th^es^old  level 
5=0  and  E[NL]  is  the  expected  number  of  total  peaks.  The  a  ,a  and  a  are 
the  variances  of  stress,  stress  velocity  and  stress  acceleration, 
respectively. 

Two  limiting  cases  cf  peak  distribution  can  be  obtained  for  a  =  1 
and  a  =  0.  A  value  of  a  =  1  corresponds  to  a  narrow  band  process  and  peak 
distribution  reduces  to  the  well-known  Rayleigh  distribution  while  for 
a  =  0  peak  distribution  is  Gaussian  [20,23].  The  stress  response  is  usually  a 
narrow  band  process  and  peak  distribution  could  be  approximated  by  a  Rayleigh 
distribution. 

por  a  preliminaLy  evaluation  ot  fatigue  damage  of  discretely  stiffened 
panels  considered  in  this  study,  a  damage  function  D( x)  is  defined  for  a  time 
interval  x.  As  x  increases,  the  damage  D(x)  increases  until  a  value  of  unity 
is  reached  at  which  failure  occurs.  If  N(5)  is  defined  as  the  number  of 
stress  cycles  to  failure,  the  total  expected  damage  in  the  time  interval  x  can 
be  written  as  [20,21] 

03 

E[D(x)]  =  E[Mt(x)]  /  (px(5)/N(5))d5  (18) 

—CO 

where  for  constant  anplitude  loading,  the  expression  tor  N(5)  can  be  obtained 
from  the  S-N  diagram  such  that  Nf  =  B  where  X  and  B  are  constants.  It  should 
be  noted  that  with  this  approach  the  stress  ratio  R  =  -  1.  Then,  from  equa¬ 
tions  (17)  and  (18) 

v+  ^  ^ 

E [D( x ) ]  -  /  5Xpx(5)d5  (19) 


where  p  (5)  is  given  in  equation  (16)  and  v+  =  E[N  (0)].  For  a  =  1,  equation 
(19)  gives  ° 

E [D(  x )  ]  =  v\  (/2  ax)X  T(  1  +  k/2 ) /B  (20) 

where  T  denotes  the  Ganna  function.  For  other  values  of  a  (a  *  0),  equation 
(19)  needs  to  be  evaluated  numerically.  Furthermore,  when  the  stress  response 
process  is  non-Gaussian,  expected  damage  can  be  calculated  from  equation  (18) 
where  now  p  (5)  is  replaced  with  the  appropriate  peak  distribution  and 
E[Mt(x)]  is  computed  from  [20] 

co  0 

E[Hr(x)]  =  -  /  dx  /  x  pxxx(x,0,x,t)dx  (21) 

—00  —03 

in  which  P  x  is  the  joint  density  function  of  stress,  stress  velocity  and 
stress  acceleration.  The  variance  of  damage  D( x)  can  also  be  determined,  but 
the  procedure  involves  lengthy  algebraic  and  numerical  computations. 
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3. 


NUMERICAL  RESULTS 


For  the  calculation  of  stress  response  and  fatigue  damage  of  the  stif¬ 
fened  panel  shown  in  Fig.  1,  simplified  structures  composed  of  a  panel 
stiffened  either  with  one  or  two  stiffeners  has  been  chosen.  The  panel  and 
the  stringers  are  made  from  6AL-4V  titanium  material  for  which  the  elastic 
modulus,  shear  modulus  and  ultimate  strength  degradation  is  given  in  ref. 

22.  Response  calculations  were  obtained  for  the  following  random  inputs: 
truncated  Gaussian  white  noise  pressure,  rocket  exhaust  noise  and  turbulent 
boundary  layer  pressure.  The  sound  pressure  levels  of  these  inputs  are  given 
in  ref.  11.  The  boundary  layer  pressure  corresponds  to  separated  supersonic 
flow  where  boundary  layer  thickness  =  0.203  m,  convection  velocity  -  813  m/sec 
and  altitude  =  24,390  m. 

The  numerical  results  were  obtained  for  stiffened  panels  with  dimensions 
=  m,  a  =  0.508  m,  h  =1.52  rtm  and  L  =  0.416  m.  The  thermal 

expansion  coefficient  a  =  8.3  x  10  m/m/°C.  The  stiffener  geometric  proper¬ 

ties  are  taken  to  be  the  same  as  given  in  refs.  11  and  13.  Structural  damping 
is  introduced  by  replacing  the  elastic  and  the  shear  moduli  by  E(1  +  i_g)  and 
G( 1  +  ig)  where  g  =  0.02. 


The  stress  response  spectral  density  of  the  stress  component  a  in  the 
panel  is  given  in  Fig.  3  for  120  dB  Gaussian  white  noise  input  and  $4om  tem¬ 
perature  thermal  conditions.  Stress  response  of  cr  is  about  one  half  the 
value  of  a  and  the  shearing  stress  t  is  relatively  small  [11].  The  rms 
values  of  one  stress  response  are  also^ncluded  in  these  figures.  Panel 
stress  response  corresponding  to  different  types  of  inputs  is  shown  in  Fig. 

4.  These  results  correspond  to  the  middle  of  first  panel  bay.  For  the  inputs 
chosen,  supersonic  turbulent  flow  induces  the  largest  stresses  in  the  panel. 
The  turbulent  flow  was  assumed  to  be  fully  correlated.  The  effect  of  flow 
correlation  on  panel  response  is  illustrated  in  Fig.  5. 


The  total  root  mean  square  stress  response  (dynamic  +  static)  is  shown  in 
Fig.  6  for  two  different  temperature  distributions  in  the  panel.  A  uniform 
temperature  distribution  produces  the  largest  thermal  stresses.  The  tempera¬ 
ture  variations  with  coordinates  x  and  y  are  illustrated  in  Fig.  6.  As  the 
temperature  increases,  the  rms  stress  is  dominated  by  the  mean  stress. 


> 


i 


The  expected  fatigue  damage  was  calculated  from  equations  19  and  20. 
Typical  fatigue  data  parameters  corresponding  to  constant  amplitude  stress 
tests  were  chosen  for  the  titanium  material  under  room  temeprature  and 
elevated  temperature  conditions.  These  chosen  parameters  are  \  =  6,  B  =  1.631 
x  10^  (room  temperature),  X=  6,  B  =  1.181  x  10^0  (elevated  temperature ) .  The 
expected  damage  corresponding  to  >.wo  root  mean  square  stress  valjes  is  given 
in  Fig.  7.  These  results  are  obtained  from  equation  (20)  where  the  peaks  are 
distributed  according  to  a  Rayleigh  distribution.  The  different  rms  stress 
values  could  reflect  increase  in  dynamic  response  due  to  increasing  input 
pressure  levels.  For  example,  under  a  uniform  noise  input  of  120  dB,  the  rms 
largest  stress  component  in  the  panel  is  30.82  MPa.  For  larger  inputs  the 
stress  response  is  nonlinear  and  time  domain  solutions  of  the  nonlinear 
equations  of  motion  would  need  to  be  performed  [16]  to  determine  dynamic 
stress  and  peak  distributions.  Thuo,  the  a  =  6S.95  MPa  used  in  Fig.  7  is  an 
isasumed  value  me-rely  to  illustrate  the  effect  on  the  expected  fatigue  dam¬ 
age.  The  expected  damage  in  Fig.  7  is  plotted  vs  the  parameter  vqt  (cycles). 


t 
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Since  the  dominant  response  peak  is  at  140  cps  (  v*  =  140  cps),  about  10%  of 
fatigue  life  is  consumed  in  4960  hrs  (o  =  34.48  MPa,  T  =  27°C),  317  hrs 
(a  =  34.48  MPa,  T  =  316°C),  53  hrs  (a  =  68.95  MPa,  T  =  27°C)  and  4.4 
hrl  (o  =  68.95  MPa,  T  =  316°C).  Failure  ( E [D]  =  1)  would  occur  at  45,635 
hrs,  3^73  hrs,  596  hrs  and  40  hrs,  respectively.  These  preliminary  life 
estimates  are  based  on  the  condition  that  mean  stress  has  no  effect  on  fatigue 
life.  Size  effects,  geometric  conditions  and  mean  stress  could  have  signif¬ 
icant  contributions  to  fatigue  life  [5-9]. 

To  illustrate  the  effect  of  different  peak  distributions  on  fatigue  life, 
the  expected  damage  was  calculated  utilizing  peak  distribution  given  in 
equation  (16).  These  results  are  shown  in  Fig.  8.  As  can  be  observed  from 
these  results,  the  effect  is  not  large  when  different  a  values  are  chosen.  It 
should  be  noted  that  even  if  a  *  1,  the  stress  response  is  linear  and 
Gaussian.  For  nonlinear  and  non-Gaussian  stress  response,  peak  distributions 
could  be  estimated  from  time  domain  solutions.  Then,  equations  (18)  and  (21) 
are  used  to  calculate  fatigue  damage. 


4.  CONCLUSIONS 

Tranfer  matrix  procedures  were  developed  to  predict  stress  response  of 
discretely  stiffened  panels  to  random  pressures.  Stress  response  is  dominated 
by  the  first  few  stiffened  panel  modes.  For  the  conditions  chosen  in  this 
study,  the  largest  dynamic  stresses  in  the  panel  are  at  the  location  where 
stiffeners  are  attached  to  the  skin.  Elevated  temperatures  induce  large  mean 
stresses  when  compared  to  the  dynamic  stress  levels.  Fatigue  life  is  signif¬ 
icantly  shorter  for  structures  at  elevated  temperature  than  for  structures 
under  room  temperature  conditions.  To  estimate  fatigue  life  under  severe 
acoustic  and  thermal  environment,  time  domain  solutions  are  needed  for 
nonlinear  stress  response  calculations  and  peak  distributions. 
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1 .  INTRODUCTION 

A  recent  study  by  Gibson  [l]  reviewed  the  analytical  and  experimental 
investigation  into  the  dynamic  properties  of  advanced  composite  materials 
during  the  period  1983-1986.  Development  of  the  modelling  and  prediction 
of  laminated  composite  structures  is  still  in  progress  and  this  study  is  in 
part  a  review  of  some  of  the  analytical  models  available  to  the  engineer 
and  also  an  investigation  into  the  use  of  such  models  in  predicting  dynamic 
properties  of  such  materials  due  to  temperature  effects,  internal  damage 
due  to  fatigue,  etc.,  and  possible  extensions  in  predicting  the  fatigue 
life  of  such  composites.  Macromechanical  modelling  of  composites  is  of 
primary  importance  to  design  if  one  requires  overall  in-plane  and  flexural 
stiffnesses  of  laminated  plates  or  shells  of  composite  material.  The 
standard  approach  is  to  consider  the  laminate  as  composed  of  thin 
orthotropic  layers  which  may  be  of  different  thickness,  material  and 
orientations  of  their  principle  axes  of  orthotropy  and  to  apply  laminated 
plate  or  shell  theory  (see  [2]  for  further  details).  Such  an  approach 
assumes  one  has  predetermined  the  characteristics  of  a  typical  layer  of  the 
composite  material  possibly  by  experiment,  practice  or  using  a 
micromechanical  model  Which  describes  the  performance  of  the  layer  in  terms 
of  its  fibre  and  matrix  material.  The  overall  properties  are  then 
determined  using  the  plate  theory  or  related  analyses  such  as  finite 
elements.  The  weaknesses  inherent  in  this  approach  are  twofold.  Firstly 
one  must  know  or  be  able  to  predict  the  behaviour  in  each  individual  layer 
which  may  require  knowledge  not  just  of  the  interlayer  stresses  or  boundary 
conditions  but  also  the  internal  physical  behaviour  within  the  layer  and 
secondly  the  laminated  plate  theory  may  not  accurately  predict  the  overall 
behaviour  if  there  is  some  measure  of  imperfect  bonding  between  the  layers, 
etc.,  as  the  theory  assures  continuity  of  displacement  and  rotations  at  all 
the  interfaces. 

Improvements  can  thus  be  obtained  by  taking  account  of  the 
constituent  fibre  and  matrix  material  and  also  using  any  known  information 
concerning  the  composite  such  as  de lamination  which  is  present.  Advanced 
three  dimensional  finite  element  (P.E.)  methods  have  been  developed  [3] 
using  a  single-cell  model  of  a  fibre  in  the  matrix  as  a  basic  building 
block  for  the  models  and  also  it  is  possible  to  use  standard  finite 
elements  to  model  the  layers  and  releasing  some  of  the  interlayer 
constraints  to  allow  for  damage  areas  to  find  the  direct  and  shear  stresses 
[*]♦  Additional  methods  of  analyses  are  discussed  by  Chamis  [5]  and  Knight 
[6].  Simplified  micromechanics  [2]  is  a  relative  sinple  means  of 
predicting  the  properties  of  the  individual  layers  in  terms  of  the  fibre 
and  matrix  properties  and  will  be  applied  in  this  paper  in  order  to  observe 
changes  due  to  changes  in  the  properties,  introduction  of  damage  and 
indicating  how  the  overall  behaviour  of  the  composite  can  be  evaluated. 

2.  THE  SIMPLIFIED  MICROMECHANIC. 5  EQUATIONS  (S.M.E.) 

The  equations  are  derived  using  the  principles  of  solid  mechanics 
based  on  two  assumptions,  namely  that  each  layer  can  resist  in-plane  loads 
in  longitudinal,  transverse  and  shear  directions  and  that  the  layer,  fibre 
and  matrix  behave  in  a  linear  elastic  manner  up  to  fracture.  The 
convention  is  that  the  longitudinal  direction  (l)  is  along  the  fibres. 
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transverse  (2)  is  transverse  to  the  fibres  and  the  in— plane  shear  is  called 
Intralaminar  shear.  Geometrically  the  sizes  of  fibres  and  interfibre 
spacing  affect  the  fibre  and  resin  volume  ratios,  k,  or  also  known  as 
volunm  fraction.  Assuming  the  relevant  parameters  are  given,  some  of  which 
can  be  obtained  by  considering  the  geometry,  simple  equations  relating  the 
layer  elastic  constants  and  Poisson's  ratro  can  be  written  in  terms  of  the 
fibre  (subscript  f)  and  matrix  (subscript  m)  properties.  These  are  given 
in  equations  (1-6)  for  a  layer  with  void  volume  ratio  kv. 


Longitudinal  Modulus  Ej,=  KfEfL+  )cmEm  ( l ) 

(assuming  fibre  and  matrix  are  subject  to  same  strain) 


Transverse  Modulus 


Em 

®T  = - - - 

Wkf(  l-Em/Efr ) 


(2) 


Shear  Modulus 


Gm 

Wkf(  i-G«a/GflJ!) 


O) 


(3  through  thickness  of  layer)  l~>OCf(  1-Gm/Gfz 5 ) 


Poisson’s  Ratio 


v i.z  ~  +  Kml/in  *  ''is 


V, ,  =  — -  -  1 


2G; 


z  3 


(4) 


(5) 

(6) 


Partial  volumes  kf  +  kn,  +  kv  =  l  ( 7 ) 

The  derivation  of  equations  (1-6)  is  performed  by  applying  the  "rule 
of  mixtures"  in  conjunction  with  the  assumptions  made  regarding  the  overall 
stress  and  strain  behaviour  of  the  composite.  For  unidirectional 
composites  with  orthotropic  fibres  reasonably  good  agreement  has  been 
obtained  using  the  simplified  micromechanics  equations  (S.M.E.)  and  the 
three  dimensional  finite  element  analyses  [7],  the  differences  possibly  due 
to  neighbouring  fibre  interactions  and  the  Poisson  effect  through  the 
thickness.  Hence  for  unidirectional  properties  the  s.M.E.  cam  be  applied 
and  in  this  study  these  equations  aure  applied  to  each  layer  of  a  laminated 
composite  in  order  to  apply  laminate  theory  to  obtain  the  overall  bending 
and  in-plane  stiffnesses  and  strengths. 

2.1  Thermal  Properties  using  S.M.E. 

Caruso  [7]  investigated  the  thermal  expansion  properties  of 
composites  using  the  S.M.E.  equations  hence  these  are  applicable  to 
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composite  structures  which  are  subject  to  temperature  variations.  if  the 
composite  is  not  constrained  in  a  manner  which  would  introduce  thermal 
stresses,  due  to  expansion  with  increased  temperature,  then  the  dynamic 
properties  of  the  composite  will  still  be  governed  by  the  Young's  Moduli 
and  Poisson's  ratio  values.  White  [8]  investigated  the  variation  of  Moduli 
with  temperature  and  found  insignificant  changes  at  temperatures  well  below 
the  curing  temperature  of  the  carbon  fibre  composite.  The  similar  material 
XAS  914C  is  investigated  below  at  temperatures  typical  of  its  proposed 
working  environment. 

For  a  unidirectional  composite  composed  of  matrix  and  fibres  with 
volume  fraction  ratios  0.6  for  the  fibre,  0.4  for  the  matrix  with  Young's 
Modulii  220  GPa  for  the  fibres  and  3.58  GPa  for  the  matrix  material  at 
ambient  temperature  one  cam  directly  apply  the  S.M.E.  equations  (1-6)  given 
knowledge  on  the  variation  of  the  individual  Young's  modulii  [8].  These 
results  cure  given  in  Table  l . 


Table  1  Variation  of  Young's  Modulii  (longitudinal)  of  the  composite 
against  temperature . 

Note:  individual  measurements  of  resin  ana  fibre  modulii  have  been 

measured  [8],  the  fibre  showing  no  appreciable  variation  Whilst  the  resin 
varies  between  +45%  to  -26%  of  its  ambient  temperature  value.  These 
results  have  been  applied  to  calculate  E  for  the  composite,  with  Efx,  the 
fibre  modulus  taken  as  220  GPa  throughout. 


Temperature 

°C 

Young's  Modulus 
(matrix)  Em  GPa 

Young's  Modulus 
( composite )  Ec  GPa 

%  variation  Ec  from 
resin  temperature  (20°C) 

-60 

5.19 

134.076 

+0.483 

0 

3.93 

133.572 

+0.105 

20 

3.58 

133.432 

0 

60 

3.11 

133.244 

-0.141 

120 

2.72 

133.088 

-0.258 

Generally  because  of  the  dominance  of  the  fibre  properties,  Ef>>En,, 
and  as  the  fibre  is  very  nearly  invariant  over  the  temperature  range  the 
overall  properties  of  the  composite  show  very  small  if  not  insignificant 
variation.  Clearly  this  is  not  the  case  at  high  enough  temperatures  where 
the  matrix  material  is  no  longer  solid  and  fibre  debonding  occures. 

2.2  Effect  of  MoiBture  on  composites  using  S.M.E. 

For  many  applications  the  composite  cannot  be  assumed  to  be  in  a 
moisture  free  environment  and  over  a  period  of  time  an  amount  of  moisture 
will  be  absorbed  into  the  composite.  Typically  designers  consider  the  case 
of  a  composite  with  1%  absorbed  moisture  by  laminate  weight  at  elevated 
temperatures,  the  absorbtion  of  moisture  at  room  temperature  being  small. 
If  one  requires  a  prediction  of  the  modulii  of  the  conposite  at  these 
temperatures  with  moisture  absorbed  using  S.M.E.  one  is  required  to  obtain 
the  volume  fractions  of  fibre  to  resin  to  moisture. 
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An  initial  approach  is  to  assume  that  the  composite  absorbs  the 
moisture  with  no  overall  change  in  volume  V  and  hence  the  additional  mass 
of  the  composite  is  given  as  vwpwv  where  vw, ^  are  the  volume  fraction  and 
density  of  the  moisture.  Assuming  Pc^f+Pf+^mPm  when  dry,  assuming  no 
void,  then 


1 

1%  change  in  mass  M  =  -  x  pcV  =  uwpwv 

lOO 

1  Pc 

uw  =  -  —  ( 8 ) 

100  p* 


If  remain  in  fixed  ratio  and 

vt  +  ^m'  +  ^w  ~  1  (?) 


in  wet  condition,  primes  denoting  volume  fractions,  then 


’vf 

'-'m 


-  and  uf' 

wm 


1—Ww 

- =  Vf(l-vw) 

(l+^m/uf) 


(9) 


vm(  l-vw ) 

vm  =  =  um( l-vw )  ( 10 ) 


for  xas  914C  with  1%  moisture,  Vf=0.6,  u„p0.4  one  finds  at  ambient 

temperatures  the  ratio  of  the  longitudinal  moduli!  is 


Edry 

-  =  1.0166 

Ewet 


using  above,  in  practice 


E(jjy  130GPA 

- =  -  =  1.032 

Euet  126GPa 


In  particular,  the  theoretical  prediction  for  Ec  with  \%  moisture 
predicts  a  decrease  in  Ec  from  ambient  of  A(Pc /Pw>%  whilst  in  practice  the 
above  results  show  for  a  1%  moisture  level  the  theoretical  value  decreases 
by  1.63%  versus  a  decrease  in  3.2%  measured.  This  leads  to  a  conclusion 
that  for  modelling  the  effect  of  moisture  it  is  necessary  to  consider  more 
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than  just  the  effect  on  the  volume  ratios  of  the  composite. 

3.  THE  REDUCTION  IN  THE  MECHANICAL  PROPERTIES  DUE  TO  FIBRE  BREAKAGE 

AND  DEBOND TNG 

*rt\e  main  problem  in  evaluating  the  overall  properties  of  a  composite 
due  to  fibre  breakage  or  debonding  is  Knowing  precisely  the  area  and  amount 
of  damage.  If  the  area  is  well  defined  then  to  model  using  P.E.  methods 
one  can  relax  the  constraints  in  the  model  corresponding  to  the  damaged 
area,  i.e.  introduce  an  area  of  breaKage  or  debonding  by  introducing 
elements  with  no  elastic  strength.  Alternatively  it  is  proposed  that  one 
can  use  the  s.M.E.  approach  which  may  not  be  specific  to  the  position  of 
the  damaged  area  but  may  still  in  a  statistical  sense  still  give  good 
approximations  to  the  overall  strength  of  the  damaged  composite. 

The  theoretical  problem  of  a  single  fibre  in  a  cylinder  of  matrix 
material  has  been  studied  by  Cox  [s].  The  effective  modulus  Eeff  of  such  a 
single  element  of  the  composite  can  be  written  in  terms  of  Ef,  the  Young's 
Modulus  of  the  fibre,  2a  the  length  of  the  fibre  and  rf,rm  the  radius  of 
the  fibre  and  matrix  cylinder  as 


Eeff 


tanh( aa ) 
(aa) 


(  ID 


where 


2rrt^ 

a2  _ -  assuming  rm  >  rf 

fn( rm/rf ) 


( 12) 


and  Gn,  the  shear  modulus  of  the  matrix.  For  comparison  between  the  above 
theoretical  result  and  S.M.E.  one  can  consider  the  simple  problem  of  a 
broken  fibre  embedded  in  the  matrix.  For  simplicity,  the  model  is 
idealised  and  drawn  as  in  Figure  1.  It  consists  of  three  lengths  of  fibre 
in  matrix  material. 

*1  *Z  *3 


j[2rf  *i+*2+*,=  « 


Figure  l.  Representation  of  broken  fibre  embedded  in  matrix. 


Applying  equations  ( li )  and  ( 12 )  one  can  find  the  effective  modulus 
for  the  middle  section  and  then  consider  the  overall  modulus  of  the  single 
fibre  in  the  matrix  over  the  Whole  lenth  f.  In  the  longitudinal  direction 
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^OVERALL  -  EL 


( 


(  13) 


(«-*,)  + 


1  - 


tanh(aa) 

CtA 


,Pl  =  Young's  Modulus  for  the  unbroken  fibre  in  the  matrix.  If  (cxa)  large, 
i.e.  fibre  nearly  continuous,  then  Eqverall  -  el-  (aa)  small,  i.e. 


tanh(aa)  .  .  .  .  . 

1  ~  — (aa~) —  I  “  0  whic^1  implies  ^overall  ~  °* 


in  reality  one  would  expect  properties  for  the  middle  section  to  be 
dominated  by  the  moduli  of  the  matrix  material  which  is  much  smaller  than 
the  fibre  moduli. 

consider  the  S.M.E.  approach  which  only  requires  Ef,Em  and  kf,kro  for 
the  longitudinal  modulus.  one  must  make  an  assumption  concerning  the 
variation  of  kf,k,„  with  the  fibre  length  in  the  middle  section. 

If  fibre  is  continuous  and  there  is  no  void  in  the  composite,  then 


Kf 


if2 


rm2_rf2 


and  kf  +  km  =  l 


(kv  =  0) 


hence 


kf  =  [ 


tm 


(14) 


If  fibre  breakage  occurs  then  effectively  kn,  remains  unaltered  but 
one  can  consider  a  reduction  in  kf.  If  the  broken  fibre  is  as  given  in 
Figure  1,  then  the  fibre  volume  fraction  kf '  is 


(*- **+2a) 

Kf’  =  -  kf  = 


I, -2a 


1  - 


Kf 


let  a *  =  -  2a 


hence  using  S.M.E.  one  has 


Ea  -  kf  Ef  +  kmEro 


"  f1  J"]  Ef  +  Knfin 
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typically  for  composites  Ef>>En,  so 


(15) 


or  El  =*  kf  *Ef  (  16  ) 

i.e.  a  direct  linear  relationship  as  a  fraction  of  damaged  length  of  fibre, 
rn  many  applications  where  many  fibres  are  broken  it  may  be  possible  to  use 
expression  (16)  as  a  first  approximation. 

Debonding  generally  can  be  described  by  the  length  over  which  the 
fibre  and  matrix  material  are  unconnected  although  in  most  cases  of 
debonding  the  fibre  and  matrix  becomes  debonded  by  cracks  in  the  matrix 
material  Which  may  not  occur  over  all  the  surface  of  the  fibre.  A  vigorous 
analysis  for  the  stiffness  reduction  due  to  fibre  breakage  is  given  by 
stelf  [10].  Assuming  a  dilute  concentration  of  broken  fibres  it  is 
possible  to  consider  the  model  of  a  single  broken  fibre  using  shear  lag 
analysis  and  then  obtain  the  sectionally  averaged  longitudinal  stress.  in 
the  debonded  region  the  shear  stress  is  related  to  the  normal  stress  by  a 
coulomb  friction  law.  in  order  to  calculate  the  stiffness  reduction  it  is 
possible  to  approximate  the  full  shear  lag  analysis  by  a  model  Which  is 
generally  valid  except  for  very  short  or  very  long  debondo.  The 

approximate  result  is 


Ereduced  ~ 


Eo 


1  +  p 


r^diEf 
[  L  jEc 


(17) 


Eo 

2  <a 

Ef 

EC 

L  = 

P 

<a/b> 

Ereduced  = 


original  modulus  of  the  undamaged  composite 
Length  of  debond 
young's  modulus  of  fibre 

Young’s  modulus  of  the  fibre  in  a  cylinder  of  radius  b 
Lq  if  dilute  fibres 

Distance  between  planes  containing  fibre  breaks 
(a/b>* 

Ratio  of  radius  of  broken  fibre  to  radius  of  unbroken 
composite  surrounding  broken  fibre 

Reduced  Young's  Modulus  of  composite  containing  fibre 
breaks 


If  fibre  breaks  are  very  dilute,  i.e.  p  -  o  then 


Ec  -  Eo 


Ereduced 


(18) 
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If  breaks  in  one  plane  only  then 


2fd  _  aL 
L  L 


as  used  in  expression  (15)  and  approximately. 


f2ldl  Ef 

if  p  — -  small,  one  has 

l  L  J  Ec 


Ereduced  "*  ®o  [1  ”  Eq] 


AT, 

=  E°  -  p£-  Ef 


and  p  =  (a/b>*  =  AfB  (^J 


(19) 


(20) 


where  AfB  =  fibre  volume  fraction  for  broken  fibres 


Hence 


Ereduced  “  Eq  -  AfBEf 


i.<>  Ereduced  -  Ef(kf-AfB)  +  kg^ 


(21) 


using  "Rule  of  Mixtures"  assuming  no  void.  Which  is  the  same  result  using 
the  simple  "Rule  of  Mixtures"  result  with  a  reduction  in  the  fibre  volume 
by  the  volume  of  the  broken  fibres. 

For  accurate  prediction  of  the  behaviour  of  the  composite  due  to 
debonding  one  would  require  the  full  shear- lag  analysis  performed  by  steif 
(10)  as  it  takes  into  account  the  displacements  caused  by  fibre  breaks  for 
short  debond  lengths.  At  high  debond  lengths  there  is  also  the  additions  1 
transfer  of  the  load  back  to  the  broken  fibre  due  to  friction  Which  must 
also  be  included  with  the  shear- lag  analysis. 
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4.0  FATIGUE  DAMAGE  MECHANICS 

Two  questions  Which  arise  are  What  is  the  effect  of  a  damaged  area  of 
the  composite  on  the  overall  properties  of  the  composite  and  secondly, 
given  a  composite  in  a  dynamic  environment,  how  will  the  area  of  damage 
change .  The  answer  to  the  first  question  lies  in  a  detailed  knowledge  of 
the  damage  and  using  the  approaches  in  Section  (3)  it  is  possible  to 
describe  the  overall  changes  in  material  properties  on  a  global  level 
although  invariably  the  area  of  damage  is  irregular  in  shape  and  sire  and 
for  detailed  accurate  information  one  would  be  required  to  model  the 
composite  using  Historical  analyses.  An  alternative  approach  which  has  been 
attempted  to  give  a  first  order  approximation  is  to  consider  a  plate  with  a 
circular  area  of  damage.  The  damage  area  can  be  described  as  an  area  of 
equivalent  size  as  the  damage  and  globally  possessing  the  material 
properties  of  the  damage  Which  cam  be  specified  for  the  cases  of 
de lamination,  fibre  breakage,  debonding,  etc.  Given  that  the  area  is  small 
relative  to  the  size  of  the  plate  and  is  located  inside  the  plate  far 
enough  away  from  the  outer  edges  then  one  cam  consider  the  solution  for  the 
static  properties  of  the  damaged  plate  in  terms  of  the  solution  of  a  plate 
containing  a  circle  of  different  material  [12).  This  approach  is  at 
present  being  investigated  in  order  to  give  a  first  approximation  to  the 
solution  of  a  damaged  composite  plate  and  statistical  confidence  limits 
will  be  given  for  the  solution . 

The  question  of  how  damage  varies  as  a  function  of  loading, 
stress- reversals,  temperature,  etc.,  ham  been  attempted  by  Pour Bart  ip  et  al 
[11].  The  damage  D  warn  monitored  by  a  change  in  modulii  of  the  con^osite  E 
due  to  delammation. 

The  following  relationships  were  used. 

E  =  Eq  g(D)  (22) 


D  =  Damage 

Eq  =  Undamaged  composite  Young's  Modulus 

g(D)  =  Function  Which  related  damage  with  chamge  in  modulus,  in 

particular  for  delammation  [13] 


E  =  Eq  +  (E*  -  Eq)  A/fto 


(23) 


Ex  =  Modulus  of  completely  delaminated  composite 

a/Aq  =  Fraction  of  aurea  of  plate  deiauninated,  expression  (23) 

valid  under  static  testing.  Poursaurtip  et  al  [11]  assumed  a  variation  of 
damage  D  with  N,  the  number  of  stress  cycles  at  stress  amplitude  R,  cyclic 
stress  range  air  as  a  function  f. 


dD 

dN 


f(  ac,R,D) 


(24) 


On  substituting  (22)  into  (24)  one  obtains 
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denotes  differentiation  of  the  function.  Asswing  a  simple  relationship 
such  as  (23)  for  E  and  Measuring  one  can  obtain  a  function  with  which 

one  can  calculate  the  fatigue  life  of  the  specimen  (i.e.  When  B=i ), 
however,  that  is  defined.  Expression  (23)  is  valid  cnly  for  very  specific 
cases  where  de lamination  occurs  in  one  layer  and  the  composite  is 
unidirectional  hence  the  need  for  a  general  function  g(D)  for  any  composite 
lay-up . 

It  should  also  be  possible  to  include  the  other  effects  such  as 
temperature,  moisture  content,  etc.,  by  expanding  f  as  a  function  of  more 
than  just  three  variables  but  as  can  be  seen  from  section  (2)  and  (3)  of 
this  study  more  work  is  required. 

5.0  GENERAL  CONCLUSIONS 

this  study  has  been  conducted  in  order  to  obtain  first  order  global 
estimates  of  composite  behaviour  and  properties  for  design  engineers 
interested  in  environmental  effects  and  fatigue  life  predictions.  To  a 
certain  extent  this  has  been  achieved  using  s.M.E.  although  as  can  be  seen 
from  some  of  the  results  thermal  effects  are  minimal  Whilst  moisture 
content  effects  are  possibly  non-linear  and  further  analysis  is  required 
for  this  latter  case  at  elevated  temperatures.  Increased  knowledge  of  the 
damage  mechanisms  is  necessary  in  order  to  model  simply  the  effects  of 
damaged  composites  and  it  is  envisaged  that  this  study  will  be  continued  in 
the  statistical  average  model  for  the  damage.  Ongoing  experimental 
research  on  fatigue  testing  will  enable  the  functions  f(ao,R,D,T, . . .  )  to  be 
determined  and  likewise  comparison  will  be  possible  by  theoretical 
Pre<1ictions  of  f(  aor,R,D,T,  .  .  .  )  as  knowledge  of  the  damage  mechanisms 
becomes  quantified. 
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1 .  SUMMARY 

Assuming  a  single -mode  transverse  displacement,  a  simple  formula  is  derived  for  the 
transverse  load-displacement  relationship  of  a  plate  under  in-plane  compression.  The 
formula  is  used  to  derive  a  simple  analytical  expression  for  the  non-linear  dynamic 
response  of  postbuckled  plates  under  sinusoidal  or  random  excitation.  The  highly  non¬ 
linear  motion  of  snap-through  can  be  easily  interpreted  using  the  single-mode  formula. 
Experimental  results  are  obtained  using  a  buckled  aluminum  panel  using  discrete  frequency 
and  broadband  excitation  of  mechanical  and  acoustic  forces.  Some  important  effects  of  the 
snap-through  motion  on  the  dynamic  response  of  the  postbuckled  plates  are  described. 

2.  INTRODUCTION 

A  typical  aircraft  panel  can  be  initially  curved  or  subsequently  curved  due  to 
mechanical  or  thermal  stresses.  If  a  plate  is  curved,  the  static  and  dynamic  behavior  in  the 
transverse  direction  can  be  highly  nonlinear.  The  nonlinearity  can  take  the  form  of  a 
hardening-spring,  a  softening-spring  or  an  instability  condition  with  snap-through  motion. 

The  acoustic  responses  of  cylindrical  panels  are  found  to  be  greatly  affected  by 
dynamic  snap-through  motion*  and  better  understanding  of  snap-through  motion  is  needed 
to  predict  the  dynamic  response  of  curved  panels  Theoretical  and  experimental  results  of 
large  amplitude  vibration  of  postbuckled  plates  under  sinusoidal  excitation  were  obtained 
by  Yamaki  and  Chiba^,  however,  snap-through  motion  was  not  studied. 

The  characteristics  of  snap  through  motion  in  a  postbuckled  beam  under  sinusoidal 
excitation  were  studied  by  Tseng  and  Dugundgi^.  A  theoretical  study  of  the  random 
response  of  an  initially  curved  beam  including  snap-through  motion  was  done  by  Seide^. 
However,  a  thorough  and  straight-forward  understanding  of  the  nonlinear  behavior 
(particularly  snap-through  motion)  of  general  curved  plates  is  difficult  to  gather  from  the 
previous  research  results.  The  present  study  was  conducted  to  fill  this  gap  using  a  single¬ 
mode  analysis  method  anc.  experimental  investigation  with  sinusoidal  and  random 
excitation  forces  on  a  buckled  plate. 

3 .  GENERAL  FORMULAE  FOR  NONLINEAR  BEHAVIOR  OF  PLATES 

Assuming  an  appropriate  shape  function  for  the  transverse  displacement  of  a  plate 
and  using  the  Rayleigh-Ritz  procedure  of  formulation,  the  nonlinear  equation  for 
equilibrium  in  the  transverse  direction  is  obtained.  The  detail  steps  in  deriving  the 
following  formulae  are  found  in  ref.  5. 

3.1  Equation  for  Equilibrium  in  the  Transverse  Direction 

For  a  plate  under  uniaxial  compression  with  uniform  edge  displacement,  the 
relationship  between  modal  displacement  and  modal  force  for  the  buckling  mode  is  given 
in  ref.  5. 
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q3-Rq-p  (I) 

where  q,  uondimensional  displacement  parameter,  =  Q/Qp 

0,  modal  displacement 
Qp,  value  of  Q  at  R=l 

R  =  X  -  1 

\  -  u/uc  (the  compression  parameter) 

u  =  inplane  edge  shortening  displacement 

uc  =  value  of  u  at  which  buckling  starts 

p  =  nondimens ional  farce  parameter,  =  P/KQp 

P  =  externally  applied  modal  force 

K.  *  linear  modal  stiffness  of  the  flat  plate. 

The  above  formula  is  applicable  to  any  plate  of  any  boundary  condition  and  aspect  ratio  if 
there  is  no  coupling  between  the  various  modes.  A  plot  of  p  versus  q  for  various  values  of 
R  is  shown  in  Figure  1.  From  Figure  1  regions  of  hardening  and  softening  spring 
behavior  are  found  and  there  are  also  regions  of  negative  stiffness,  (e.g.  between  A  and 
B).  Norice  that  for  R  =  l,  dynamic  motion  starting  from  C  will  pass  through  A  and  B  and 
end  up  at  C. 

Static  equilibrium  positions  qo  are  found  by  putting  p  =  0  in  equation  (1)  and 
correspond  to  the  points  where  the  curve  crosses  the  q-axis  in  F-gure  1.  Note  that  for  R  > 
0,  there  are  three  equilibrium  values  of  q;  qo  =  ‘VfT  ,  -  “n/jT  and  zero.  The  last  value, 
zero,  is  an  unstable  position  as  the  stiffness  is  negative.  We  can  rewrite  equation  (1)  as 

q3-q20q=p  (2) 

3.2  Undamped  Free  Vibration  of  Postbuckled  Plate 


From  ( 1 )  the  nondimensional  force  parameter  p  for  the  inertia  force  is  ^  P 
where  M  is  the  modal  mass.  Since  K  =  where  Q  =  resonance  circular  frequency  of 

2 

the  flat  plate,  and  q  =  Q/Qp,  the  inertia  force  parameter  is  q  /  &  . 

By  adding  the  inertia  force  to  eq.  (2)  the  free  vibration  equation  is  obtained  as 

q  +  (q3-q20q)  =  o 

&  (3) 

With  the  substitution  q  =  q  dq  /  dq  ,  equation  3  can  be  integrated  to  obtainq.  For 
the  initial  conditions  q(o)  =  0  and  q(o)  =  qs  (qs  >  q0)  at  t  =  0  the  equation  can  be  written 

<f  =  q2s  -  q2)  (q 2  +  q2  -  2  q20)  (4) 


Solving  the  expression  for  q  (4)  by  numerical  integration  (see  ref.  5),  time  histories 
for  the  free  vibration  of  various  initial  value  of  q(qo  =  1)  were  determined  and  are  shown 

in  figure  2.  When  q  s  <  it  can  be  seen  that  the  period  of  vibration  increases  as  initial 

amplitude  increases.  When  q  s  =  V2  = 

1.414,  the  period  is  tneoretically  infinite  as  it 
takes  infinite  time  to  approach  zero.  However,  when  q  s  =  V2 

,  the  period  decreases 
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with  increase  of  amplitude.  The  displacement  also  passes  through  both  equilibrium 
positions,  q  =  1  and  q  =  -1,  thus  indicating  snap-through  motion.  The  change  of  mean 
position  is  qG  (from  1  to  0).  Also  the  r.m.s.  value  is  approximately  1  (the  static  value) 
when  qs  =  1.5.  Essentially,  the  postbuckled  plate  shows  softening  spring  behavior 
initially  and  after  snap-through  motion  accompanied  by  a  change  of  equilibrium  position  it 
shows  a  hardening  spring  behavior. 


3.3  Random  Vibration 

The  method  of  equivalent  linearization  can  be  used  to  solve  the  nonlinear  forced 
vibration  equation  with  damping  coefficient  of  ft: 


~~2  <1  +  2 
ft 


c 

IT 


q  +  ( q3  -  q20  q) 


=  p 


(5) 


The  mean  square  displacement  of  a  buckled  plate, \Q  /  due  to  white  noise  excitation  with 
spectral  density  Spp  can  be  obtained  for  small  and  large  magnitudes  (derived  in  ref.  5). 


„  ....  a  <  0. 45q'l(a  =  rcftS  __  /4£  ,.  ■  ,c 

For  small  excitations  ^ 0  PP  ,  a  is  a  nondimensional  force 

parameter),  there  is  a  no  snap-through  in  the  motion  and 


(q2)  =  (  -  q20  +  3) 7  3’ 


and  ^  qo 


(6) 


_  4 

For  a  >  2  q  o  there  is  persistent  snap-through  motion  in  almost  very  cycle  of 
oscillation  and 


(q2)=  (q2o+  *J<f0  +  12  «) /6’  and  q=°  .  (7) 

n4  <  fy  <•  2 

For  0.45  4o  ^  snap-through  motion  is  intermittent,  the  mean  position  as  well 

as  the  mean  square  values  are  very  unsteady.  However,  the  mean  square  value  can  be 
taken  approximately  from  interpolation  between  the  two  end  points  -  the  point  of  no  snap- 
through  and  persistent  snap-through  motion. 

From  eq.  (6)  and  (7),  forqo  =  1,  the  variation  of  <q2>  with  the  excitation  parameter 

a  for  different  values  of  compression  parameter  X(u/uc)  is  shown  in  figure  3.  The  rate  of 
increase  of  response  with  excitation  is  highest  when  intermittent  snap-through  motion 
starts.  When  persistent  snap-through  motion  is  attained,  the  response  increase  much  more 
slowly  with  increases  in  excitation,  showing  hardening  spring  behavior. 

From  figure  3  and  equation  (6)  and  (7),  the  variation  of  response  with  compression 
parameter  for  various  levels  of  excitation  are  plotted  as  shown  in  figure  4.  For  a  given 
excitation  level,  the  response  increases  with  increases  in  compression  as  it  approaches  the 
buckling  point.  After  initial  postbuckling,  persistent  snap-through  occurs  and  the  response 
continues  to  increase  until  a  certain  point  for  which  only  intermittent  snap-through  motion 
can  be  induced.  After  that  point,  the  response  decreases  with  further  increases  in 
compression.  The  point  of  maximum  displacement  corresponds  to  the  point  for  which  the 
excitation  is  just  sufficient  for  persistent  snap-through  motion.  Also,  the  point  of 
maximum  response  occurs  at  increasingly  greater  plate  curvatures,  or  larger  values  of  u/uc, 
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as  the  excitation  level  increases.  These  trends  have  also  been  predicted  in  a  qualitative 
description  by  Jacobson^. 


4 .  EXPERIMENTAL  RESULTS  WITH  ELECTROMAGNETIC  SHAKER 

4.1  The  Test  Set-Up 

A  loading  frame  with  a  screw  mechanism  was  used  to  apply  uniform  end  shortening, 
u,  to  a  specimen  (fig.  5).  Dynamic  tests  on  several  0.032  in  thick  aluminum  plates  were 
carried  out  using  point  excitation  at  the  center  of  the  plate  by  an  electromagnetic  shaker. 
Displacement  response  was  measured  by  strain  gauges. 

4.2  Random  Response 

Broadband  (0-100  Hz)  excitation  was  used  to  excite  random  response  (Figure  6). 
The  low  frequency  response  (0-20  Hz)  dominates  the  strain  response  when  snap-through 
motion  is  initiated  at  u/uc  =  4.0  (Figure  7)  and  the  fundamental  modal  response  is  not 
evident.  The  dominance  of  low  frequency  response  for  large  amplitudes  vibration  of 
postbuckled  plates  was  also  reported  in  references  5,  6,  and  7. 

The  variation  of  mean  square  strain  parameter  (square  of  the  ratio  of  dynamic  strain 
to  static  strain  at  R=l)  with  compression  parameter  is  shown  in  Figure  7.  The  general 
trend  agrees  well  with  predicted  results  from  the  single-mode  formula  (Figure  4)  and  the 
points  of  maximum  responses  are  near  the  curve  for  static  values.  However,  there  is  a 
large  discrepancy  between  the  experimental  results  and  theoretical  prediction  for  an 

excitation  level  of  a  =  6,  which  indicates  that  the  single-mode  representation  used  in  the 
analysis  overpredicts  the  stiffness  of  the  buckled  plate.  More  modes  may  be  required  to 
represent  the  deformation  pattern  and  give  a  lower  overall  stiffness  value. 

5 .  EXPERIMENTAL  RESULTS  WITH  ACOUSTIC  EXCITATION  OF 
BUCKLED  PLATES 

5.1  Test  Set-Up 

The  panel  used  previously  in  mechanical  excitation  was  installed  in  the  Langley 
Thermal  Acoustic  Fatigue  Apparatus  (Figure  8)  and  subjected  to  a  grazing  incident 
progressive  wave  acoustic  field  at  levels  up  to  165  dB.  Both  static  and  dynamic 

components  of  the  strain,  e,  were  measured  at  the  midpoint  of  the  bottom  edge  of  the 
panel. 

5.2  Broadband  Excitation 

Time  histories  of  the  total  strain  were  measured  for  sound  levels  from  140  dB  to  165 
dB  for  two  panel  configurations,  one  with  the  panel  flat  and  unbuckled  (u=0)  and  the 
second  with  the  panel  in  a  curved,  buckled  configuration  (u  =  4  uc).  The  static  strain 

measured  in  the  buckled  configuration  was  5000  p-in./in.  The  vibratory  component  of  the 
strain  is  shown  at  the  lower  left  of  figure  9.  For  the  lower  sound  levels  (SPL  <  155  dB) 
the  vibratory  strain  in  the  buckled  panel  is  less  than  that  in  the  flat  panel.  This  results  from 
the  greater  stiffness  due  to  curvature  in  the  buckled  panel  and  fiom  the  sound  level  being 
too  low  to  cause  snap-through.  At  these  levels  both  curves  follow  a  square-root  trend, 
indicating  hardening-spring  non-linear  response.  At  levels  above  155  dB  the  sound  level 
is  high  enough  to  cause  snap-through  and  the  strain  increases  rapidly  with  sound  level  for 
the  buckled  panel,  following  a  trend  to  the  square  of  the  sound  pressure,  indicating 
softening  spring  response.  The  time  history  at  the  upper  right  shows  that  the  panel 
frequently  snaps  through  from  the  static  equilibrium  position  with  £  =  -5000  to  the  other 
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static  equilibrium  position  with  -  =  +3(XX).  and  back  again,  causing  large  vibratory  strain 
values.  In  contrast  the  flat  pane!  (lower  right)  vibrates  only  in  the  neighborhood  of  the  flat 
position  with  4  =  0.  Figure  10  shows  the  comparison  of  the  strain  response  of  various 
SPL  for  a  postbuckled  plate  of  u  =  2.5  uc.  Again  the  peak  of  spectrum  of  the  response  is 
at  0  Hz  when  snap-through  motion  starts  at  162  dB  SPL. 

5.3  Frequency  Sweep  Test 

To  Find  out  the  frequency  at  which  snap-through  motion  is  excited,  the  postbuckled 
specimen  is  subjected  to  sinusoidal  excitation  with  frequency  sweep  from  10  to  750  Hz. 
The  sound  pressure  level  is  maintained  constant  for  different  frequencies  by  a  beat 
frequency  oscillator  which  automatically  adjusts  the  input  to  the  air  modulator.  The  root 
mean  square  value  and  mean  value  of  the  strain  response  are  recorded  for  the  sweep  test  at 
SPL  of  155  dB  (Figure  1 1).  The  snap-through  motion  (indicated  by  large  decrease  of 
mean  value)  is  found  at  4(),  63.  122,  186  Hz,  which  are  respectively,  1/9,  1/6,  1/3,  1/2  of 
the  linear  fundamental  frequency  360  Hz  and  are  called  superharmonic  response. 
Tneoretical  results  of  superharmontc  snap-through  motion  of  curved  beams  is  found  in  ref. 
3 . 


It  should  be  noted  that  no  peak  at  122,  186  Hz  is  found  in  the  response  of  the  panel 
when  snap-through  motion  is  initiated  (Figure  10).  The  peak  at  low  frequency  of  0-5  Hz 
may  probably  due  to  the  frequency  of  occurrence  of  the  snap-through  motion  rather  than 
the  frequency  of  the  motion  itself.  Further  theoretical  and  experimental  investigation  are 
required  to  understand  this  low  frequency  response  due  to  snap-through. 

6.  CONCLUSION 

From  the  theoretical  and  experimental  results,  the  general  characteristics  of  persistent 
snap-through  motion  in  buckled  plates  are: 

1  j  The  mean  value  of  the  response  is  nearly  zero  instead  of  the  initial  static  value; 

2)  The  r.m.s.  response  is  comparable  to  the  initial  static  value  when  the  snap- 
through  motion  is  continuous; 

3)  The  snap-through  motion  is  most  readily  excited  by  low  frequency  excitation, 
usually  at  a  fraction  of  the  fundamental  frequency; 

4)  The  existence  of  snap-through  causes  large  and  sudden  increases  in  the  dynamic 
response  of  curved  panels  and  it  can  be  much  larger  than  those  obtained  in  flat 
panels  and  can  be  more  significant  than  other  complicating  effects  like  non-linear 
damping,  or  multimodal  contribution. 

These  characteristics  are  all  totally  different  from  the  stable  dynamic  motion  of  linear, 
hardening-spring  or  softening-spring  types  as  they  all  involve  instability  motion.  The  use 
of  the  single-mode  analyss  helps  to  interpret  and  understand  these  characteristics  easily. 
However,  improvements  with  use  of  time  integration  techniques  and  inclusion  of  a  few 
more  modes  are  necessary. 

The  effect  of  snap-through  motion  is  not  considered  in  the  current  sonic  fatigue 
design  practice.  More  experimental  work  with  other  types  of  curved  panels  like  cylindrical 
and  thermally  buckled  panels  are  needed  to  identify  the  technique  to  include  snap-through 
motion  in  the  design  of  aircraft  structures. 
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Figure  1.  Plots  for  transverse  force  equilibrium  equation  of 
a  plate  under  in-plane  compression. 
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1 .  INTRODUCTION 

Carbon  fibre  reinforced  plastics  now  make  significant  contributions  in 
the  overall  structure  of  modern  aircraft.  Their  introduction  was  realised 
due  to  their  better  specific  stiffness  and  strengths  compared  with 
conventional  aerospace  materials  such  as  A!  alloys,  in  recent  years,  these 
materials  have  been  used  extensively  in  advanced  V/STOL  aircraft  such  as 
the  McAIR  AV-8B/GR  MK  5  [ l ] .  Ir.  such  cases  certain  areas  of  the  aircraft 
structure  may  be  subjected  to  intense  combined  acoustic  and  thermal 
loadings.  Loadxng  type  and  magnitude  will  depend  on  aircraft  configuration 
( particularly  the  proximity  of  the  fuselage  to  the  engine)  and  the 
particular  ;.tanoeuvrr* .  of  major  importance  is  the  ground  effect  during  VTOt, 
operations  where  engine  exhaust  reflections  cause  substantial  increases  in 
the  thermal/acoustic  environment.  Also,  aerodynamic  heating  and  boundary 
layer  turbulence  during  high  speed  flight  may  cause  degrading 
thermal/acoustic  environments  in  conventional  advanced  aircraft.  Limited 
acoustic  fatigue  data  have  indicated  that  the  acoustic  fatigue  life  of 
stiffened  CFRP  panels  is  reduced  when  subjected  to  elevated  temperatures 
[2,3,4].  coupon  fatigue  tests,  at  elevated  temperatures,  of  wet,  impact 
damaged  specimens  suggest  a  50%  reduction  in  the  acoustic  fatigue  life  [5], 

An  estimate  of  acoustic  fatigue  life  of  CFRP  panels  can  be  attempted 
by  using  a  simple  single  mode  response  technique  [6,7]  to  predict  induced 
strains  in  conjunction  with  experimentally  determined  acoustic  fatigue  data 

[8.9] .  in  order  to  use  this  technique  it  is  necessary  to  assess  the 
validity  of  the  fundamental  mode  approximation  in  estimating  the  induced 
strain  levels  due  to  random  acoustic  excitation.  This  approach  depends  on 
the  linearity  of  the  system  and  on  the  use  of  the  normal  mode  technique. 
Results  have  indicated  that  this  approach  is  valid  for  conventional 
materials,  e.g.  ai  alloy,  and  for  'thick'  CFRP  plates  at  room  temperature 

[7.10] ,  The  thickness  criterion  here  is  that  plates  of  6  layers  or  less 
tend  to  have  non-linear  behaviour  even  at  relatively  low  sound  pressure 
levels  (>  140  dB)  [11].  However,  for  conventional  and  'thick'  CFRP  plates, 
when  plate  deflections  are  large  compared  to  plate  thickness  (i.e.  at 
extremely  high  overall  sound  pressure  levels  "  160  dB)  non-linear  response 
does  occur. 

The  objective  of  this  investigation  was  to  determine  the  response  of 
CFRP  plates  under  broadband  acoustic  excitation  at  elevated  temperatures 
and  to  then  compare  these  experimental  results  with  those  predicted  by  the 
single,  fundamental  mode  formula,  in  order  to  use  such  a  prediction  method 
the  modal  response  of  the  CFRP  plate  must  be  known.  An  investigation  was 
also  carried  out  to  evaluate  the  variations  in  modal  response  (viz. 
resonant  frequencies  and  modal  damping)  of  a  clan¥>ed  plate  with 
temperature . 

2.  EXPERIMENTAL  TECHNIQUE  AND  ANALYSIS 

The  two  panels  tested  were  constructed  from  Clba  Geigy  'Fiberdux ' 
XAS/914C  carbon  fibre/epoxy  resin  system.  These  plates,  designated  here  as 
Plates  A2  and  B,  were  of  14  plies  and  16  plies  with  [+45,0,0,90,0,-45,0]Sytn 
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and  [+/— 45 ,0/ 90, +/— 45/ 0, 90]gyjj  lay-up ,  respectively.  The  fibre  volume 
fraction  was  typically  0.60  and  plate  thicknesses  were  1.75  ran  and  2.0  ran, 
respectively.  Both  plates  were  layed  up  by  hand,  then  moulded  and  cured  in 
a  heated  press,  overall  size  of  the  panels  was  500  ran  by  350  ran,  but  when 
placed  in  the  clamping  frame  the  exposed  area  was  450  ran  by  300  ran,  the 
long  dimension  being  parallel  to  the  0  degree  plies. 

The  variation  of  the  frequency  response  and  damping  of  the  fully 
clamped  CFRP  plates  with  temperature  was  Investigated  using  point 
excitation  with  a  coil  and  magnet  arrangement .  Figure  la  shows  a  schematic 
diagram  of  the  experimental  set-up.  The  plate  was  excited  by  the  coil  and 
magnet  using  random  noise  generated  by  the  analyser.  To  excite  the  first 
four  modes  of  both  plates  a  frequency  bandwidth  of  o  -  500  Hz  was  used. 
Since  the  force  is  proportional  to  coil  current,  the  force  signal  was  taken 
as  the  voltage  across  a  1  ohm  resistor  connected  in  series  with  the  coil. 
Strain  gauge  pairs,  located  in  positions  shown  in  Figure  lb,  were  used  to 
monitor  the  bending  strain  response  of  the  plate.  The  force  and  the 
bending  strain  response  signals  were  then  acquired  on  a  multi-channel 
wavetek  804  A  signal  analyser.  The  analysis  involved  calculating  the 
spectral  densities  (psd)  of  the  strains  find  the  force  signals  <s€e(f)  and 
Spp(f))  and  then  evaluating  the  modulus  of  the  frequency  response  function, 

I H<  f )  | 2 ,  i.e.  S£€(  f  )/Spp(  f ) .  CJp  to  50  averages  were  used  to  calculate  the 
psd.  The  modal  viscous  damping  ratio,  £n  for  mode  n,  was  measured  by  using 
the  logarithmic  decrement  method.  This  involved  sinusoidally  exciting  the 
plate  and  then  fine  tuning  the  excitation  frequency  until  maximum  response 
occurred  (i.e.  resonance  frequency,  fn).  The  modal  viscous  damping  ratio 
could  then  be  attained  by  applying  the  logarithmic  decrement  method  on  the 
decay  signal  of  the  bending  strain  response. 

An  array  of  four  lkW  tungstun  halogen  elements  heated  the  CFRP  plate, 
as  illustrated  in  Pigure  1.  Two  Variacs,  each  placed  in  series  with  two 
elements,  were  used  to  vary  the  thermal  output  of  the  heating  array,  to 
produce  a  plate  front  surface  temperature  of  so°c  to  I20°c.  Temperature 
profiles  of  the  plates  were  measured,  with  a  hand  held  thermocouple  surface 
probe,  to  determine  spatial  variations  of  temperature.  When  the  heated 
face  was  I20°c,  Plate  A2  showed  a  variation  in  temperature  through  the 
thickness  of  the  plate  of  10«C,  and  to  the  outer  edges  of  the  non  heated 
face  of  30 °C .  During  testing  the  plates  were  instrumented  with  two  K  type 
thermocouples  on  the  heated  face  and  one  on  the  back  non  heated  face.  One 
of  the  thermocouples  on  the  front  face  was  used  as  a  sensor  for  a 
temperature  controller  connected  to  relays  in  series  with  the  heating 
elements  ( see  Figure  1 ) .  This  was  to  ensure  that  the  plate  surface 
temperature  would  never  exceed  140°C.  The  procedure  for  an  elevated 
temperature  test  was  to  leave  the  plate  unclamped  during  heating,  then  once 
the  desired  temperature  had  been  reached  and  had  stabilised  (i.e.  after  45 
minutes)  the  plate  was  clamped,  This  procedure  was  followed  to  eliminate 
the  build-up  of  thermal  stresses,  during  heating,  aue  to  the  differential 
thermal  expansion  rates  of  the  steel  clamping  frame  and  the  CFRP  plate. 
Frame  heating,  which  could  cause  frame  warp,  was  kept  to  a  minimum  by 
constructing  an  aluminium  foil  enclosure  around  the  perimeter  of  the  plate, 
between  the  plate  and  the  heating  panel.  This  eliminated  radiative  heating 
of  the  steel  frame,  and  upon  heating  the  plate  to  120°C  the  frame 
temperature  did  not  exceed  35 ®c. 

An  investigation  of  the  acoustic/thermal  response  of  CFRP  plates  to 
broad  band  excitation  was  carried  out  by  installing  the  above  plates  in  the 
acoustic  progressive  wave  tunnel  (PWT)  of  the  ISVR  and  using  the  4  kw 
heating  panel  mentioned  above.  Figure  lb  shows  the  experimental  set-up. 
The  Wyle  Laboratories  WA SS  3000  siren  is  capable  of  generating  overall 
sound  pressure  levels  (OSPL)  up  to  163  dB  of  broad  band  noise  in  the  test 
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section  of  the  tunnel.  A  CFRP  plate,  clamped  in  a  vertical  steel  frame,  as 
U3ed  for  the  frequency  response  investigation,  was  installed  so  that  it 
formed  one  of  the  vertical  walls  of  the  test  section  of  the  PW.  Note  that 
individual  strains  were  recorded  in  order  to  evaluate  in-plane  strains  as 
well  as  bending  strains  (only  bending  strain  results  will  be  presented 
here).  No  temperature  compensating  strain  gauges  were  used  in  this  case. 
Here  the  effects  of  temperature  on  the  strain  gauges  were  eliminated  by 
balancing  the  bridges  after  flow  conditions  and  the  plate  temperature  had 
stabilised,  i.e.  immediately  before  activating  the  siren  and  acquiring 
data. 


The  plates  were  excited  by  broad  band  excitation  in  the  frequency 
range  20  -  600  Hz  and  OSPLs  135  to  160  dB  in  steps  of  5  dB.  Sound  pressure 
measurements  were  taken  by  a  B  &  k  type  4330  microphone  mounted  at  the 
centre  of  the  test  section,  i.e.  in  front  of  the  mid-point  of  the  plate. 
The  positions  of  the  strain  gauge  pairs  are  shown  in  Figure  lb.  strain  and 
pressure  signals  weie  filtered  via  low  pass  filters  and  stored  digitally  on 
the  ISVR  15  channel  workstation  and  then  transferred  to  a  VAX  11/780  via  a 
digital  tape.  Data  record  lengths  of  10b  were  stored  enabling  over  30 
segment  averages  in  the  psd  calculations.  Data  manipulation  of  the  strain 
and  pressure  signals  gave  the  following  parameters! 

(a)  The  strain  psd,  Se€(f),  gives  an  indication  of  the  modal 
influence  on  the  spectral  response  of  the  plate  due  to  random  excitation. 
Of  particular  interest  is  the  variation  of  resonant  behaviour  with 
increasing  excitation  levels  and  temperature. 

(b)  The  running  integral  across  the  strain  spectral  density  with 
frequency  gives  an  indication  of  the  contribution  of  each  mode  to  the  mean 
square  strain  response.  This  parameter  is  normalised  by  dividing  by  the 
overall  mean  square  strain. 

(c)  Probability  density  function  (pdf)  of  the  st-rain  signal  which 
should  be  Gaussian  for  a  linear  response.  u  the  response  becomes 
non-linear  then  the  pdf  of  the  strain  may  tend  to  one  side  of  the  mean  or 
the  peak  may  appear  sharp.  An  indication  of  system  non-linearity  can  be 
obtained  by  calculating  the  third  and  fourth  moments  of  the  pdf.  Tf 
former  is  the  skewness  which  describes  the  degree  of  asymmetry,  for  a 
Gaussian  system  the  pdf  is  synmetric,  hence  the  skewness  is  o.  The  latter 
moment  is  the  kurtosis  which  gives  the  degree  of  sharpness  of  the  peak,  for 
Gaussian  systems  this  parameter  is  3 . 

3.  PREDICTION  OF  CFRP  PLATE  RESPONSE 

3 . 1  Natural  Frequency  Estimation 

Estimates  of  CFRP  plate  natural  frequencies  were  calculated  by  using 
the  Rayleigh-Ritz  method  and  by  the  ANSYS  finite  element  (FE)  program.  The 
first  method  was  applied  via  a  program  supplied  by  ESDU  data  sheet  [12). 
Both  methods  allow  the  user  to  input  material  properties  and  thickness  of 
each  lamina  followed  by  the  laminate  lay-up,  or  the  in-plane/ flexural 
stiffness  matrix  of  the  laminate  can  be  input  directly  into  the  program. 
The  former  program  only  accepts  specially  orthotropic  laminated  plates, 
i.e.  balanced  laminates  with  thickness,  elastic  properties  and  orientations 
symmetric  about  the  laminate  centre  plane.  TT>e  only  restriction  ir.  the 
ANSYS  FE  program  was  found  to  be  in  the  degree  of  anisotropy  allowed,  i.e. 
the  ratio  of  direct  elastic  modulus  to  transverse  elastic  modulus  must  be 
less  than  about  13.  T.ie  material  properties  used  here  were  those  apparent 
material  properties  measured  from  dynamic  tests  carried  out  on  beam 
specimens  made  from  the  same  material  and  lay-up  as  the  plates. 
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In  the  ANSYS  re  model  am  8-node  layered  shell  element  was  used. 
Sufficient  accuracy  was  attained  by  modelling  the  plate  using  a  10  x  6 
array  of  elements  (i.e.  273  nodes).  This  element  also  has  a  stress 

stiffening  capacity,  and  allows  the  material  properties  to  be  entered  as 
functions  of  temperature.  Coefficients  of  thermal  expansion  of  each  ply 
can  also  be  included,  thus  the  influence  of  interply  residual  thermal 
stresses  cam  be  determined . 

3.2  Prediction  of  Acoustically  Induced  RMS  strains  in  a  CFRP  Plate 

The  stiffened  panel  of  a  fuselage  skin  can  be  aosumed  to  be  am  array 
of  fixed  edge  plates  Which  vibrate  independently  of  each  other.  Assuming 
that  the  fundamental  mode  dominates  the  response,  then  the  mean  square 
stress  cam  be  given  by  [6], 

o*(t)  =  Spp(fA)  ctq*  (1) 

Where  f L  =  the  fundamental  resonance  frequency  of  the  clamped 

plate  ( Hz ) , 

=  the  fundamental  modal  viscous  damping  ratio, 

SppCfjj  =  acoustic  spectral  density  at  f1(Pai/Hz), 

<r0  -  surface  stress  at  the  point  of  interest  due  to  a 
uniform  pressure  of  unit  magnitude. 

other  assumptions  here  are  that  the  resonant  inodes  of  the  plate  are  well 
separated,  damping  is  small,  the  pressure  is  in  phase  over  the  plate  and 
the  acoustic  pressure  spectrum  is  flat  over  the  frequency  range  considered. 
Stress  variations  through  the  laminate  will  vary  from  ply  to  ply  depending 
on  the  elastic  modulus,  so  this  parameter  may  be  misleading  if  only  the 
surface  stresses  are  monitored.  Most  fatigue  and  design  work  on  CFRP 
structures  is  accomplished  by  using  surface  strain  values  rather  than 
surface  stresses.  Predictions  of  kms  strains  are  achieved  by  «=0,  instead 
of  aQ,  which  is  the  surface  strain  at  the  point  of  interest  due  to  a 
uniform  pressure  of  unit  magnitude. 

All  of  the  above  parameters,  except  for  damping,  can  be  either 
calculated  or  measured.  The  viscous  damping  is  either  approximated  as 
0.025  for  a  CFRP  plate  within  an  array  or  can  also  be  measured.  The  ESDU 
data  sheet  [7]  was  used  to  calculate  RMS  surface  strains.  The  data  input 
to  this  program  consisted  of  measured  apparent  elastic  properties.  Which 
enabled  calculation  of  eQ,  and  experimentally  determined  values  of  ft, 
and  Spp( fj ). 

4 .  RESULTS 

4 . l  Natural  Frequencies 

The  natural  frequencies  calculated  using  the  Rayleigh-Ritz  and  the  FE 
method  are  compared  with  the  measured  values  in  Table  1.  As  usual,  the 
prediction  methods  overestimate  fundamental  natural  frequencies,  also  lack 
of  rigidity  of  the  clamping  frame  would  cause  the  measured  values  to  be 
low.  otherwise  agreement  is  quite  good  for  tL  but  there  is  considerable 
error  in  the  higher  order  modes.  The  ANSYS  results  also  include 
predictions  of  mode  shapes  of  Plate  A2  which  agree  with  those  observed. 
Plate  B  had  to  be  slightly  preheated  before  clamping  to  eliminate  the 
Initial  warp  of  the  plate.  Table  2  gives  the  variation  of  natural 
frequency  and  viscous  damping  ratio  with  temperature.  The  fundamental 
natural  frequency  of  both  plates  reduced  by  16%  as  the  temperature 
increased  to  120°c.  This  was  surprising  since  predictions  of  fundamental 
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natural  frequencies  due  to  reductions  in  material  properties,  caused  by 
elevated  temperatures,  showed  a  reduction  of  only  2%.  Hence,  it  would 
appear  that  other  parameters  influence  the  above  phenomenon,  one  possible 
explanation  is  the  reduction  of  internal  residual  thermal  stresses  as  the 
temperature  approaches  the  glass  transition  temperature  of  the  matrix. 
Table  2  also  shows  a  general  trend  for  damping  to  decrease  with  increasing 
temperature.  Elevated  temperature  tests  carried  out  on  the  914  resin 
showed  the  damping  to  be  a  minimum  between  60°  -  80°c,  which  could  be  an 
explanation  for  the  low  value  of  Cj.  at  80°c. 

4 . 2  Acoustic  Progressive  wave  Tunnel  Results 

A  2.5  kPa  static  pressure  in  the  test  section  of  the  tunnel,  due  to 
the  excessively  high  flow  rates  required  to  operate  the  siren,  caused  the 
plates  to  deflect  in  the  1,1  mode  (up  to  one  plate  thickness  for  Plate  A2 ) . 
This  deformation  induced  stress  stiffening  in  the  plates  causing  the 
natural  frequencies  to  increase.  An  analysis  using  ANSYS,  including  static 
pressure,  gave  a  prediction  for  ft  of  174  Hz,  for  Plate  A2,  which  agreed 
very  well  with  that  observed  viz.  170  Hz.  in  general,  plate  natural 
frequencies  remained  constant  or  slightly  decreased  with  increasing  OSPL. 
This  is  in  contrast  with  the  thin  CFRP  plates,  i.e.  4  plies  only,  tested  by 
White  [11]  Who  found  fk  to  increase  dramatically  with  increasing  OSPL.  But 
thin  plates  tend  to  behave  in  a  non-linear  manner  at  moderate  OSPL.  The 
effect  of  temperature  was  to  decrease  ft  further.  For  example,  fL  for 
Plate  A2,  at  an  OSPL  of  160  dB,  decreased  by  14%  from  its  room  temperature 
value  as  the  plate  was  heated  to  120OC. 

Typical  variations  of  bending  strain  spectral  densities  with 
increasing  OSPL  are  shown  in  Figure  2.  This  illustrates  the  reduction  in 
modal  response  as  the  acoustic  excitation  level  increases.  Figure  3  shows 
the  typical  variation  of  the  percentage  contribution  of  the  first  mode  to 
the  overall  RMS  bend  ng  strain  (w),  at  SG  2  for  Plates  A2  and  B,  with 
increasing  OSPL.  As  illustrated,  w  drops  as  OSPL  increases,  the  variation 
being  the  greatest  for  Plate  A2  (the  thinner  of  the  two  plates).  The 
variation  with  temperature  appears  to  be  greatest  for  Plate  A2  at  SG  2  (see 
Figure  3).  For  this  plate  w  increased  When  the  plate  was  heated  to  80°C 
but  then  decreased  to  the  value  at  room  temperature  upon  heating  further  to 
120°C . 

No  significant  trends  were  observed  in  the  sJcewness  and  Kurtosis 
values,  other  than  the  skewness  values  (i.e.  the  degree  of  asyimnetry  of  the 
pdf),  for  ^late  A2,  showed  a  slight  increase  due  to  heating  at  high  OSPL. 
It  appears  that  elevated  temperatures  do  not  cause  the  bending  strain 
response  of  these  particular  CFRP  plates  to  become  non-linear  at  a  lower 
OSPL,  as  was  expected. 

In  general,  rms  bending  strains  do  not  vary  greatly  with  temperature, 
however  a  slight  increase  cam  be  observed  at  80°c,  compared  to  values  at 
room  temperature  and  I20°c,  for  Plate  A2  at  SG  l  and  SG  2.  Assuming  that 
fx  and  Spp(f1)  are  constant,  then  this  could  be  due  to  the  observed 
decrease  in  damping  of  the  plate  at  this  temperature,  since  RMS  strain 
response  a  l/vc1.  Using  measured  values  of  fL,  ct.  apparent  elastic 
properties  and  Spp(fA),  and  the  ESDU  data  sheet  [7],  which  uses  eqn.  (1), 
the  estimated  values  of  RMS  surface  strains  were  determined.  Figures  4  and 
5  show  these  values  compared  with  measured  results  for  Plate  A2  at  SG  1  and 
Plate  B  at  SG  3,  respectively.  Note  that  the  values  of  damping  used  here 
were  those  measured  When  the  plate  was  positioned  in  the  PWT.  As  can  be 
seen  in  Table  2,  these  values  are  much  higher  than  those  obtained  in  the 
frequency  response  tests  When  the  plate  was  away  from  the  chamber .  The 
increase  in  damping  is  due  to  the  pumping  action  of  the  plate  on  the 


confined  mass  of  air  m  the  chanter.  The  estimated  RMS  surface  strain 
results  agree  well  with  the  measured  values.  Estimated  rms  surface  strains 
become  less  accurate  at  high  OSPL,  as  is  expected,  due  to  the  plate 
response  becoming  non- linear  and  hence  the  basic  assumption  of  modal 
response  becomes  invalid. 

5.  CONCLUSIONS 

The  natural  frequencies  of  the  CFRP  plates  decreased  slightly  with 
increasing  temperature.  This  was  not  entirely  due  to  reductions  in 
material  properties  with  increasing  temperature  but  was  probably  caused  by 
other  effects  such  as  reductions  in  residual  thermal  stresses. 

Elevated  temperatures  did  not  significantly  change  the  bending  strain 
response  of  the  CPRP  plates  tested  under  broadband  acoustic  excitation. 
Non-linear  effects  were  observed  to  occur  with  increasing  OSPL  for  both 
plates.  The  thicker  plate,  Plate  B,  still  exhibited  a  large  fundamental 
mode  contribution  to  the  overall  RMS  bending  strain  even  at  high  OSPL  (up 
to  160  dB).  Por  these  plates  and  for  the  particular  carbon  fibre/epoxy 
resin  system  used  here,  the  single  mode  response  method  accurately 
predicted  the  RMS  bending  strains  at  room  temperature  and  at  elevated 
temperatures  (up  to  120°C)  under  broadband  random  acoustic  excitation  up  to 
OSPL  of  160  dB. 
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Table  2.  variation  of  CFRP  plate  natural  frequencies  and  viscous 
dancing  with  temperature . 

(*  value  of  damping  with  plate  in  position  in  acoustic 
progressive  wave  tunnel.  ) 
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Figure  la)  : 


Schematic  diagram  of  the  experimental  setup  for 
measuring  some  natural  frequencies  of  a 
clamped  CFRP  plate. 
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Figure  1b)  :  Schematic  diagram  of  the  experimental  setup  to  acoustically  excite 

a  CFRP  plate  and  for  data  analysis. 
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Figure  2  .  Typical  variations  of  bending  strain  spectral 
density  with  increasing  OSPL 
(Plate  A2  ;  SG  3  ;  120'C) 


OSPL  (dB) 


Figure  3  Variation  of  %  contribution  of  the  fundamental 
mode  to  the  overall  RMS  bending  strain 
with  OSPL  and  temperature  for  SG  2. 
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ABSTRACT 


When  a  component  in  a  complicated  system  fails  the  system  may  continue  to  function. 
However,  this  failure  may  lead  finally  to  a  total  system  failure  and  so  early  detection  of  a 
component  failure  could  be  very  important.  This  paper  describes  two  approaches  to  the  detection 
of  failure  in  a  system.  The  first  approach  takes  the  response  of  a  system  and  models  it  as  white 
noise  passed  through  a  linear  filter.  The  parameters  of  this  filter  and  the  input  to  the  system  are 
estimated  and  monitored  for  deviations  from  normal  behaviour.  The  second  approach  is  to 
examine  the  envelope  ar.d  instantaneous  frequency  of  the  response  of  the  system  and  monitor  it 
for  changes  during  a  transient  excitation  of  the  system. 


I.  INTRODUCTION 

The  area  of  condition  monitoring  and  machinery  health  is,  and  has  been,  the  object  of  much 
research  (1,2,3,8.9,13.14).  This  is  because  it  is  important  to  be  able  to  detect  changes  in  a 
system’s  behaviour  in  order  to  assess  whether  a  system  is  about  to  stop  working  or  start 
operating  in  a  dangerous  mode.  Early  detection  of  problems  with  machines  can  save  the  time 
taken  to,  and  expense  of,  repairing  a  machine  and,  in  addition,  can  add  to  the  safety  of  the 
machine  operation.  'Ilie  types  of  changes  to  a  system  discussed  in  this  paper  are  where  a 
component  in  a  system  fails.  This  system  wili  be  modelled  as  a  linear  system  whose  impulse 
response  is  the  sum  of  damped  sinewaves  and  the  failure  will  be  modelled  as  one  of  these 
damped  sinewaves  changing  its  frequency  and  decay. 

Two  methods  for  the  detection  of  the  failure  of  a  component  in  a  system  are  described  in  the 
next  section  of  this  paper.  The  first  method  is  one  that  can  be  used  while  the  machine  is 
operating;  it  relies  on  the  ability  to  model  the  machine’s  response  as  white  noise  passed  through 
a  linear  filter  and  involves  monitoring  the  estimates  of  this  filter’s  coefficients  and  its  input.  The 
second  approach  is  to  monitor  the  envelope  and  instantaneous  frequency  of  the  response  of  tfie 
system  to  a  transient  excitation.  This  approach  can  be  used  in  two  v/ays:  firstly  if  the  failure 
occurs  during  the  transient  test  then  sudden  changes  in  the  envelope  and  instantaneous  frequency 
could  be  used  to  detect  it,  and  secondly  if  the  failure  has  already  occurred  the  envelope  of  the 
response  of  the  damaged  system  could  be  compared  with  the  envelope  of  the  response  of  the 
undamaged  system  stored  from  previous  tests.  The  second  approach  is  only  useful  if  it  is 
possible  to  repeat  the  excitation  signal. 


2.  THEORY 


In  t'uis  section  an  outline  of  the  theory  used  in  the  two  methods  is  gmen,  together  with  a 
description  of  how  this  theory  may  be  used  to  detect  the  changes  .o  the  system  under  test. 


2. 1  Monitoring  white  noise  excited  systems 

The  response  of  the  system  is  modelled  as  white  noise  passed  through  a  linear, 
autoregressive  moving  average  filter.  Let  e(n)  denote  the  input  and  r(n)  denote  the  response  then 
the  model  can  be  expressed  as: 

r(n)  =  -c,r(n-l)  -  c2r(n-2)  -  ...,cNcr(n-NC)  (1) 

+  e(n)  +  d1e(n-l)  +  d2e(n-2)  + . d^pefn-ND) 


This  model  expresses  the  response  of  the  system  as  the  weighted  sum  of  past  response  values 
and  present  and  past  values  of  the  excitation  signal.  The  model  is  often  expressed  in  its  z- 
transform  form,  R(z)=H(z)E(z),  where  R(z)  and  E(z)  denote  the  /.-transforms  of  r(n)  and  e(n) 
respectively  and. 


H(z)  - 


1  +  d  j  z  1  +  d2z  2  +  •  ■ 

•  +Jnd^ND 

1  +  Cjz-1  +  c2z'2  +  ... 

... +cncz"NC 

(2) 


H(z)  is  the  z-transform  of  the  sampled  impulse  response  of  the  system,  denoted  by  h(n).  r(n)  is 
known  but  e(n),  the  input  noise  series,  the  c,  and  the  dr  the  coefficients  of  the  filter  are  not. 
Using  an  approximate  likelihood  method  described  in  references  [15]  and  [16],  the  coefficients 
and  the  input  noise  series,  e(n),  can  be  estimated.  The  method  relies  on  the  statistical  properties 
of  e(n),  that  is,  e(n)  should  be  a  Gaussian  distributed  white  noise  senes. 


A  system  whose  impulse  response  is  the  sum  of  damped  sinusoids  can  be  modelled  using  an 
autoregressive  moving  average  model  [ 3,6],  Systems  of  this  type  are  sometimes  called 
multimodal  systems  and  the  roots  of  the  denominator  polynomial  in  equation  (2)  are  related  to 
the  frequency  and  damping  of  each  of  the  modes.  An  example  of  such  a  system  may  be  a 
viscously  damped  structure  although  usually  a  system  of  this  type  would  have  an  infinite  number 
of  modes.  It  can  be  shown  that  each  mode  adds  two  autoregressive  coefficients  (the  Cj)  and  two 
moving  average  coefficients  (the  dj)  to  the  model,  thus  the  resultmg  model  would  have  an 
infinite  number  of  terms.  However  if  interest  is  in  the  response  of  the  structure  over  a  limited 
frequency  range  the  system  can  be  approximately  modelled  by  using  an  autoregressive  moving 
average  model  of  finite  order.  This  is  discussed  more  fully  in  [3]. 


The  failure  is  modelled  as  one  of  the  modes  of  the  system  changing  its  characteristics.  This 
change  in  natural  frequency  and/or  damping  is  reflected  in  a  change  in  the  coefficients  of  the 
model,  so  by  continuously  estimating  and  monitoring  the  parameters  of  the  filter  model  of  the 
system  the  time  of  failure  should  be  detected.  Another  utilization  of  the  digital  modelling 
approach  is  to  generate  a  filter  model  of  the  system  and  use  it  to  predict  the  input.  When  the 
model  no  longer  accurately  reflects  the  system  behaviour  the  estimated  input  characteristics  will 
change.  Hence  by  monitoring  the  response  characteristics  the  failure  can  be  detected. 


In  reference  [4]  this  digital  model  approach  was  used  on  a  real  system.  Here  the  application 
of  the  method  was  slightly  different  to  that  described  above.  It  was  assumed  that  the  system 
behaviour  was  very  complicated  and  the  component  failure  that  had  occurred  would  not  change 


the  system  behaviour  very  much  but  would  manifest  itself  as  an  added  impulsive  excitation  to 
the  system.  The  digital  filter  approach  was  used  to  predict  the  input  to  the  system.  It  was  shown 
that  the  impulsive  behaviour,  not  always  apparent  in  the  lesponse  of  a  system  is  more  clearly 
visible  in  the  estimated  excitation  signal.  These  results  were  achieved  with  digital  filter  models 
that  modelled  only  the  overall  characteristics  of  the  system  as  computational  limitations 
restricted  the  complexity  of  model  that  could  be  constructed. 

In  order  to  illustrate  the  effectiveness  of  this  technique  figure  1  shows  the  response  of  a 
linear  system  whose  excitation  is  white  noise  with  some  impulses  buried  in  it  and  figure  2  shows 
the  estimated  excitation  signal  generated  by  using  the  digital  filter  technique  described  above. 

153.4 
105.  5 
'2  57.60 

a  9. 684 
Lj  -38.23 

Lr 

-86.  14 

-134.1 

0. 


Figure  1 :  Response  of  multimodal  system  to  white  noise  plus  impulses  excitation. 
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Figure  2:  Estimated  input  to  multimodal  system. 

2.2  Monitoring  the  envelope  and  instantaneous  frequency  of  the  response 

The  second  method  for  the  detection  of  a  change  to  a  system  is  that  of  monitoring  the 
envelope  and  instantaneous  frequency  of  the  response  of  the  system.  Before  illustrating  how  the 
envelope  and  instantaneous  frequency  of  the  response  of  a  system  may  be  used  to  detect  the 


change  to  the  system  a  brief  outline  of  their  definition  and  how  to  calculate  them  will  be  given. 

A  signal  y(t)  can  be  thought  of  as  the  real  part  of  a  complex  analytic  signal  ay(t).  In  turn  this 
complex  analytic  signal  can  be  thought  of  as  a  complex  analytic  func'ion  evaluated  along  a  line 
in  a  complex  plane.  The  real  and  imaginary  parts  of  a  complex  ana'ytic  function  are  related,  this 
relationship  is  expressed  by  the  Cauchy  Riemann  equations  [7,12].  The  imaginary  part  of  the 
complex  signal  denoted  by  y(t)  is  known  as  the  Hilbert  transform  of  yft).  There  are  many 
different  Hilbert  transforms,  each  one  derived  from  considering  regions  in  a  complex  plane  over 
which  a  complex  function  is  analytic.  In  reference  [10]  some  of  the  Hilbert  transform 
relationships  used  most  commonly  in  signal  processing  applications  are  described. 

The  Hilbert  transform  relationship  that  is  used  here  is  given  below  in  equation  (3). 


oo 


(3) 


This  is  a  convolution  of  y(t)  with  1/ret.  1/ttt  is  sometimes  referred  to  as  a  Hilbert  transformer. 
The  effect  of  this  transformation  on  a  cosine  signal  is  to  change  it  into  a  sinusoid  of  the  same 
frequency  and  amplitude.  The  Fourier  transform  of  the  Hilbert  transformer  is  j  for  negative 
frequencies  and  -j  for  positive  frequencies,  where  j  is  the  square  root  of -1.  The  Hilbert 
transformer  has  the  effect  of  phase  shifting  frequency  components  in  a  signal  by  plus  or  minus 
ninety  degrees. 

Instead  of  using  continuous  infinite  length  signals,  signals  are  usually  of  finite  length  and 
sampled.  A  digital  Hilbert  transformer  is  designed  so  that  it  will  take  the  sampled  signal  and 
produce  a  sampled  version  of  the  Hilbert  transform  of  the  continuous  signal.  The  design  of  such 
a  Hilbert  transformer  is  discussed  in  detail  in  references  [10]  and  [11].  Very  broadly  the  design 
process  is  to  construct  a  finite  impulse  response  digital  filter  such  that  it  matches  as  closely  as 
possible  the  desired  frequency  response  of  a  Hilbert  transformer  over  a  limited  frequency  range. 
As  the  number  of  coefficients  included  in  the  digital  filter  increases  the  frequency  range  over 
which  the  filter  acts  as  an  effective  Hilbert  transformer  gets  larger.  The  digital  filter  Hilbert 
transformer  used  in  subsequent  examples  in  this  paper  effectively  transforms  frequency 
components  between  0.02  and  0.48  times  the  sampling  frequency.  The  transformation  of 
frequency  components  outside  this  frequency  range  are  subject  to  errors. 


Having  the  tools  to  generate  the  Hilbert  transform  of  a  signal  it  is  now  possible  to  generate 
the  envelope  and  instantaneous  frequency  of  the  signal.  The  expression  for  the  analytic  signal 
can  be  written  as: 


where 


CTy(t)  =  y(t)  +  j  y(t)  =  Ay(t) 


and  d>(t)  =  tan  1  •] 

i  y^J 


(4) 

(4a) 


Ay(t)  is  the  envelope  of  the  signal  and  C>y(t)  is  the  phase.  Differentiating  <by(t)  will  give  the 
instantaneous  frequency  of  the  signal. 


As  an  illustration  figure  3(a)  shows  the  response  of  a  system  with  three  natural  frequencies, 
between  500  and  515  Hertz  and  damping  ratios  between  .001  and  .004.  The  system  was  excited 
by  an  impulsive  force,  a  highly  damped  sinewave  of  frequency  1250  Hertz.  The  change  was 
made  to  the  second  mode  of  the  system,  the  damping  ratio  was  changed  to  100  times  its  previous 
value.  The  change  occurred  at  .1  seconds.  Figure  3(b)  shows  the  envelope  of  the  response  signal 
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and  3(c)  shows  the  instantaneous  frequency.  The  change  to  the  system  produces  sharp  changes 
in  the  envelope  and  instantaneous  frequency  of  the  signal.  The  instantaneous  frequency  also 
undergoes  rapid  changes  as  the  envelope  gets  close  to  zero,  these  are  partly  due  to  the  problems 
of  calculating  the  phase  and  its  derivative  when  both  the  signal  and  its  Hilbert  transform  are 
close  to  zero. 
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figure  3:  (a)  response  of  system,  (b)  envelope  of  response  and  (c)  instantaneous  frequency. 

System  changed  at  .1  seconds. 

In  general  a  system  may  well  have  a  more  complicated  transfer  function  than  the  three  mode 
transfer  function  considered  here.  This  envelope  and  instantaneous  frequency  method  can  still 
be  used,  although  the  response  signal  would  have  to  be  split  into  bandlimited  signals  using 
digital  filters  before  the  envelope  and  instantaneous  frequency  of  each  band  is  calculated.  This  is 
because  the  instantaneous  frequency  of  a  narrowband  signal  can  be  written  as  0)c  +  \)/(t),  where 
(oc  is  the  center  frequency  of  the  band  and  vg(t)  reflects  the  variation  in  the  instantaneous 
frequency  of  this  bandlimit;d  signal  about  the  center  frequency.  For  narrowband  signals  this 
variation  would,  in  general,  be  small  and  thus  any  change  to  the  system  would  be  reflected  as  a 
sharp  change  to  this  instantaneous  frequency  signal.  Figure  4  shows  the  instantaneous  frequency 
of  the  response  of  a  system  with  ten  natural  frequencies  from  30  to  500  Hertz.  The  excitation 
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was  the  same  as  for  the  system  whose  response  is  shown  in  figure  3  and  the  change  to  the  system 
affecting  one  mode  took  place  at .  1  seconds.  The  large  fluctuations  in  the  instantaneous 
frequency  due  to  the  broadband  characteristics  of  the  signal  means  that  the  instantaneous 
frequency  is  no  longer  an  effective  means  of  detecting  the  change  to  the  system. 


TIME  -  SECONDS 


Figure  4:  The  instantaneous  frequency  of  a  broadband  signal. 


3.  EXAMPLES 

3. 7  White  noise  excited  systems 

In  figure  5  is  shown  the  response  of  a  system  to  white  noise  excitation.  At  .5  seconds  one  of 
the  three  modes  of  the  system  changes  its  natural  frequency  and  damping.  Figure  6  shows  the 
estimated  autoregressive  moving  average  parameters  as  a  function  of  time.  At  .5  seconds  the 
change  in  the  system  is  reflected  in  the  change  to  the  parameter  values.  In  this  example  the 
change  to  the  system  was  very  dramatic.  The  natural  frequency  of  the  mode  trebled  and  the 
damping  ratio  became  ten  times  its  previous  value.  For  less  dramatic  changes  to  the  system  the 
change  in  the  autoregressive  moving  average  parameters  is  less  noticeable. 


TIME  -  SECONDS 

Figure  5:  Response  of  a  modal  system  to  white  noise  excitation.  System  change  occurs  at  .3 

seconds. 
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32  Transient  Response  tests 

The  system  whose  response  is  shown  in  figure  3  was  used  agrin,  this  time  the  system  change 
occurred  at  0.08  seconds.  Figure  7  shows  the  response,  its  envelope  and  the  instantaneous 
frequency.  Here  the  change  in  the  envelope  when  the  system  changes  is  small.  The  change  in  the 
instantaneous  frequency  is  large.  However,  when  the  envelope  is  close  to  zero  there  is  also  a 
large  change  in  the  estimated  instantaneous  frequency.  One  of  the  problems  of  monitoring  the 
instantaneous  frequency  for  changes  to  the  system  would  be  to  differentiate  between  these  two 
reasons  for  the  large  fluctuation  of  the  instantaneous  frequency. 

Another  method  that  can  be  used  to  detect  changes  to  a  signal  is  the  cepstrum  [10].  The 
theoretical  background  will  not  be  discussed  here.  The  power  cepstrum  of  a  signal  is  the  inverse 
Fourier  transform  of  the  log  of  the  squared  modulus  of  the  Fourier  transform  of  the  signal.  The 
log  operation  is  performed  to  change  multiplicative  components  in  the  spectrum  into  additive 
components.  The  discontinuity  in  the  original  signal  produces  ripples  in  the  spectrum.  The 
frequencies  of  the  ripples  are  related  to  the  time  at  which  the  discontinuity  occurred  in  the 
original  signal.  The  final  inverse  Fourier  transform  produces  fea  .ures  at  the  time  of  the  original 
discontinuity  and  also  at  multiples  of  this  time.  In  this  context  we  show  how  the  cepstrum  may 
be  used  to  enhance  the  discontinuity  feature  in  the  envelope  time  history.  Figure  8  shows  the 
cepstrum  of  the  envelope.  The  ’time’  axis  shown  is  often  called  the  quefrency  axis  (frequency  of 
oscillations  in  the  spectrum). 
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Figure  8:  The  cepstrum  of  the  envelope  of  the  response  signal.  The  change  occurred  at  .08 

seconds. 


4.  SUMMARY 


This  paper  has  highlighted  two  methods  that  could  be  used  to  detect  changes  to  a  system  by 
monitoring  the  response  of  that  system.  The  systems  modelled  were  modal  systems  whose 
impulse  response  could  be  modelled  as  the  sum  of  damped  sinusoids,  and  the  change  in  the 
system  was  the  alteration  of  the  frequency  and  damping  ratio  of  one  of  the  modes  of  the  system. 

For  systems  whose  response  could  be  modelled  as  white  noise  passed  through  a  linear  filter  it 
was  shown  that  the  change  to  the  system  could  be  detected  from  monitoring  estimates  of  the 
coefficients  of  the  linear  filter.  An  advantage  of  this  approach  is  that  the  estimation  and 
monitoring  of  the  parameters  can  be  implemented  online,  although  further  work  is  required  to 
make  the  estimation  algorithms  robust.  One  of  the  problems  with  this  method  is  that  the  model 
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of  the  system  needs  to  be  very  accurate  in  order  to  detect  subde  changes  to  the  system.  The 
parameters  of  models  that  only  model  the  global  features  of  a  complicated  system’s  behaviour 
will  not  vary  very  much  when  a  subtle  change  to  the  system  occurs.  Another  application  of  this 
digital  filter  approach  reported  in  reference  [4]  was  to  use  it  to  generate  an  estimate  of  the 
excitation  to  the  system  and  to  monitor  this  estimated  excitation  for  abnormalities.  The 
detection  of  changes  to  a  system  that  manifest  themselves  as  an  extra  impulsive  excitation  is 
enhanced  using  this  method  over  that  achieved  by  monitoring  the  response  only.  This  was  found 
to  be  true  even  when  the  filter  model  was  crude  and  only  modelled  the  global  features  of  the 
system’s  behaviour. 

It  was  shown  that  changes  to  a  system  undergoing  transient  excitation  could  be  detected  by 
monitoring  the  envelope  and  instantaneous  frequency  of  the  response  of  that  system.  When  the 
change  occurred  the  envelope  and  instantaneous  frequency  underwent  sharp  changes. 

Monitoring  of  the  instantaneous  frequency  only  can  lead  to  problems  because  the  calculated 
instantaneous  frequency  undt  rgoes  large  changes  when  the  signal  envelope  is  close  to  zero  as 
well  as  at  the  time  when  the  system  undergoes  a  change.  The  envelope  and  instantaneous 
frequency  are  generated  using  finite  impulse  response  digital  filters  and  so  there  is  scope  to 
implement  their  calculation  in  hardware.  Signals  monitored  using  this  technique  need  to  be 
narrowband,  because  broadband  signals  have  envelopes  and  instantaneous  frequencies  that  have 
large  fluctuations.  These  fluctuations  cannot  be  distinguished  from  those  occurring  because  of 
the  system  change. 

It  has  been  demonstrated  that  both  methods  could  be  useful  for  the  detection  of  changes  in  a 
system.  The  methods  need  to  be  applied  to  real  systems  with  component  failures  in  order  to 
evaluate  their  usefulness  in  a  practical  situation. 
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MOOAL  INTERACTIONS  IN  THE  NONLINEAR  RESPONSE  OF  STRUCTURAL 
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Columbus,  Ohio  43210 

The  Influence  of  modal  interactions  (i.e.,  internal  or  autoparametric 
resonances)  on  the  nonlinear  response  of  structural  elements  to  a  harmonic 
excitation  was  Investigated  both  theoret ical ly  and  experimentally.  The  method  of 
multiple  scales  was  used  to  determine  the  equations  describing  the  modulation  of 
the  amplitudes  and  phases  of  the  interacting  modes  for  the  case  of  a  two-to-one 
internal  resonance.  Primary  excitations  of  either  of  the  interacting  modes  was 
considered.  Steady-state  periodic  and  aperiodic  responses  were  determined. 
Conditions  for  the  existence  of  amplitude-  and  phase-modulated  responses  were 
obtained.  Solutions  are  presented  showing  period-multiplying  bifurcations 
leading  to  chaos.  To  verify  the  theoretical  predictions,  we  performed  an 
experiment  using  a  two-degree-of-freedom  model  consisting  of  two  light-weight 
beams  and  two  concentrated  masses.  The  experimental  results  are  in  qualitative 
agreement  with  the  theoretical  results.  A  video  tape  of  some  of  the  observed 
nonlinear  phenomena  will  be  shown. 

1.  INTRODUCTION 

Recently,  the  nonlinear  response  of  internally  coupled  oscillators  to  a 
harmonic  excitation  has  received  considerable  attention  (Nayfeh  and  Mook  [11; 
Nayfeh  (2)).  They  model  the  nonlinear  response  of  ships,  elastic  pendulums, 
robots,  shells,  arches,  bowed  structures,  and  beams  and  plates  under  static  and 
dynamic  loadings.  If  ut  and  u2  are  the  generalized  coordinates  of  the  two  linear 
normal  modes,  then  the  governing  equations  have  the  form 
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where  only  linear  and  quadratic  terms  have  boon  retained.  Here,  u  and  m are 

the  linear  undamped  natural  frequencies  of  the  system,  n  is  the*  excitation 

frequency,  the  -un  are  the  viscous  damping  coefficients  of  the  two  modes,  and  F, 

G,  n,  <d  ,  f>  ,  a  ,  and  h  are  constants, 
n  n  n  mn 

In  this  paper,  wn  consider  the  case  w  =  i  and  a  -  w  or  u . .  Special 
C'1  ■’>  of  the  present  problem  were  studied  using  various  techniques  by  Sethna  [3], 
Na>feh,  Mook  and  Marshall  {41,  Yamamoto  and  Yasuda  {51,  Sethna  and  Bajjaj  |6l. 
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Nayfeh  and  Mook  (1|,  Hatwal,  Mai  11k  and  Ghosh  f  7 1 ,  Haddow,  Barr  and  Hook  [81, 
Miles  (9),  and  Nayfeh  [10).  Four  first-order  ordinary  differential  equations 
that  describe  the  modulation  of  the  amplitudes  and  the  phases  of  the  Interacting 
two  modes  were  derived  by  Sethna  [3]  and  Miles  [9]  using  the  method  of  averaging, 
and  Nayfeh,  Mook  and  Marshall  [4],  Haddow,  Barr  and  Mook  [81,  and  Nayfeh  [10] 
using  the  method  of  multiple  scales.  These  equations  were  used  to  determine  the 
fixed  points  and  their  stability.  The  stable  fixed  points  correspond  to  periodic 
responses.  For  some  range  of  system  and  excitation  parameters,  Hopf  bifurcations 
exist.  The  fixed  points  of  the  averaged  equations  lose  their  stability  when  the 
real  part  of  a  complex  conjugate  pair  of  eigenvalues  changes  sign  from  negative 
to  positive.  In  these  ranges,  steady-state  periodic  responses  do  not  exist. 
Instead,  the  response  consists  of  amplitude-  and  phase-modulated  motion,  and  for 
small  damping,  the  amplitude  and  phases  may  experience  period-multiplying 
bifurcations  and  chaos.  Sethna  (31  used  an  analog  computer  to  Integrate  the 
averaged  equations  In  this  interval  and  found  periodic  amplitudes  and  phases. 
Nayfeh,  Mook  and  Marshall  [4]  integrated  a  special  form  of  equations  (1)  and  (2) 
In  this  range  and  obtained  amplitude-  and  phase-modulated  responses.  Later, 
Yamamoto  and  Yasuda  (51  observed  amplitude-  and  phase-modulated  responses  in 
their  analog-computer  simulations  of  a  special  form  of  equations  (1)  and  (2). 
Hatwal,  Mallik  and  Ghosh  [7J  reported  numerical  results  for  a  special  form  of 
equations  (1)  and  (2)  showing  periodically  modulated  motions  and  chaos.  Miles 
[9]  reported  numerical  calculations  of  the  averaged  equations  showing  chaotic  and 
periodically  modulated  solutions.  Nayfeh  and  Zavodney  [11]  experimentally 
observed  amplitude-  and  phase-modulated  responses  In  a  simple  mechanical 
system.  Nayfeh,  Balachandran,  Colbert  and  Nayfeh  (12)  observed  amplitude-  and 
phase-modulated  responses  in  the  same  mechanical  system  when  the  second  mode  is 
excited  by  a  primary  resonance. 

2.  ANALYSIS 


We  use  the  method  of  muUlple  scales  (Nayfeh  1 13] ,  [14])  to  determine  a 
second-order  uniform  expansion  of  the  solution  of  equations  (1)  and  (2)  when 
u  =.  2mr  To  this  end,  we  Introduce  a  sma  i  i  dimensionless  parameter  e  as  a 
bookkeeping  device  and  seek  a  uniform  expansion  in  the  form 
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where  TQ  =  t,  a  fast  scale  characterizing  motions  with  the  frequencies  wlt  w2, 
and  p,  and  Tt  =  et,  a  slow  scale  characterizing  the  modulations  of  the  amplitudes 
and  phases  with  damping  and  the  resonances.  Moreover,  we  order  the  damping 

coefficients  and  the  excitation  amplitudes  F  and  G  so  that  their  influence 
balances  the  nonlinearity.  Consequently,  we  replace  u  by  em  and  F  and  G  by 
eF  and  eG,  respectively.  SuDstitut^no  equations  (3)  ^nd  [tf  i,.to  equations  (1) 
and  (2)  and  equating  coefficients  of  like  powers  of  e  on  both  sides,  we  obtain: 
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where  D  =  s/aT  . 
n  n 

The  general  solution  of  equations  (5)  and(6)  can  be  expressed  as 

V  =  An(T1)exp(iWnTo)  +  cc  (9) 

where  cc  stands  for  the  complex  conjugate  of  the  preceding  terms  and  the  An  are 
arbitrary  functions  of  Tt  to  this  order  of  approximation;  they  are  determined  by 
imposing  the  solvability  conditions  (elimination  of  secular  and  small-divisor 
terms)  at  the  next  level  of  approximation.  To  proceed  further,  we  need  to 
specify  the  resonances  under  consideration. 

2.1  The  Primary  Resonance  of  First  Mode 


To  express  quantitatively  the  nearness  of  the  resonances,  we  introduce  the 
detuning  parameters  ot  and  o2  defined  according  to 

u>2  =  2oo(  +  eOj  and  12  =  +  eo2  .  (10) 

Substituting  equation  (9)  into  equations  (7)  and  (8)  and  using  equations  (10),  we 
obtain 
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where  the  prime  indicates  the  derivative  with  respect  to  T1§  NST  stands  for  terms 
that  do  not  produce  secular  terms,  and 
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For  a  uniform  expansion,  the  A_  must  be  chosen  so  that  the  terms  In  equations 
(11)  and  (12)  that  produce  secular  terms  must  vanish,  thereby  yielding  the 
solvability  conditions 


”  1  ^°2^1 


2iu>l(Aj  +  u  j  A  x )  4  4w1A1A2A1e  -^Fe  =0»  (15) 

21 (A'  +  u2A2)  +  4A2A(e  =  0  .  (16) 

To  analyze  the  solutions  of  equations  (15)  and  (16),  we  express  the  Ap  in 
the  polar  form 

1  I  1 

Aj  =  |  a^AjAjT’e  and  A2  =  j  a2(Aj)'  e  .  (17) 

Substituting  equations  (17)  into  equations  (15)  and  (16)  and  separating  real  and 
imaginary  parts  yields 


where 


a'  =  -  -  a1a2sinYl  +  f  siny2  , 


a2  =  -  u2a2  +  ais1nY!  . 


atB'  =  a^jCosT i  -  f  cosy2  . 


a2e2  =  a1cosy1  , 


r,  =  o1T1  +  b2  -  2 8lt  y2  =  o2Tl  -  B,  , 


f  =  F  ✓a  2  A 2 /2u> j  .  (23) 

It  turns  out  that  for  the  physical  systems  mentioned  above  AjA,  >  0.  Therefore, 
to  the  first  approximation,  the  solution  of  equations  (1)  and  (2)  is 


at(t) 


/A,  A, 

i  * 


COsfu^t  +  Bj (t)  ]  ,  U. 


a2(t) 


COS [ u>2 1  +  B2  (t)  ]  ,  (24) 


where  the  amplitudes  ap  and  phases  en  are  governed  by  equations  ( 18) - ( 22) . 

Equations  ( 18) - (22)  are  generic  and  describe  the  behavior  of  the  responses 
of  all  two-degree-of-freedom  systems  with  quadratic  nonlinearities  whose 
frequencies  are  in  the  ratio  of  two-to-one  when  the  lower  mode  is  excited  by  a 
primary  excitation. 

Periodic  solutions  of  equations  (1)  and  (2)  correspond  to  the  fixed  points 
of  equations  ( 18) - (22) ,  which  in  turn  correspond  to  a'  =  a2  =  0  and  yJ  =  y2  =  0. 
It  follows  from  equations  (22)  that 

B'  =  °2  =  v,  and  b2  =  2o2  -  o,  =  v2  .  (25) 


656 


Then,  the  fixed  points  of  equations  (18) -(22)  are  given  by 


6  422222222 

ai  +  2(m ! U  2  "  viv2)dl  +  (“i  +  v 1 ) (^2  +  ^2 )ai  -  f  (W2  +  V2)  =  0 


2,  2  2,_V 

a2  =  ai^2  *  v7)  *  •  (27) 

The  stability  of  a  particular  fixed  point  with  respect  to  a  perturbation 
proportional  to  exp(xTj)  Is  determined  by  the  zeros  of 

x  +  2(u !  +  u2)x  +  (iij  +  y2  +  4ujU2  +  Vj  +  v2  -  a2  +  4a4)x 

2  2  2  2  2  2 
+  [2ujU2  +  2u;u2  +  ^yiv2  +  ^y2vi  *  2y2a2  +  4(uv  +  u2)ailx 


22  22  22  22  22  2  2  2 
+  u,u2  +  ytv2  +  u2v,  +  V,\>2  -  u2a2  -  v2a2  +  4y1y2a1 


-  4v1v2a1  +  4dj  =  0  .  (28) 

According  to  the  Routh-Hurwitz  criterion,  at  least  one  root  of  equation  (28)  has 
a  positive  real  part,  and  hence  a  fixed  point  given  by  equations  (26)  and.  (27)  is 
unstable  if  all  of  the  following  conditions  are  not  satisfied: 

r.r2  -  r3  >  0,  r3(r1rJ  -  r3)  -  rjr,  >0,  r4  >  0  ,  (29) 

where  rlf  r2,  r3,  and  r„  are,  respectively,  the  coefficients  of  x3,  x2,  x1,  and 
x°  in  equation  (28).  The  violation  of  the  second  condition  In  (29)  would  imply 
the  existence  of  a  pair  of  complex  conjugate  x  with  a  positive  real  part,  and 
hence  replacing  the  inequality  by  an  equality  yields  the  parameters  for  the  Hopf 
bifurcation. 

Representative  variations  of  at  and  a2  with  o2  for  given  values  of  at,  y;, 
and  u2  are  shown  in  Fig.  1.  The  local  stability  of  a  fixed  point  is  determined 
from  conditions  (29).  The  unstable  parts  are  shown  by  the  broken  lines  in  Fig. 
i.  As  one  varies  the  control  parameter  o2  and  hence  fi,  the  fixed  points  lose 
their  stability  in  one  of  two  ways:  either  an  eigenvalue  crosses  the  imaginary 
axis  into  the  right-half  plane  along  the  real  axis  or  a  pair  of  complex-conjugate 
eigenvalues  cross  the  imaginary  axis  into  the  right-half  plane.  The  first  type 
of  instability  corresponds  to  the  jump  phenomenon,  whereas  the  second  type 
corresponds  to  the  extensively  studied  problem  of  the  Hopf  bifurcation  (Marsden 
and  McCracken,  (15]).  Based  on  the  Hopf  bifurcation  theorem  (Hale  [16!),  the 
modulation  equations  ( 18) - (22 )  are  expected  to  exhibit  limit-cycle  oscillations 
near  the  Hopf-bifurcation  vilues  n,  and  n2.  Sethna  and  Bajjaj  [6]  carried  out  a 
bifurcation  analysis  for  the  1atter  case  and  determined  the  amplitudes  of  the 
limit  cycles.  Hence,  the  amplitudes  an  and  phases  s  of  uL  and  u2  are  expected 
to  modulate  with  time,  and  consequently  u;  and  u2  are11  expected  to  be  aperiodic. 
Sethna  [3]  integrated  the  averaged  equations  using  an  analog  computer  in  the 
interval  a,  <  a  <  a2  and  found  that  the  aR  and  s  are  periodic.  A  digital 
solution  (Nayfeh,  Mook,  Marshall,  (41)  of  a  special  cflse  of  equations  (1)  and  (2) 
for  a  value  of  a  in  the  interval  Oi  <  a  <  a2  is  shown  in  Fig.  2;  it  represents  an 
amplitude-  and  phase-modulated  motion.  Similar  results  were  obtained  by  Yamamoto 
and  Yasu  !a  [5]  and  Nayfeh  and  Raouf  [  1 7 J  using  analog  and  digital  simulations, 
respectively.  Numerical  solutions  of  equations  (18 )-(22)  show  that  the  limit- 
cycle  solutions  may  undergo  period-doubling  bifurcations,  leading  to  chaos 
(Miles,  [91). 
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2.2  Primary  Resonance  of  Second  Mode 


In  this  case,  we  Introduce  the  detuning  parameters  o,  and  a  defined 
according  to 

b >2  =  2^  +  €0j  and  q  =  ii»2  +  eo2  .  (30) 

Using  equations  (30)  In  eliminating  the  terms  that  produce  secular  terms  from 
u12  and  u22,  we  obtain  In  place  of  equations  (15)  and  (16),  the  following 
modulation  equations: 

-  KTi 

2i(A|  +  WjAj)  +  4AjA2A,e  =  0  ,  (31) 

2  -lOlTj  1  lOjl^i 

21«2(A‘  +  y2A2)  +  4<1>2A2A1e  -jGe  =  0  ,  (32) 

where  the  An  are  defined  In  equations  (13)  and  (14). 

Substituting  the  polar  form  given  by  equations  (17)  Into  equations  (31)  and 
(32)  and  separating  real  and  Imaginary  parts,  we  obtain  the  equations  describing 
the  modulation  or  the  amplitudes  and  phases  with  time.  These  equations  are  used 
to  determine  the  steady-state  solutions  (fixed  points!  and  their  stability. 

In  this  case,  there  are  two  possible  steady-state  solutions.  First, 

a;  =  0  and  a2  =  - 3 —  ,  g  =  G/2a>2  ,  (33) 

2  2 
/02  +  u 2 

and  the  response  Is  given  by 

U:  =  0  and  u2  =  a2cos(nt  -  y2)  +  ...  ,  (34) 

where  y2  is  a  constant;  this  is  essentially  the  linear  solution.  The  first  mode 
Is  unexcited  and  the  amplitude  of  the  second  mode  increases  linearly  with  the 
amplitude  g  of  the  excitation.  Second, 

a,  =  (a1a2)"%[x1  ±  (f 2a j  -  xl)H}H  ,  (35) 


ut  =  alCos(|  «t  -  \  Y,  -  \  y2)  +  ...  ,  (39) 

u 2  =  a*cos(nt  -  y2)  +  ...  .  (40) 

We  note  a  very  interesting  feature  of  the  second  solution,  namely,  the  amplitude 
a2  of  the  directly  excited  second  mode  is  independent  of  the  amplitude  g  of  the 
excitation,  whereas  the  amplitude  a;  of  the  first  mode  that  is  not  directly 
excited  is  a  function  of  the  excitation  amplitude. 
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Carrying  out  a  stability  analysis  of  the  fixed  points,  as  in  the  preceding 
section,  we  find  that  the  eigenvalues  determining  the  stability  of  the  linear 
solution  are 

x  =  -  Uj  ±  /A2a2  -  vf,  -  y2  ±  1v2  ,  (41) 

where 

vi  =  7  (°i  +  ai)  Jn<^  v2  =  a2  .  (42) 

It  follows  from  equations  (41)  that  the  linear  solution  is  stable  if  and  only  if 
a*  <  wi  +  v,  or  a2  <  a*.  On  the  other  hand,  the  eigenvalues  determining  the 
stability  of  the  nonlinear  solution  are  given  by 

*  ,  3  f  2  „  2  .  2i2 

X  +  2(yt  +  u2)X  +  [ y  2  +  x  P  2  +  v2  +  4aiA23i Jx 

+  [2ytu2  +  2ytv2  +  4A1A2(ul  +  w2)ajx 

+  4A1A2aJ[A1.\2aJ  +  u iU2  -  =  0  .  (43) 

Using  the  Routh-Hurwitz  conditions  (29),  we  find  that  the  necessary  and 
sufficient  conditions  that  none  of  the  roots  of  equations  (43)  have  positive  real 
parts  are 

AiA2a?  +  ^2  '  >  0  •  (44> 

4y i y 2 ( y 2  +  ^H4^  +  4^2  +  +  v2)  +  8(^i  +  ^  AiA2a! 

'  ( u 2  +  2y1y;  +  2vt\>2  +  V2)  >  0  .  (45) 

Condition  (44),  in  conjunction  with  equations  (35)  and  (36),  implies  that  the 
solution  corresponding  to  the  positive  sign  is  stable  whereas  the  solution 
corresponding  to  the  negative  sign  is  unstable.  The  violation  of  condition  (45) 
would  imply  the  existence  of  a  pair  of  complex-conjugate  roots  of  equation  (43) 
with  a  positive  real  part.  When  >  0,  condition  (45)  is  satisfied  for  all 
values  of  y1,y2,  and  g.  On  the  other  hand,  when  VjV2  <  0,  condition  (45)  may  be 
violated,  depending  the  values  of  the  vn»  yn,  and  g. 

Figure  3  shows  the  variation  of  at  and  a,  with  g  for  a(  =  0.5,  a2  =  0.25, 

o,  =  0.0,  o 2  =  0.0,  y  =  0.005,  and  y2  =  0.005.  In  this  case,  \>{  =  0.0,  v,  = 

0.0,  and  xx  =  -  0.000025.  Since  <  0,  equation  (35)  has  one  real  root  when 

g  >  t2,  where  c2  *  0.00005.  Since  conditions  (44)  and  (45)  are  satisfied,  this 
root  is  stable.  Consequently,  when  g  <  c2,  the  response  is  given  by  equation 
(34);  the  first  mode  is  not  excited  because  aj  =  0  and  the  amplitude  of  the 
second  mode  is  proportional  to  g.  When  g  >  c2,  the  response  is  given  by 
equations  (39)  and  (40)  where  a2  =  a2  =  0.01  =  constant  for  all  values  of  g 
greater  than  c2  and  a4  is  given  by  equation  (35).  Hence,  if  an  experiment  is 
performed  by  setting  a  =  u,  and  the  detunings  and  damping  coefficients  are  such 
that  x,  <  0  and  v.v2  >  0,  one  expects  the  second  mode  to  dominate.  This  is 
initially  so.  J^u t  as  g  increases  beyond  a  critical  value  c2,  a2  remains  constant 
and  equal  to  a2  (i.e.,  second  mode  saturates)  ^nd  the  extra  energy  is  spilled 
over  into  the  first  mode.  The  saturation  value  a2  can  be  very  small  if  a  +  o, 
and  y  are  small.  The  saturation  phenomenon  was  first  discovered  by  Nayfeh,  Mook 
and  Marshall  [4]  in  connection  with  the  pitching  and  rolling  of  ships.  They 
found  that  a  ship  whose  pitch  frequency  is  approximately  twice  the  roll  frequency 
exhibits  undesirable  roll  characteristics,  as  observed  by  Froude  In  1863.  To 
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verify  the  perturbation  result,  Nayfeh,  Hook,  and  Marshall  (4)  Integrated  a 
special  form  of  equations  (1)  and  (2)  for  a  long  time  and  determined  the 
amplitudes  of  u.  and  u2.  The  results  of  the  numerical  simulation  are  In  excellent 
agreement  with  those  predicted  by  the  perturbation  solution,  as  shown  In  Figure 
3. 


As  a  second  example,  we  let  a.  *  1.0,  a2  *  0.5,  u3  *  u2  =  0.02,  o.  =  - 
0.03,  and  o,  *  0.12,  then  =  0.045,  \>2  *  -  0.03,  and  xt  =  -  0.00095.  Hence, 
equation  (3b)  has  one  real  root,  for  all  values  of  g  >  c2,  where  c2  »  0.00178, 
condition  (44)  Is  satisfied  for  all  g  >  c2,  but  condition  (45)  Is  violated  for 
all  values  of  g  >  c3,  where  c3  ■  0.003.  Consequently,  the  response  consists  of  a 
pure  second  mode  when  g  <  c2,  a  combined  periodic  first  and  second  modes  given  by 
equations  (39)  and  (40)  with  a2  being  equal  to  a2  »  0.04924  when  c  <  g  <  c3, 
and  an  amplitude-  and  phase-modulated  combined  first  and  second  modes  when 
9  *  c3. 


Figure  4  shows  the  variation  of  a.  and  a2  with  g  when  al  =  0.5,  a2  =  0.25, 
oj  *  0.0,  a 2  =  0.025,  and  ^  =  u2  *  0.d05.  In  tnls  case,  =  0.0125,  v?  = 

0.025  and  3  0.0002875.  Hence,  equation  (35)  has  only  one  real  root,  which 
satisfies  conditions  (44)  and  (45)  when  g  >  c-,  where  c2  *  0.00068.  It  has  two 
real  roots  when  Ci  *  g  *  C2.  where  »  0.0038.  The  larger  root  satisfies 
conditions  (44)  and  (45),  and  hence  it  Is  stable,  whereas  the  smaller  root 
satisfies  condition  (45)  but  violates  condition  (44),  and  hence  It  Is  unstable. 

Figure  5  shows  frequency-response  curves  for  the  case  At  =  1.0,  a2  =  0.5, 

Uj  =  v2  =  0.02,  o 2  =  0.12,  and  g  =  0.1.  Again  the  unstable  portions  are 

represented  by  broken  lines.  In  addition  to  the  jump  phenomenon.  Figure  5  shows 
the  Interval  -0.047  <  Oj  <  -0.0127,  In  which  a  pair  of  complex-conjugate  roots  of 
equation  (43)  with  a  positive  real  part.  Implying  the  existence  of  a  Hopf 
bifurcation.  In  this  Interval,  the  response  Is  amplitude-  and  phase-modulated 
combined  first  and  second  modes.  Nayfeh  and  Raouf  [171  presented  digital  results 
showing  amplitude-  and  phase-modulated  responses  of  a  special  form  of  equations 
(1)  and  (2)  and  period-multiplying  bifurcations  of  the  solutions  of  the  averaged 
equations. 

f 

3.  EXPtRlMENT 

3.1  Primary  Resonance  of  First  Mode 

To  observe  these  amplitude-  and  phase-modulated  motions,  we  conducted  an 
experiment  using  a  mechanical  system  consisting  of  two  light-weight  beams  and  two 

concentrated  masses  as  shown  in  Fig.  6  and  described  in  Appendix  A.  A  similar 

model  was  used  by  Haddow,  Barr  and  Mook  [ 8 J  to  observe  saturation  when  p  »  w2 
and  the  response  when  n  «  u>r  The  model  was  excited  by  a  250  lb  electrodynamic 
shaker  driven  by  a  2500  watt  power  amplifier.  The  shaker  was  driven  by  a 
sinusoidal  waveform  generated  by  a  waveform  synthesizer  that  has  a  0.0001  Hz 
resolution.  The  response  of  the  system  to  a  harmonic  excitation  at  the  base  is 
governed  by  a  special  form  of  equations  (1)  and  (2).  The  lengths  L(  and  d  were 
adjusted  so  that  the  linear  natural  frequencies  of  the  system  were  approximately 
in  the  ratio  of  two-to-one  (i.e.,  f2  =  2fj).  The  linear  resonant  frequencies 
were  determined  to  be  ft  =  8.03  Hz  and  f2  =  16.25  Hz  by  performing  a  routine 
modal  analysis  using  random  excitations.  Since  the  damping  in  the  structure  is 
very  small,  these  resonant  frequencies  are  very  close  to  the  linear  natural 
frequencies.  The  associated  mode  shapes  obtained  theoretically  are  shown  in  Fig. 
6.  Relative  displacements  of  the  two  masses  were  measured  by  strain  gages 

mounted  near  the  bases  of  the  beams.  The  excitation  frequency  f  was  slowly 
varied  (in  steps  of  0.0001  Hz)  up  and  down  between  7.6  Hz  and  8.6  Hz  while 

keeping  all  other  parameters  constant,  including  the  table  acceleration.  The 
acceleration  level  of  the  table  was  kept  constant  by  a  digital  computer  that  was 
used  as  a  closed-loop  feedback  controller. 
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The  response  was  analyzed  using  an  FFT  analyzer  and  the  steady-state 
amplitudes  a*  and  a*  of  the  two  modes  comprising  the  total  displacement 
wt  of  Mt  for  the  periodic  cares  were  determined.  They  are  plotted  In  Fig.  7  as  a 
function  of  f.  The  aT  are  measures  that  are  proportional  to  the  amplitudes  a*  of 
the  modes.  This  happens  because  In  general,  the  governing  partial  differential 
equation  is  typically  separated  into  spatial  and  temporal  functions,  such  as 

v ( s , t )  =  J  r  *1(s)G1 (t) 

where  r  Is  a  scaling  factor,  the  ^(s)  are  the  spatial  functions,  typically  the 
linear  eigenfunctions,  and  the  G^(t)  are  the  temporal  modulations,  which  appear 
In  equations  (1)  and  (2).  The  displacement  of  mass  mt  can  be  related  to  the 
surface  strain  at  the  base  of  beam  1  as  measured  by  the  strain  gage  provided  the 
mode  shape  (eigenfunction)  is  known.  Hence,  we  are  measuring  a  discrete  value 
of  <»(s)  to  Indicate  the  value  of  which  Is  a  function  of  the  mode  shape;  the 

magnitudes  at  will  be  proportional  to  the  values  of  <>(s)  at  the  gage  location  and 
will  be  scaled  by  r  and  modulated  by  G(t ) .  The  excitation  frequencies  marking 
the  transition  from  periodic  to  aperiodic  responses  are  marked  in  Fig.  7  as  the 
Hopf-bl furcation  points.  The  experimental  results  In  this  figure  are 
qualitatively  in  agreement  with  the  theoretically  determined  frequency-response 
curves  in  Fig.  1. 

Representative  time  traces  of  the  displacement  w,  of  mass  M.  are  shown  in 

Fig.  8  before  and  after  the  Hopf  bifurcation;  this  displacement  Is  a  linear 

combination  of  the  generalized  coordinates  and  u2  of  the  two  modes.  The 
displacements  of  the  Individual  modes  were  obtained  by  filtering  the  signal  and 
are  shown  In  Fig.  9.  These  experimentally  determined  time  traces  are 

qualitatively  in  agreement  with  those  obtained  numerically  and  are  shown  In  Fig. 
2.  The  constant-amplitude  response  that  occurs  before  the  bifurcation 
corresponds  to  a  stable  fixed  point  (point  attractor)  in  the  projection  of  the 
trajectory  on  the  a2  -  a,  plane.  These  amplitudes  were  simultaneously  monitored 
on  an  osilloscope  as  the  system  experienced  a  bifurcation.  The  constant 

amplitude  periodic  motion  gave  rise  to  an  aperiodic  motion  whose  nature  changed 

as  the  unstable  region  was  penetrated.  As  the  frequency  approached  the  other 
"Hopf-bifurcatlon  point",  the  aperiodic  motion  gave  way  to  a  constant  amplitude 
periodic  motion.  Fig.  10  shows  a  projection  of  the  long-time  trajectory  on  the 
u2  -  Uj  plane.  Before  the  bifurcation,  the  periodic  response  is  stationary  and 
appears  as  a  "figure  eight"  since  the  nonlinearity  adjusts  the  frequencies  of  the 
two  modes  so  that  the  response  period  of  one  mode  is  exactly  twice  that  of  the 
other  mode.  Inside  the  unstable  region  the  "figure  eight"  response  is  observed 
to  evolve  because  the  two  modes  are  constantly  exchanging  energy. 

3.2  Primary  Resonance  of  Second  Mode 

In  this  case,  the  lengths  of  the  beams  were  adjusted  so  that  the 
the  first  two  natural  frequencies  were  found  to  be  approximately  7.62  Hz  and 

15.23  Hz. 

To  demonstrate  the  instability  of  the  structure  when  g  >  c2,  we  excited  the 
structure  near  the  second  natural  frequency  15.23  Hz  at  a  low  amplitude.  The 
response  consisted  of  only  the  second  mode,  as  predicted  by  linear  theory.  When 
the  structure  was  excited  at  a  larger  amplitude  the  second  mode  responded  with 
the  amplitude  predicted  by  the  linear  theory  as  expected.  However,  after  about 
500  cycles,  the  first  mode  appeared  and  began  to  grow,  while  simultaneously  the 
second  mode  diminished.  This  was  readily  observed  in  the  FFT  of  the  response, 
and  seen  as  a  distorted  waveform  on  the  oscilloscope.  Thus  the  linear  solution 
was  seen  to  be  unstable  and  both  the  first  and  second  modes  appeared  in  the 
response  as  predicted  by  the  nonlinear  theory  and  in  contrast  with  the 
predictions  of  the  linear  theory.  An  interesting  point  regarding  this  phenomenon 
is  that  the  level  of  excitation  was  so  small  that  vibration  at  approximately 

15.23  Hz  was  not  even  discernable  when  one's  hand  was  placed  on  the  shaker 
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table.  Thus  It  was  observed  that  the  nonl Inearltles  present  were  affecting  the 
response  dramatically  even  at  extremely  low  levels  of  excitation. 

To  demonstrate  the  saturation  phenomenon,  the  amplitude  of  excitation  was 
Increased  slightly  while  keeping  the  excitation  frequency  fixed  at  15.23  Hz.  The 
response,  after  the  transients  decayed,  showed  that  the  amplitude  of  the  second 
mode  (15.23  Hz)  did  not  Increase  —  rather  the  energy  went  Into  the  first  mode. 
This  was  seen  on  the  FFT  as  an  Increased  peak  at  the  frequency  (7.62  Hz)  of  the 
first  mode.  The  waveform,  originally  consisting  of  the  second  mode  15.23  Hz 
waveform,  became  distorted  as  It  gradually  became  dominated  by  the  first  mode. 
Further  Increases  In  the  amplitude  of  the  excitation  continued  to  Increase  only 
the  amplitude  of  the  first  mode  In  the  steady-state  condition.  Initially  the 
amplitude  of  the  second  mode  Increased,  as  observed  In  the  Instantaneous  FFT  of 
the  response;  however,  as  the  amplitude  of  the  second  mode  Increased,  It  pulled 
up  the  amplitude  of  the  first  mode.  This  Interaction  eventually  decayed  to  the 
steady-state  response  In  which  the  amplitude  of  the  second  mode  returned  to  Its 
saturated  level,  while  the  amplitude  of  the  first  mode  was  noticeably  higher. 
The  results  are  documented  In  a  video  tape. 

Recently,  the  same  model  was  used  by  Nayfeh,  Balachandran,  Colbert,  and 
Nayfeh  [12]  to  observe  amplitude-  and  phase-modulated  motions.  They  developed 
the  hardware  and  software  necessary  to  demodulate  the  amplitude-  and  phase- 
modulated  response.  An  example  Is  shown  In  Fig.  11. 

4.  SUMMARY 

We  have  presented  In  this  paper  observations  of  amplitude-  and  phase- 
modulated  responses  of  a  two-degree-of-freedom  mechanical  system  with  quadratic 
nonl Inearltles  to  a  harmonic  excitation.  The  linear  natural  frequencies  of  the 
system  were  tuned  so  that  they  were  approximately  In  the  ratio  of  two-to-one  and 
the  excitation  frequency  was  slowly  varied  up  and  down  around  the  lower  natural 
frequency.  We  observed  the  transition  from  periodic  to  aperiodic  motions, 
Indicating  the  occurrence  of  a  Hopf  bifurcation.  Moreover  we  excited  the  system 
near  the  second  natural  frequency  and  verified  the  saturation  phenomenon  and  the 
instability  of  the  linear  solution.  Furthermore,  amplitude-  and  phase-modulated 
responses  of  the  same  mechanical  system  were  recently  observed  by  Nayfeh, 
Balachandran,  Colbert,  and  Nayfeh. 
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Appendix  A:  Description  of  the  Model 


The  model  was  fabricated  from  mild  steel  according  to  the  following 
dimensions:  L.  =  158.8  mm,  L,  =  152.4  mm,  and  d  =  89.2  mm.  The  cross-sectional 
dimensions  of  Deam  1  are  1.651  mm  x  12.83  mm  and  beam  2  are  0.507  mm  x  12.70 
ran.  The  mass  density  per  unit  length  are  Pj  =  0.164  g/mm  and  p2  =  0.057  g/mn. 
The  cross-sectional  dimensions  of  mass  1  are  19.0  mm  x  19.0  mm  and  mass  2  are 
15.9  mm  x  12.7  mm.  The  depths  are  such  that  their  total  mass,  including  the 
mounting  screws,  is  m  =  31.1  g  and  m2  =  40.0  g.  Using  these  dimensions,  the 
frequency  of  the  third  mode  (characterized  by  the  out-of-plane  motion  of  beam  2 
caused  by  the  torsion  of  beam  1)  is  far  removed  from  the  frequency  of  the  second 
mode;  hence  a  two-mode  formulation  is  adequate  to  describe  the  response  of  the 
model.  We  have  conducted  experiments  with  similar  models  whose  dimensions  are 
more  than  twice  those  of  this  model;  all  that  is  required  is  the  two-to-one 
internal  resonance  and  hiqher  resonances  far  removed. 

Appendix  B:  Description  of  Test  Procedure 

The  test  model  was  excited  by  a  250  lb  electrodynamic  shaker  driven  by  a 
2500  watt  power  amplifier.  Sinusoidal  waveforms  used  to  drive  the  shaker  were 
generated  by  a  waveform  synthesizer  that  had  a  0.0001  Hz  resolution.  Frequency 
sweeps  were  made  in  small  steps  of  0.0001  Hz  to  minimize  the  transient  response. 
The  acceleration  level  cf  the  table  was  held  constant  (as  the  frequency  was 
swept)  by  a  digital  computer  used  as  a  closed-loop  feedback  controller. 

The  amplitude  of  each  mode  was  monitored  on  an  FFT  analyzer.  The  natural 
frequencies  and  mode  shapes  were  obtained  by  performing  a  routine  modal  analysis 
using  a  random  excitation. 

Since  any  one  transducer  location  will  detect  one  mode  more  directly  than 
another  mode,  the  amplitudes  of  the  responses  shown  in  Figure  4,  5,  6,  and  7  are 
to  be  understood  as  being  proportional  to  the  amplitude  of  the  mode,  not  a  direct 
measurement  of  the  mode.  For  this  reason,  no  scale  is  put  on  these  plots. 
During  the  large  amplitude  response  shown  in  Figure  4,  the  peak-to-peak  amplitude 
of  mt  was  on  the  order  of  5  mm,  or  approximately  3%  of  L, . 
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1.  Theoretically  determined  frequency-response  curves  when  the 
excitation  frequency  Is  nearly  equal  to  the  lower  frequency. 

o i  =  0.08,  U[  *  u2  *  0.075,  f  »  0.075:  soMd  curves,  stable;  _ _ 

unstable  witn  at  least  one  eigenvalue  being  positive;  - ,  unstable 

with  the  real  part  of  a  complex-conjugate  pair  of  eigenvalues  being 
positive. 


2.  The  long-time  behavior  of  a  numerically  calculated  amplitude-  and 
phase-modulated  motion  of  a  special  case  of  equations  (1)  and  (2): 
all  «*  and  cu  are  zero  except  «j  ■  -  1,  <*,  *  1,  u,  =  0.5,  u,  *  1.0, 
a  =  0.5,  ,,  «  w2  =  0.85,  F  =  0.001,  G  =  C,  and  h_n  =  0. 
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Figure  3.  Amplitudes  of  the  response  as  a  function  of  the  amplitude  of  the 
excitation  when  the  second  mode  Is  excited  by  a  primary  resonance: 
all  6 i  and  are  zero  except  d  =  -  1,  at  *  1#  u1  =  0.5,  w2  =  1.0, 
o,  =  6,  y,  =  u 2  =  0.005,  h  =  6,  and  F  =  0. 
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Figure  4.  Amplitudes  of  the  response  as  a  function  of  the  amplitude  of  the 
excitation  when  the  second  mode  Is  excited  by  a  primary  resonance: 
all  5j  and  are  zero  except  a2  =  -  1,  a-  =*  1,  u)t  =  0.5,  u2  =  1.0, 
o,  =  0.025,  y ,=  y,  =  0.005,  h__  =  1,  and  K  =  0. 


Figure  6.  Two-degree-of-freedom  model  tuned  for  a  2:1  Internal  resonance  and 
0  prlR9  n6 ,aL*°,de  shdpes*,  Beam  1:  1-651  m  x  12.63  mm  x 

llf?4^n!  :  0^Lg/,m>  mi  =  3L19!  Beaff  2:  0.507mm  X  12.70  mm  x 
1552.4  mm,  o2  =  0.057g/mm,  m2  =  40. Og;  d  =  89.2  mm. 


Figure  7.  Experimentally  determined  frequency-response  curves  when  the 
excitation  frequency  f  Is  near  the  first  natural  frequency  f,  =  8.03 
Hz;  the  shaded  region  corresponds  to  aperiodic  long-time  motions. 
These  amplitudes  are  proportional  to  the  actual  amplitudes  of  the 
modes  of  the  structure. 
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Figure 


Figure  9. 


Figure  10 


Tim® 


8.  Time  traces  of  the  displacement  of  mass  M,  before  and  after  the 
bifurcation  from  periodic  to  aperiodic  responses.  The  left  portion 
shows  the  envelope  of  modulation  by  compressing  time,  and  the  right 
portion  shows  a  sample  with  an  expanded  time  scale;  (a)  f  =  8.0?  Hz, 
(b)  f  =  8.03  Hz,  (c)  transition  from  f  =  8.15  Hz  to  f  =  8.16  Hz. 


Modal  components  of  the  displacement  of  mass  M,  as  a  function  of  time 
(a)  before  the  bifurcation  (f  =  8.02  Hz)  and  (b)  after  the 
bifurcation  (f  =  8.03  Hz).  These  traces  were  filtereJ  from  the  data 
of  Figure  5.  The  higher  harmonics  that  appear  most  noticeably  in  u2 
are  a  consequence  of  the  sampling  frequency  of  the  digital  scope  and 
were  not  present,  in  the  analogue  waveform. 


.  Variation  of  the  displacement  u2  of  the  second  mode  with  the 
displacement  u,  of  the  first  mode:  (a)  periodic  motion  before  the 
bifurcation,  f  =  8.02  Hz;  (b)  aperiodic  motion  just  after  the 
bifurcation,  f  =  8.025  Hz;  (c-e)  aperiodic  motion  in  the  unstable 
region,  8.03  <  f  <  8.15;  and  (f)  return  to  a  periodic  motion  f  =  8.16 
Hz.  Only  portions  of  a  "complete  cycle"  are  shown  for  the  aperiodic 
responses  because  the  overlapping  of  a  complete  cycle  obscures  the 
projection  of  the  amplitude-  and  phase-modulated  motion. 
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Figure  11.  (a)  Long-time  history  of  the  displacement  of  mass  M,. 

(b)  Long-tlmo  history  of  the  modal  components  of  the  displacement  of 
mass  M, . 

(c)  Long -t  me  history  of  the  modal  amplitudes. 

(d)  Variation  of  the  long-time  amplitude  of  the  second  mode  with 
that  of  the  first  mode. 


DISSIPATIVE  STEP  BY  STEP  INTEGRATION  METHODS  IN 
NONLINEAR  STRUCTURAL  DYNAMICS 


C.  Hoff 

University  California  Berkeley 


ABSTRACT 

In  genera  nonlinear  dynamic  problems  modeled  by  finite  elements  can  only  be 
solved  numerically  with  step  by  step  integration  methods.  In  the  case  of  low  fre¬ 
quency  response  an  unconditionally  stable  method  with  numerical  dissipati  can  is 
required.  The  timt  step  can  then  be  choosen  as  large  as  possible.  Higher  frequen¬ 
cies  caused  by  spatial  discretization  and  numerical  noise  have  do  be  damped  out 
while  lower  frequencies  must  not  be  influenced.  In  this  paper  a  new  unconditionally 
stable  implicit  single  step  method  with  controllable  numerical  dissipation  is 
presented.  'Ihe  new  method  has  some  advantages  over  known  dissipative  methods. 
The  performance  of  the  new  method  for  nonlinear  systems  is  shown  and  the  useful¬ 
ness  of  the  numerical  dissipation  is  demonstrated.  Sane  comments  are  made  to 
solution  strategies  with  equilibrium  check  and  energy  control. 


1.  INTRODUCTION 

In  the  last  twenty  years  a  lot  of  effort  has  been  done  to  solve  the  structural  dynamic  equation 
of  motion  for  nonlinear  systems  numerically.  It  is  worthwhile  to  mention  all  important  developments 
but  instead  of  this  we  refer  to  a  good  overview  given  in  [1].  A  recent  state-of-the-art  report  can  !v 
found  in  [2],  Various  very  sophisticated  multistep  methods  of  higher  order  exist  for  the  numerical 
solution  of  ordinary  differential  equations,  see  e.g.[3].  For  the  particular  problem  of  the  partial  dif¬ 
ferential  equation  discretized  in  space  by  finite  elements  or  finite  differences  the  spatial  error 
becomes  dominant  if  higher  order  methods  in  time  are  used.  Therefore  most  of  the  current  com¬ 
puter  programs  work  with  rime  step  schemes  up  to  second  or  third  order.  The  present  paper  deals 
with  stiff  problems  coming  from  a  discretized  structure  with  a  large  number  of  degrees  of  freedom,  a 
broad  eigenfrcqucncy  spectrum  and  nonlinear  inner  forces. 

For  responses  of  the  system  which  ly  in  the  lower  spectrum  of  cigcnfrcquencics  relatively  large 
time  steps  arc  allowed  to  appnrimate  the  solution  accurately.  An  unconditionally  stable  algorithm 
with  arbitrary  large  step  size  is  required.  Unconditionally  stable  algorithms  are  restricted  to  the 
theorem  of  Dahlquist  [4]  who  stated  that  the  highest  accuracy  erf  an  unconditionally  stable  linear  mul¬ 
tistep  method  can  not  exceed  the  order  of  two  and  that  an  unconditionally  stable  method  can  never 
be  explicit.  The  accuracy  can  only  be  increased  with  nonlinear  multistep  methods.  The  idea  of  Fade 
approximation  applied  to  the  first  order  form  of  the  dynamic  equation  leads  to  third  and  fourth  order 
accuracy'  with  unconditional  stability,  see  e.g.  [5],  [6],  [7],  [8].  The  gain  in  accuracy  must  he  payed 
with  double  sized  matrices  and  a  larger  bandwidth  compared  to  lower  order  methods.  This  paper  is 
restricted  to  one  step  second  order  unconditionally  stable  methods  with  single  matrix  size. 

If  the  time  step  is  chosen  as  large  as  possible  the  higher  frequencies  are  aproximated  badly. 
Higher  frequencies  in  the  svstem  are  caused  by  the  finite  element  spatial  discretization  and  numcn 
cal  noise.  It  is  desired  to  damp  them  out  with  a  controllable  numerical  dissipation  which  does  not 
influence  the  lower  frequency  range.  The  dissipation  must  be  controlled  by  a  parameter  which  is 
independent  of  the  step  size.  Various  dissipative  methods  were  designed  in  the  past,  see  e.g.  [9], 
[10],  [11],  among  others.  The  new  0,-  method  presented  in  this  paper  has  some  advantages  over  the 
old  methods.  The  denvation  of  the  algorithm  can  be  found  in  [12],  A  comparison  with  other  dissi¬ 
pative  algorithms  is  made  in  [13]  and  will  not  be  repeated  here.  The  purpose  of  this  paper  is  the 
application  to  nonlinear  systems. 

The  nonlinearity  strongly  effects  the  accuracy  and  the  stability  of  the  step-  by-  step  integration 
methods.  For  linear  systems  it  is  relatively  simple  to  preve  stability.  The  mathematical  theory  is  well 
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established,  see  e.g.[14].  Far  generally  nmHirar  systems  we  can  only  give  necessary  conditions  of  sta¬ 
bility.  A  good  overview  of  stability  conditions  far  nanHnearities  is  given  ir.  [15].  There  is  no  guaran¬ 
tee  of  failure  in  some  special  cases.  One  problematic  example  for  the  widely  used  trapezoidal  rule  of 
Newmark  [16]  is  given  in  [17j.  Although  the  trapezoidal  rule  was  proven  to  be  stable  in  the  energy 
ncrm  [18]  for  nonlinear  systems,  the  algorithm  fails  for  particular  time  step  sizes.  This  example  is  an 
additional  reason  to  introduce  numerical  dissipation.  Careful  checks  of  the  equilibrium  and  energy 
balance  are  also  necessary  to  improve  the  reHabillity  of  a  nonlinear  algorithm. 

First  the  new  0r  method  including  Newmark’s  trapezoidal  rule  is  presented  in  the  farm  of  a 
predictor-  corrector  scheme  convenient  for  nonlinear  systems.  Practical  convergence  criteria  are  dis¬ 
cussed  to  insure  the  stability  of  the  calculation.  Two  examples  of  nonlinear  systems  are  presented  to 
show  the  behavior  of  the  step-  by-  step-  integration  methods. 


2.  ALGORITHM  FOR  NONLINEAR  PROBLEMS 

We  assume  a  structure  which  is  discretized  by  finite  elements,  finite  differences  or  boundary 
elements,  see  e.g.[19].  The  coupled  matrix  equation  of  motion  with  viscous  damping  and  given  ini¬ 
tial  conditions  has  to  be  solved: 

Mii(r)  +  Cu(r)  +  f(u(/))  -  P(')  (1) 

u(r=0)  =uo 

ii(/=0)  =  uo 

M,  C,  K  denote  the  mass,  damping  and  stiffness  matrix  respectively.  The  displacement  and  its  time 
derivatives  are  u(r ),  ii(r ),  ii(/ ),  the  dot  denotes  derivation  with  respect  to  time. 

The  step-  by-  step-  integration  methods  solve  the  problem  numerically  from  one  time  step  to 
the  next.  The  internal  nodal  forces  f(u(t))  are  nonlinear  in  the  displacements  u(t).  The  simplest 
and  after  me  only  possible  way  to  solve  (1)  is  to  linearize  f(u(t))  in  each  time  step.  The  following 
incrementation  is  introduced  : 

u(t)  =  u*  +  Au(t)  r„  —  t  —  /B+, 


ftu(O)  =  U+K  Au(t)  (2) 


K„  =  - —  tangent  stiffness  matrix 


f„  =  f(u„)  nodal  forces  at  time  t„ 

Step-  by-  step  integration  methods  assume  special  approximations  erf  the  displacement,  velocity 
and  acceleration  over  the  time  interval.  The  Newmark-  (3  method  e.g.  assumes  a  linear  acceleration, 
a  quadratic  velocity  and  a  cubic  displacement  over  the  time  interval.  For  a  special  choice  of  the  free 
parameters  the  algorithm  is  up  to  second  order  accurate  without  numerical  dissipation.  As  already 
mentioned  the  numerical  dissipation  may  be  desirable  in  some  cases.  The  recently  developed  9,- 
method  [12],  [13]  possesses  controllable  numerical  dissipation.  The  same  order  of  approximation 
functions  as  in  the  Newmark-  (3  method  is  used  but  with  different  time  constant  coefficients.  The 
following  scheme  describes  the  new  method  : 


an+1  =  (l-20p)a„  -40?  (3) 

vn+i  =  (40?  -  68?  +  1)  vB  +  (Z0?  -30?  +  0,)  A/a, 


K„  = 

K(dJ 

f, n  = 

*(4.) 

Ap*  = 

(1-Qi)  P/.  +  p„+1  -  f„  - 

'Ma,+i  -1 

K*  = 

40?  — M  +  (3—20,)  20? 
A v 

irc  +  K" 

K*  Ad* 

=  Ap* 

an+l  = 

+  4d- 

vn+1  =  vnil  +■  (1-0,)  A/a„  +  (3-20,)  20?  ^-Ad*  (5) 

d„-a  =  d„  +  (1-0,)  A/  v.  +  Ad* 


0.95  <  0,  <  1 


(6) 


The  time  constant  parameter  0,  controls  the  numerical  dissipation  in  the  high  frequency  range 
With  0,  <  1  the  dissipation  increases,  for  0,  =  1  the  algorithm  is  free  of  dissipation  and  becomes 
identical  to  Newmark’s  trapezoidal  rule,  see  e.g.[l]  .  The  special  properties  of  the  algorithm  are 
worked  exit  in  [12]  and  [13].  Ihe  algorithm  is  second  order  accurate  for  0,  in  the  range  of  (6).  'Hie 
influence  of  the  lower  frequency  range  is  not  significant  lor  the  accuracy.  Compared  to  the 
Newmark-  (3  method  two  additional  vector  operations  in  each  time  step  arc  necessary.  This  is  the 
price  for  introducing  numerica.  dissipation.  Cbmparcd  to  other  dissipative  algorithms  the  advantages 
of  the  new  method  are  a  better  behavior  in  the  first  time  steps  (overshooting),  higher  accuracy  for 
damped  and  undamped  systems  (  second  order ),  no  spurious  root  in  the  lower  frequency  range  and 
a  b  etter  performance  for  nonlinear  systems,  for  details  see  [13].  The  0,-  method  can  be  imple¬ 
mented  as  shown  in  table  1.  A  Newton-  Raphson  strategy  is  used  to  solve  the  nonlinear  equation 
iteratively. 


3.  ITERATION  STRATEGIES  AND  CONVERGENCE  CHECKS 

As  already  mentioned  the  convergence  of  the  step-  by-  step  integration  met  beds  and  even  more 
the  convergence  of  the  Ncvton-  Raphson  iteration  can  not  be  guaranteed  in  general.  A  reliable  algo 
rithm  must  control  the  out-  of-  hilance  forces  or  residuals  rn+ ,  =  Ap*  which  must  be  iteratively  go 
to  zero.  If  a  simple  equilibrium  balance  without  iteration  in  each  time  step  is  performed  the  solu¬ 
tion  may  diverge  in  the  case  of  large  time  steps.  An  equilibrium  iteration  within  the  time  step  leads 
to  a  solution  path  which  is  closer  to  the  exact  solution.  Ihe  out-  of-  balance  forces  rn  +  ,  must  lx 
lethcr  than  a  sharp  boundary  c  which  is  close  to  the  machine  accuracy. 

■3.-M  =  P*+i  -  f*+t  -  M  a,*,  residual  forces  (7) 

I  lr/t  +  l  I  b  s  *-r  I  |fn  +  l  |  I2  (8) 
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< 


time  step  loop 


-*11-  ±y 


■  °.  .  =  (1  -20?)a  -46?  —v 

n  +  t  In  *  At  n 

v°  .  =  (46?  —  60?  +  l)v  +  (20?  -  30?  +  6.) At » 

n  ♦  1  1  t  n  l  1  1  « 

d  °  .  =  d  +  (1  -  0.) At  v 

n  +■  1  n  l  n  _ 

Kt  =  K  (dn)  stiffness  matrix  (reformed  if  necessary) 

f°  =  f (d  )  nodal  forces 


predictor 


v  =  v1*1.  +  (1  —  0  )Ata 

n  + 1  n  + 1  I  n 


d  =  d i+1 

n  ♦  1  n  ♦  1 


Tab.  1  :  Iterative  predictor  multicorrector  scheme  of  the  0i  -method  in  nonlinear  problems 
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The  equilibrium  check  does  not  guarantee  an  overall  convergence.  Multiple  roots  and  saddle 
pants  of  the  nonlinear  equation  will  not  be  recognized.  In  time  history  calculations  an  accumulation 
of  energy  may  occur  as  a  consequence  of  the  linearization  process  even  if  (8)  is  fulfilled  in  every  time 
step.  To  control  this  in  a  practical  calculation  we  have  only  an  energy  quantity  available  from  the 
discrete  system  during  the  time  history  which  is  not  exact.  But  we  can  give  estimates  by  introducing 
the  following  energy  quantities  : 

i4„+i  =  A*  +  AA  external  energy  (9) 

AA  =  dj  (p„m  -  p.  )  +  AdT  p„+1 


En+l  =  TH+l  +  Wn+ 1  internal  energy 

Th+  i  =  Tn  +  A  T  kinetic  energy 

AT  =  Y  vj+1  M  v„+,  -  J  yl  M  v* 

=  Wn  +  AW  strain  energy 
AH'  =  \  Adr  (  f„+,  +  f,  )  +  \  Adr  (  rBTl  +  r„  )  +  AS 


Fig.  1  :  Strain  energy  for  the  internal  nonlinear  forces 


(10) 

(H) 

(12) 


For  the  external  energy  A„+1  (9)  linear  loads  p„  are  assumed.  In  the  case  erf  plasticity,  friction 
or  damping  additional  energy  terms  must  be  taken  into  account.  They  are  neglected  here  for  simpli¬ 
city.  The  kinetic  energy  (11)  can  be  calculated  exactly  if  the  velocities  are  exact.  The  strain  energy 
(12)  can  only  be  approximated  in  the  nonlinear  case.  The  out-  erf-  balance  forces  rn+  j  and  rn  can  be 
reduced  to  zero  with  equilibrium  iterations.  If  we  assume  W(f)  linear  within  the  time  step  the  term 
AS  will  be  zero.  But  in  general  we  can  not  neglect  the  nonlinear  part  AS,  see  figure  1 .  If  the  tangent 
stiffness  K„  at  time  t„  is  available  we  can  calculate  a  lower  and  upper  bound  or  a  rough  estimate  of 
AS  : 
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lAd'U  +  K.  Ad-f„+1) 


(14) 


M  = 


The  energy  can  new  be  controlled  by  the  foflewing  criteria: 

En+X  <  (l+eE)E„  +  AA  (15) 

If  the  term  A 5  in  (12)  is  neglected  it  can  be  shown  by  inserting  (7)  -  (12)  into  (15)  that  the  criteria 
leads  to 

jAdr  (r„+i  +  r„  )  s  eE  £„  (16) 

The  Newmark  trapezes  dal  rule  for  example  conserves  the  energy  in  the  sense  of  (16)  neglecting 
AS  if  (8)  is  fulfilled,  see  also  [18].  Although  (16)  is  fulfilled  the  term  AS  accumulates  in  some  spe¬ 
cial  cases  causing  a  drift  of  the  numerical  solution  ,see[17]  for  details.  The  trial  to  repair  the  scheme 
with  a  Lagrangian  constraint  equation  [17]  remains  on  a  discrete  energy  quantity  which  is  not  exact 
because  AS  is  still  neglected.  It  may  be  better  to  use  the  estimate  (14)  for  an  improved  energy  con¬ 
trol. 

In  comparison  to  the  trapezoidal  rule  dissipative  methods  are  able  to  compensate  the  accumula¬ 
tion  of  AS  in  the  higher  frequency  range  so  that  a  refined  energy  control  with  (14)  is  rather 
necessary.  It  will  be  shown  in  the  next  chapter  that  the  introduction  of  numerical  damping  is  a  reli¬ 
able  alternative  to  avoid  energy  accumulation  from  stiffness  jumps  in  the  higher  frequency  range. 


4.  EXAMPLES 

To  demonstrate  the  effects  of  the  numerical  solution  with  step-  by-  step  integration  methods 
two  single  degree-  of-  freedom  systems  are  used.  In  multidegree-  of  freedom  systems  the  effects  may 
be  smoothed  over  the  structure  and  not  be  recognized. 


4.1.  Hardening  Spring 

A  geometric  nonlinear  spring  is  tested,  see  figure  2.  This  example  has  been  used  by  several 
authors,  see  e.g.[5],  because  it  is  convenient  to  show  the  accuracy  erf  the  step-  by-  step  integration 
algorithm  in  the  nonlinear  case.  The  undamped  free  vibration  of  the  spring  with  an  initial  displace¬ 
ment  is  described  by  the  equations  : 


m  u(t)  +  /(«(*))  =  0 


(17) 


u  ( t  =0)  =  Uq 
u  (r  =0)  =0 


f(u)  =  2 


' 

' 

c  u  -i-  pr 

u  u 

(  l2  +  u2  E 

l  (  /2  +  u2  )l/2 

*<“>  -  fir  - 2 


(  l2  +  «2  )^ 


+  EF 


l  (  /2  +  u2) 


u 


(18) 


(19) 
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geometrically  nonlinear 
geometrically  linear 


Fig.  3  :  Relative  period  error  in  the  maximum  displacement  during  20  periods  with  constanttime 
step  size  A/  /T0  =  1/200 


The  equation  ( 17)  is  solved  numerically  by  the  following  methods  : 

Newmark’s  trapezoidal  rule 
Oj-  method  with  0t  —  0.98 

unified  set  from  [20]  with  parameters  from  table  II  in  [20]  to  get  spectral  identity  to  the  a- 
method  of  Hilber  with  a  =  -  0.05 
Wilson  0  method  with  0  =  1.4 

The  force  (18)  is  linearized  in  each  time  step  with  the  tangent  stiffness  (19).  No  iteration  is 
performed  within  the  time  step  to  show  the  accuracy  of  the  time  step  algorithm  allone.  In  every 
period  the  mass  must  return  to  the  initial  position.  This  requirement  is  used  to  define  the  error  in 
the  displacement  amplitude.  A  calculation  with  very  short  time  steps  converges  to  the  quasi  exact 
period  T0  =  0.  264  791  269  s.  This  period  is  divided  into  N  time  steps  At.  The  accumulation  of 
the  error  from  one  to  twenty  periods  with  a  constant  time  step  (  N  =  200  time  steps  per  period  )  is 
shown  in  figure  3.  The  0r  method  shows  a  good  accuracy  which  is  very  close  to  the  most  accurate 
trapezoidal  rule.  Other  dissipative  methods  must  pay  for  the  introduction  of  numerical  damping  with 
a  loss  of  accuracy. 


4.2.  Bilinear  Softening  Spring 

The  stability  of  the  methods  is  now  tested  for  a  suddenly  softening  spring,  see  figure  4.  This 
example  has  already  been  used  in  [17]  to  investigate  the  behavior  of  Newmark’s  trapezoidal  rule.  It 
is  a  very  theoretical  system  but  stiffness  jumps  can  often  occur  and  it  is  of  general  interest  to  know 
what  happens  with  the  algorithms  at  nondifferentiable  points  of  the  internal  forces  f(u(t)).  The  main 
interest  for  this  example  is  the  stability  of  the  algorithms  and  not  the  accuracy.  The  free  vibration 
with  an  initial  velocity  is  solved  numerically  : 


u(t)+f(u(t))  =  0  (20) 

u(l  =  0)  =  u0  =  0 

ii  ( t  =0)  =  do  =  25 

f  100  «  |«  |  =s  2 

~  {  200  |  u  |  >  2  (21) 

The  problems  of  this  example  arrise  from  the  accumulation  of  the  error  AS  in  the  strain  energy. 
By  refining  the  time  steps,  the  quasi-  exact  period  T0  =  0.  670  918  with  the  amplitude  umi  = 
2.56643  is  determined.  The  effects  of  the  out-  erf-  balance  forces  rn  and  rn+1  are  eliminated  com- 
pletly  with  three  iterations  per  time  step. 

Newmark’s  trapezoidal  rule  and  the  0r  method  with  9,  =  0.98  are  compared.  The  figure  6 
shows  the  energy  over  time  for  the  step  size  At  =  0.3  T0  =  0.2.  The  trapezoidal  rule  overestimates 
the  energy  strongly.  This  behavior  is  known  from  [17].  The  overestimation  occurs  only  in  the  range 
of  0.2  T0  s  At  <  0.4  T0.  The  0r  method  dissipates  the  effect  of  AS  in  the  desired  manner  over  the 
whole  frequency  range.  Tune  step  sizes  At  >  0.05  T0  occur  in  multi-  degree-  of  freedom  systems  in 
the  higher  frequency  range,  when  unconditionally  stable  implicit  methods  are  used.  It  is  desired  to 
damp  these  frequencies  out  if  they  are  not  excited.  The  0j-  method  is  able  to  maintain  its  dissipative 
property  in  the  higher  frequency  range  even  for  nonlinear  problems. 
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Fig.  5  :  Energy  during  350  time  steps  with  A/  =03TC  «  0.2 
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5.  CONCLUSIONS 


It  was  shown  that  the  0r  method  is  a  reliable  algorithm  to  treat  nonlinear  dynamic  problems. 
The  accuracy  in  the  lower  frequency  range  is  dose  to  Newraark’s  trapezoidal  rule  which  is  known  as 
the  most  accurate  second  order  method.  The  0r  method  possesses  the  desired  dissipation  in  the 
higher  frequency  range  which  even  works  for  extreme  stiffness  jumps.  The  computational  effort  is 
not  increased  significantly  compared  to  Newmark’s  trapezoidal  rule.  In  the  case  erf  lower  frequency 
response  the  0j-  method  is  a  powerful  tool  to  solve  nonlinear  dynamic  problems. 

Further  investigations  are  necessary  to  shew  the  behavior  cf  the  method  in  large  scale  systems 
compared  to  other  knewn  methods.  More  theoretical  insight  is  required  for  the  energy  criteria  to 
control  the  algorithm.  The  energy  can  only  be  calculated  in  a  discretized  form  and  has  to  be  used 
carefully  because  it  is  not  the  real  energy  of  the  system.  In  this  particular  point  further  research  has 
to  be  done  to  obtain  reliable  control  criteria  for  the  algorithms. 
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ON  SOME  ASPECTS  OF  OPERATIONAL  ERROR  DISTRIBUTION  AND 
PROPAGATION  IN  DIRECT  INTEGRATION  FOR  NONLINEAR  DYNAMICS 

F.  Brancaleoni  and  C.  Valente 

Department  of  Structural  and  Geotechnical  Engineering 
University  of  Rome  "La  Sapienza" 


1 .  INTRODUCTION 

Performance  evaluation  criteria  of  integration  algorithms  for  the 
direct  time  solution  of  linear  or  nonlinear  discrete  structural  dynamics 
problems  are  stability,  accuracy  and  high  mode  components  filtering 
properties,  overshoot  characteristics,  implementation  effort,  error 
propagation  behaviour.  The  latter  item,  to  which  this  paper  is  devoted,  is 
growing  in  importance  with  the  present  diffusion  of  large  scale  dynamic 
analyses  comprising  geometric  and  material  nonlinearities. 

Attention  is  herein  given  to  operational  error,  which,  with  the 
definition  first  given  by  Felippa  and  Park  [1,2],  is  the  error  introduced 
by  inexactness  in  the  solution  of  the  algebraic  equations  that  must  be 
solved  at  each  time  station.  For  linear  problems  such  inexactness  is 
strictly  related  to  the  solution  precision  in  finite  arithmetics  of  a  set 
of  linear  equations  and  it  can  hence  be  dealt  with  by  adequate  procedures 
and  by  increasing  the  number  of  significant  digits  in  the  computation.  In 
nonlinear  analyses  on  the  contrary  the  operational  error  is  related  to  the 
precision  of  the  step  solution  of  the  nonlinear  problem  and  it  hence 
depends  on  the  scheme  adopted,  typically  linearized  or  iterative,  with  con¬ 
vergence  controlled  by  different  possible  criteria,  based  on  tolerances 
specified  by  the  analyst.  Such  tolerances  are,  to  limit  the  computational 
error,  usually  considerably  larger  then  the  machine  precision:  con¬ 
sequently,  the  errors  attainable  for  linear  systems  are  far  smaller  or  neg¬ 
ligible  when  compared  to  those  characteristic  of  non  linear  ones. 

It  is  known  that  when  adopting  direct  integration  algorithms  opera¬ 
tional  errors  undergo  propagation  and  amplification  while  progressing  with 
the  solution,  according  to  laws  associated  to  the  operator  class  and  to  the 
implementation  path  adopted  [1,2,3],  Though,  the  research  work  carried  out 
on  error  propagation  in  structural  dynamics  applications  has  always  been 
based  on  the  assumption  of  uniform  distribution  between  two  extremal 
values.  While  this  has  provided  useful  guidelines  for  the  understanding  of 
the  phenomenon,  neither  of  the  two  latter  hypotheses  can  be  considered  ac¬ 
ceptable  in  non  linear  applications.  Nothing  does  in  fact  suggest  specifi¬ 
cally  a  uniform  distribution;  as  to  the  extremal  limiting  values  it  must  be 
noted  that  in  standard  procedures  tolerances  are  typically  specified  in 
terms  of  generalized  forces,  while  the  equation  solution  is  carried  out  in 
generalized  displacements  or  in  their  derivatives.  With  a  nonlinear  force- 
displacement  relationship  the  tolerance  limits  on  forces  do  not  correspond 
to  fixed  limits  for  displacements,  making  the  second  assumption  untrue. 

A  first  section  of  the  present  paper  is  hence  devoted  to  providing 
information  on  the  possible  error  distributions  in  non  linear  problems. 
Their  main  features  are  conveniently  exemplified  and  discussed  on  the  basis 
of  numerical  experiments  on  simple  oscillators:  some  points  concerned  with 
further  aspects  arising  in  multi  d.o.f.  cases  are  also  mentioned.  The  data 
obtained,  while  far  from  being  exhaustive,  are  sufficient  to  allow  the 
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proposal  of  simplified  theoretical  error  distributions  associated  with  the 
different  situations  determined.  Such  distributions  are  in  a  second  section 
treated  within  the  framing  of  an  algorithm  for  the  analysis  of  error 
propagation,  a  preliminary  version  of  which  was  proposed  by  one  of  the 
authors  in  [4] .  It  is  assessed  that  also  the  distribution  of  the  step  error 
affects  the  propagation  characteristics  significantly.  Amplification 
characteristics  for  representative  integration  operators  are  determined  and 
discussed  on  wide  ranges  of  reduced  frequencies  (frequency/time  step 
ratios) .  Results  are  presented  both  in  form  of  evolution  histories  and  of 
error  spectra. 

2.  OPERATIONAL  ERROR  DISTRIBUTION 

2.1  Risers §.Lqu  on,  simple  .systems 

Once  tackled  in  a  systematic  manner,  the  problem  of  possible  opera¬ 
tional  error  distributions  reveals  rather  complex,  so  that  some  of  its  main 
features  can  be  best  illustrated  preliminarly  on  simple  single  d.o.f. 
cases.  The  test  case  considered  is  concerned  with  the  analysis  of  free  os¬ 
cillations  with  geometric  nonlinearities  and  namely  those  of  a  three  pins 
elastic  strut  with  vertical  initial  velocity  conditions,  see  fig.  la.  The 
corresponding  type  of  nonlinearity  is  continuous  and  is  illustrated  in  the 
force-displacement  graph  of  fig.  lb,  where  also  the  displacement  level 
reached  in  the  test  oscillations  considered  is  shown.  A  small  amount  of 
tensile  prestressing  provides  non-zero  initial  geometric  tangent  stiffness; 
the  ratio  between  maximum  and  minimum  tangent  stiffness  with  the  range 
covered  during  the  oscillations  is  reported  on  the  same  graph.  The  solution 
scheme  adopted  uses  locally  the  implementation  path  described  in  section  3. 
and  the  average  acceleration  method  as  integration  operator,  with  a  total 
lagrangian  formulation.  The  local  solution  at  each  time  step  is  achieved 
via  Newton-Raphson  iteration.  The  solutions  referred  to  as  "exact",  as  com¬ 
pared  to  "approximate"  for  error  determination,  were  also  determined 
numerically;  care  was  given  to  avoiding  influence  of  machine  precision  and 
of  algorithmic  frequency  and  phase  distortion.  The  convergence  criterion 
adopted  is  based  on  the  reduction  of  an  unbalanced  nodal  forces  norm  below 
a  specified  value,  which  simplifies  in  this  case  to  the  unbalanced  vertical 
force  in  the  centre  node.  One  further  aspect  must  be  stressed:  in  the  fol¬ 
lowing  shall  be  presented  results  obtained  with  different  tolerances,  some¬ 
times  labeled  as  "large"  or  "small".  Aiming  at  investigating  ranges  of  in¬ 
terest  for  the  analysts,  all  the  cases  examined  produce  results  expected  to 
make  sense  in  typical  applications,  even  if  they  span  from  "rough"  to  "very 
precise"  in  everyday  structural  analysis  terminology.  As  a  whole,  the  pro¬ 
cedures  and  cases  considered  are  intended  to  be  representative  of  standard 
cases  in  engineering  computations  for  nonlinear  dynamics  problems. 

The  first  example  presented  refers  to  a  tolerance  in  force  that  can 
be  considered  "large":  the  associated  static  displacement  error  for  the 
linearized  initial  configuration  is  of  5%  of  the  maximum  displacement 
during  vibrations,  while  decreasing  rapidly  for  increasing  displacement. 
Fig.  2  shows  the  operational  error  time  evolution  in  a  branch  centered 
around  a  maximum  of  the  free  oscillations  response.  The  error  decreases 
regularly  in  the  first  part,  to  increase  also  regularly  subsequently  and  to 
show  in  the  second  part  sudden  decreases  followed  by  again  regularly  in¬ 
creasing  branches.  The  cause  of  such  configuration,  which  was  found  to  be 
typical,  is  simple:  each  regular  part  of  the  error  evolution  is  associated 
to  a  constant  number  of  iterations  in  the  local  step  solution.  When  the 
response  evolves  towards  its  maximum  (A  zone)  the  structural  nonlinearity 
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decreases  and  ro  such  n'unber  of  iterations  corresponds  a  decreasing  error. 
Once  the  maximum  has  been  attained  and  the  displacement  decreases,  the  non¬ 
linearity  grows  and  st  does  the  error  (B  zone),  until  the  number  of  itera¬ 
tions  becomes  insufficient  to  allow  respecting  the  specified  tolerance 
(point  C)  .  One  more  iteration  is  then  added  and  the  error  collapses,  to 
resume  its  growth  (D  zone)  until  the  number  of  iterations  becomes  insuffi¬ 
cient  again  and  the  phenomenon  repeats.  The  behaviour  about  the  response 
peak  is  better  depicted  in  the  enlargement  in  fig.  3.  It  can  also  be  seen 
that  the  error  has  the  same  sign  throughout  the  part  of  response  con¬ 
sidered.  The  corresponding  distribution  histogram  is  shown  in  fig.  9 .  The 
fewer  sparse  larger  displacement  errors  are  associated  to  the  response 
branch  about  the  initial  configuration  (minimum  stiffness). 


When  decreasing  the  tolerance  such  picture  changes  progressively;  an 
"intermediate"  precision  case  (static  displacement  error  associated  to  the 
force  tolerance  0.5%  of  the  maximum  displacement)  shows  the  error  distribu¬ 
tion  of  fig.  5.  Several  new  characteristic  features  are  better  pointed  out 
by  a  "small"  tolerance  case  (static  displacement  error  associated  to  the 
force  tolerance  0.005%  of  the  maximum  displacement).  Fig.  6  shows  a  brief 
part  of  the  corresponding  response  for  a  branch  with  increasing  non¬ 
linearity.  The  pattern  commented  before  is  replaced  by  a  far  less  regular 
one;  the  increase  of  error  at  constant  number  of  iterations  does  still  take 
place,  but  the  growth  is  not  monotonic  and  its  decrease  at  number  of 
iterations  variation  produces  often  also  a  change  of  the  error  sign.  Svich 
marked  irregularity  implies  a  significant  change  of  the  distribution-,  the 
errors  show  a  potentially  very  dangerous  trend  towards  concentration  at  a 
number  of  restricted  fields  of  either  sign,  see  fig.  7. 
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Truss  element  properties: 

Young's  modulus  1 

Cross  sectional  area  1 

Unstrained  length  Lq  -  0.99L 

Fig.  la  -  One  d.o.f.  geometrically 
nonlinear  test  oscillator 
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Fig.  2  -  Operational  error 
evolution,  "large"  Tolerance 


Fig.  3  -  Detail  of  fig.  2, 
as  therein  indicated 
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Fig.  4  -  Operational  error 
distribution,  "large"  tolerance 
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Fig.  6  -  Operational  error 
evolution,  "small"  tolerance 
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Fig.  5  -  Op .  error  distribution, 
"intermediate"  tolerance 


Fig.  7  -  Operational  error 
distribution,  "small”  tolerance 


2 . 2  Remarks 


The  results  shown,  despite  their  limitations,  allow  to  state  that 
operational  errors  occurring  in  nonlinear  dynamics  solution  procedures  are 
characterized  by  evident  peculiarities,  each  connected  to  different  situa¬ 
tions.  In  particular  the  effects  of  varying  nonlinearity  and  tolerance 
levels  have  been  demonstrated.  Within  one  d.o.f.  structures  the  same  con¬ 
clusions  have  been  found  to  stand  also  for  other  standard  solution  stra¬ 
tegies,  such  as  constant  stiffness  iteration  procedures.  In  multi  d.o.f. 
cases  the  picture  becomes  far  more  complex,  as  several  further  variables 
play  a  significant  role.  Among  them  can  be  quoted  convergence  criteria  and 
types  of  loading,  plus  the  different  error  distributions  for  different  de¬ 
grees  of  freedom  caused  by  the  possible  uneven  location  of  nonlinearities 
on  the  structure.  The  study  of  multi  d.o.f.  cases  cannot  be  restricted 
within  the  limits  of  this  paper;  it  has  been  considered  of  more  interest  in 
the  present  stage  of  the  work  to  propose  a  number  of  simplified  theoretical 
error  distributions  derived  from  those  observed  experimentally  and  to  study 
their  propagation  behaviour  in  actual  time  integration  procedures. 

Five  artificial  error  distributions  have  been  considered.  The  first 
two,  labeled  A  and  B,  do  not  descend  from  experimental  evidence  and  are  to 
be  assumed  as  reference  ones.  Case  A  is  characterized  by  uniform  error  be¬ 
tween  two  extremal  values,  as  proposed  in  [4,5],  fig.  8a.  Case  B  has  a 
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Gauss  distribution  with  zero  mean  and  given  standard  deviation,  fig.  8b. 
Three  distributions  are  associated  to  the  results  shown,  see  figs  8  c,d,e, 
and  namely  to  a  number  of  selected  characteristic  zones:  it  has  been  in 
fact  deemed,  for  an  easier  interpretation  of  the  phenomenon,  not  to  attempt 
a  simultaneous  simulation  of  the  whole  set  of  experimental  distributions. 
Case  C  and  D,  associated  with  the  situations  of  fig.s  6  to  9  assumed  to 
take  place  symmetrically  or  non  symmetrically,  are  produced  by  a  couple  or 
a  single  Gauss  distribution  with  means  — e  +e  and  +e  respectively,  plus  a 
given  standard  deviation.  Case  E,  associated  with  situations  such  as  that 
shown  in  fig.  4,  is  produced  by  an  half  gaussian  distribution,  again  with 
given  standard  deviation.  Note  that  the  graphs  of  fig.  8  show  error  dis¬ 
tributions  as  artificially  generated  and  adopted  in  the  numerical  propaga¬ 
tion  analysis  procedure  described  in  section  3.  The  fewer  large  sparse  er¬ 
rors  connected  with  low  stiffness  high  non  linearity  branches  of  the 
response  have  not  been  considered  in  this  stage. 
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Fig.  8 

a)  error  distribution  A 

b)  error  distribution  B 

c)  error  distribution  C 

d)  error  distribution  D 

e)  error  distribution  E 
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OPERATIONAL  ERROR  PROPAGATION 


3 . 1  Implementation  paths 


A  linear  multistep  method  (LUM)  specialized  to  second  order  ordinary 
differential  equations  (ODE)  can  be  written  in  the  general  form: 


T  a.q  ,  -  At  Y  B  q 

inn-i  Mi-i 


m  >  1 ,  n  >  m 


£  Wi  -  Mn-i 


*  o,  7n  H  0 


where  for  direct  consistency  It  must  be  and  the  normalization  a0~7  -1 
is  assumed  and  rj  is  the  associated  necessary  scalar.  Following  [8],  the 
known  terms  of  (1)  at  past  time  stations  can  be  collected  in  separate  vec¬ 
tors  as : 
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Substituting  (3)  into  the  standard  second  order  linear  equations  of 
motion  written  at  opportune  time  stations  and  solving  in  displacements  one 
obtains : 


A  a  -  1 

n  ni  n 

where  the  step  matrix  An  and  the  generalized  load  vector  ln  are: 

An  -  M  +  AtjD  +  AtjAtjK 

1  -  M(At  Atb  q  -  c  q)  +  At  Dh  q  +  At  At.f 

n  in  n  '  in  Bin 


(5) 


(6) 


Different  implementation  paths  are  possible  for  the  above  formula¬ 
tion,  see  [1,2],  in  connection  to  different  orders  of  the  operations  to 
carry  out  at  each  time  station.  The  one  selected  here,  see  table  9,  to  ex¬ 
emplify  the  error  propagation  behaviour  is  spontaneous  for  second  order  ODE 
and  among  the  most  commonly  used  in  finite  element  codes.  Note  that  for 
second  order  ODE  all  the  implementation  paths  proposed  to  date  are  affected 
by  significant  error  amplification  and  the  one  shown  is  no  exception. 


Table  9  -  Implementation  path  for  second  order  algorithms 

i)  Compute  historical  terms  hrq,  Knq  from  available  quantities  at  past 
time  stations 

ii)  Compute  generalized  loading  term  ln 

iii)  Compute  step  matrix  An 

iv)  Solve  in  displacements  at  current  station  qn  -  An’1In 

v)  Compute  velocities  and  accelerations  at  current  station  q  ,  q  from 
displacements  qn  through  the  algorithmic  difference  formulae"  (1)" 

vi)  Advance  to  next  time  station 
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The  largest  operational  error  introduced  in  any  implementation  of 
time  integration  procedures  is  associated  to  the  part  in  which  the  solution 
of  the  linear  or  nonlinear  set  of  equations  is  carried  out,  such  as  step 
iv)  of  table  9.  The  proposed  technique  for  the  analysis  of  the  operational 
error  propagation  is  based  on  numerical  experiments  in  which  while  perform¬ 
ing  a  time  integration  procedure  the  said  equations  set  is  solved  with  high 
digital  precision  and  an  artificial  error  vector  S  of  given  distribution  is 
added  to  such  solutior  at  each  time  station;  step  iv)  of  table  9  would  e.g. 
become : 


q  -  A  ‘l  +  E 

n  n 


In  the  following  the  propagation  shall  be  studied  for  a  single  d.o.f. 
linear  oscillator,  so  reducing  the  artificial  error  to  a  scalar  £,  to  which 
the  distributions  A  to  E  discussed  in  2.2  are  given.  The  behaviour  is  known 
to  be  strongly  affected  by  the  At/TQ  ratio:  the  analysis  of  different 
stepsizes  for  a  one  d.o.f.  case  is  representative  of  the  amplification  be¬ 
haviour  for  the  modal  response  of  stiff  ODE  systems. 


The  LMM  formula  considered  is  the  average  acceleration  method  (AAM) : 
this  aspect  warrants  some  further  discussion.  References  [1-4]  have  clearly 
shown  that  the  propagation  characteristics  of  a  LMM  method  are  affected  far 
more  significantly  by  the  implementation  path  then  by  its  algorithmic 
properties,  but  for  At/TQ  >  1  (large  stepsizes),  where  the  algorithmic 
damping  becomes  important  and,  if  present,  cancels  the  response  for  the 
corresponding  frequencies.  The  AAM  operator  has  no  algorithmic  damping:  it 
can  hence  be  considered  representative  of  the  behaviour  of  any  standard  LMM 
for  At/TQ  <  1  (sma)l  stepsizes)  and  only  of  LMM  possessing  no  amplitude 
decay  for  At/T0  >  1.  The  large  stepsizes  range  for  LMM  with  amplitude  decay 
is,  being  canceled,  of  no  special  Interest. 

Evolution  histories  for  the  A  distribution  and  five  At/T  values 
(0.001,  0.1,  1,  10,  1000)  are  reported  in  fig.  10.  The  extremal  values 
given  to  the  artificial  error  are  of  ±1,  so  that  the  response  can  be  inter¬ 
preted  directly  as  an  amplification  factor  of  the  maximum  operational  er¬ 
ror.  The  known  trend  [3,4]  towards  high  values  in  the  very  large  and  very 
small  stepsize  ranges,  with  lower  values  for  the  intermediate  ones,  is  evi¬ 
dent.  The  detail  histories  reported  for  a  number  of  cases  show  that  the 
spurious  oscillations  take  place  with  a  period  related  to  the  inverse  of 
the  At/TQ  ratio  for  small  steps,  while  converging  asymptotically  towards 
2At  for  the  large  ones.  This  latter  aspect  Is  due  to  the  known  property  of 
LMM  with  no  algorithmic  damping,  which  concentrate  all  the  energy  as¬ 
sociated  to  periods  smaller  then  the  integration  step  on  a  oscillation 
having  continuous  sign  inversion  and  hence  2At  period.  The  response  ob¬ 
tained  is  always  the  sum  of  two  armonic  components,  the  first  on  the  oscil¬ 
lator  frequency,  plus  a  spurious  one  with  the  said  characteristics. 

The  same  pattern  is  encountered  for  the  distributions  C,  D,  E,  fig.s 
II  to  13,  for  which  only  three  stepsizes  are  exemplified,  but  with  con¬ 
siderable  variations  of  the  amplification  factor  values  and  of  its  depen¬ 
dence  on  the  integration  step.  In  all  the  cases  considered  a  stabilization 
of  the  amplification  factor  has  been  attained  after  an  adequate  number  of 
steps  (not  always  reached  in  the  graphs) ,  also  confirming  known  theoretical 
results  based  on  asymptotic  estimate  techniques [ 2 , 6 , 7 ] .  Note  that  the  error 
distribution  B  has  not  been  reported,  due  to  its  lesser  interest. 
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Fig.  10  -  Error  distribution  A 

a)  At/TQ  -  0.001  (10*  steps) 

b)  At/TQ-0.1  (10*  steps+detail  on  103) 

c)  At/TQ-1  (103  steps+detail  on  102) 

d)  At/T0-10  (103  steps+detail  on  50) 

e)  At/T0«1000  (103  steps+detail  on  50) 
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Fig.  11  -  Erro  •  distribution 

a)  At/T0  -  0.001  (10*  steps) 

b)  At/Tfl-1  (103  steps) 


j  c)  At/T0-=1000  (103  steps) 


bu 


Fig.  12  -  Error  distribution  D 

a)  At/T0  -  0.C01  (10*  steps) 

b)  At/TQ-1  (103  steps) 

c)  At/TQ-1000  (103  steps) 
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Fig.  13  -  Error  distribution 

a)  At/TQ  -  0.001  (10*  steps) 

b)  At/T0-1  (103  steps) 

c)  At/T0-lOOO  (103  steps) 
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4.  FINAL  REMARKS  AND  CONCLUSION 

The  results  of  sect.  3  are  summarized  in  the  spectrum  of  fig.  14, 
which  shows  the  maximum  error  amplification  factor  versus  the  At/T0  ratio 
for  a  linear  single  d.o.f.  oscillator  and  the  five  distributions  studied. 
The  influence  of  this  latter  aspect  is  evident:  the  amplification  factor 
can  in  fact  change  of  orders  of  magnitude  with  respect  to  the  reference 
case  A  (uniform  error) .  Especially  severe  are  the  non  symmetrical  distribu- 


tions,  with  very  high  amplification  for  small  steps,  plus  a  peculiar  low 
propagation  in  the  intermediate  range . 

In  nonlinear  dynamics,  with  solution  accuracy  dominated  by  user 
specified  tolerances,  the  operational  error  propagation  experimented  is 
such  to  seriously  endanger  the  results.  The  field  treated  appears  hence  of 
extreme  interest  in  computational  mechanics:  among  other  topics,  the 
analysis  of  operational  error  distribution,  with  attention  to  multi  d.o.f. 
systems,  and  the  consideration  of  alternative  implementations  warrant  fur¬ 
ther  study.  For  the  latter  aspect  note  that  to  date  acceptable  propagation 
behaviour  has  been  obtained  [1-4]  only  via  previous  reduction  to  first  or¬ 
der  of  the  second  order  ODE  systems  arising  in  structural  dynamics. 


Fig.  14  -  Error  amplification  spectra 
for  different  distributions 
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impacting  systems  under  harmonic  forcing  [2,  3j  and  multi-degree  of  free¬ 
dom  impacting  systems  under  random  excitation  !  «]. 

The  work  presented  in  tMs  paper  •>.>  _•  ut  .v.  pr.i  •  .  -.;  sfucy  -.i  tr.e 
hu  vi  our  loosely  supported  heat  exchanger  tubes.  A  mathematical  moo-  _ 
Qfcod:  ;  hi  ng  the  motion  of  a  beam  impacting  against  a  support  is  prevented, 
based  upon  trie  assumption  that  the  motion  of  the  beam  is  linear  between 
impacts  but  highly  non- linear  at  the  time  of  impact.  The  object:  vm  z:  *» 
firstly  to  establish  the  importance  of  parameters  which  may  influence  the 
tube  response  such  as  tube  clearance,  alignment  and  secondly,  to  examine 
the  parameters  which  may  govern  the  wear  rate  (ie  impact  rate,  impact 
velocity,  time  between  successive  impacts).  This  model  is  formulated  in  a 
format  for  use  as  a  computer  simulation  algorithm.  The  results  obtained 
using  the  algorithm  are  presented  for  a  pi nned-pi nned  beam  undergoing  free 
vibration  with  an  intermediate  loose  support. 

2.  THEORETICAL  MODEL  OF  IMPACTING  BEAM 

In  this  section,  a  mathematical  model  is  presented  which  describes 
the  motion  of  the  beam  and  its  impact  dynamics.  This  model  is  formulated 
in  a  format  that  is  suited  for  the  purposes  of  computer  simulation.  The 
results  for  a  particular  case  are  based  on  the  model  which  will  be 
presented  in  subsequent  sections. 

First,  it  should  be  noted  that  the  beam  motion  is  highly  non-linear 
with  the  beam  velocity  being  discontinuous  at  the  point  of  impact.  This 
implies  that  conventional  numerical  integration  techniques  such  as  the 
Runge-Kutta  method  are  inapplicable.  In  this  study,  a  special  technique 
has  been  developed  which  incorporates  a  simplifying  feature  of  this  parti¬ 
cular  non-linear  motion;  this  feature  being  that  between  successive 
impacts,  the  motion  of  the  beam  is  linear.  Thus  for  each  time  interval 
between  impacts,  the  beam  motion  may  be  represented  by  a  modal  summation 
of  the  form 

^  Qs  (t)  if,  (x) 
j=1  J  J 


E  (x,t) 
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where  q.j(t)  is  the  principal  displacement  of  the  jth  mode,  <J>  j  ( x )  is  the 
jth  mode  shape  and  £.(x,t)  is  the  actual  displacement  of  the  beam  at  any 
time  t.  For  modelling  purposes,  a  finite  number  of  modes  N  is  used 
although  in  principle,  an  infinite  number  of  modes  are  required.  The  mode 
shapes  ^(x)  which  prescribes  the  beam  motion  between  impacts  correspond 
to  modes  where  the  intermediate  supports  (at  which  impacts  may  occur)  are 
absent . 

Since  a  linear  model  is  appropriate  for  equation 
co-ordinate  qj  satisfies  the  oscillator  equation 

Qj  ♦  Uj2  Qj  =  0 

yielding  solutions  of  the  form 

qj  (t)  =  Aj  cos  (a>jt)  +  Bj  sin  (a>jt)  (3) 

where  Aj  and  Bj  are  defined  by  the  initial  conditions  at  the  start  of  each 
time  interval.  No  damping  terms  have  been  included  in  the  formulation  of 
equation  (2)  for  the  purposes  of  this  study  although  this  could  quite 
easily  be  included.  In  addition,  it  is  assumed  that  there  are  no  losses 
of  energy  and  that  the  intermediate  supports  are  rigid.  The  latter 
assumption  implies  that  at  each  impact,  the  beam  receives  an  impulse  which 
causes  it  to  rebound  instantly  from  the  support  (ie  zero  contact  time  ). 

For  the  simulation  exercise  to  work,  it  is  necessary  to  piece 
together  the  various  time  intervals  between  impacts,  ie  to  model  each 
impact  and  relate  the  beam  displacement  and  velocity  just  before  the 
impact  to  the  new  displacement  and  velocity  at  the  beginning  of  the  next 
time  interval  just  after  impact. 

The  simulation  algorithm  is  described  as  follows.  Beginning  with 
the  linear  equation  of  motion  of  the  beam,  using  equation  (1),  the  res¬ 
ponse  is  simulated  exactly  by  taking  small  time  steps.  Eventually,  a  time 
is  reached  where  it  is  found  that  the  beam  has  penetrated  the  support. 
Using  the  method  of  bisections,  the  exact  time  of  impact  is  obtained  hence 
enabling  the  displacement  and  veiocity  of  each  principal  mode  to  be  calcu¬ 
lated  at  the  instant  just  prior  to  the  impact.  It  is  then  necessary  to 
calculate  the  new  tube  displacement  and  velocity  at  the  instant  just  after 
the  impact.  For  simplicity,  let  the  time  at  which  the  impact  occurs  be 
denoted  by  t=0.  In  addition,  let  the  displacement  and  velocity  just 
before  and  after  the  impact  to  be  denoted  by  £  (x,0_),  £  (x,0+)  and 
£(x,0_),  £(x,0,.)  respectively.  A  similar  notation  applies  for  the  prin¬ 
cipal  co-ordinates.  As  the  impact  has  no  time  duration,  the  displacement 
before  and  after  the  impact  will  be  identical  (ie  £  (x,0_)  =  £  (x,0+)  and 
Qj(x,0_)  =  qj  (x,0+).  Hence,  only  the  velocity  remains  to  be  calculated. 
Let  the  impulse  that  the  tube  received  from  the  support  be  denoted  by  P. 
Sii.ee  the  impulse  can  be  idealised  as  a  force  applied  for  an  infini¬ 
tesimally  small  duration,  the  impulse  applied  to  each  principal  mode  may 
be  calculated  by  the  usual  method  for  determining  principal  forces  from 
actual  applied  forces.  Thus,  the  impulse  applied  to  each  mode  is  given  by 
P 4> j  (x  )  where  4>j(x  )  is  the  value  of  the  mode  shape  at  the  location  x 
where  She  beam  toiichls  the  support.  rhe  new  velocity  of  each  mode  q.(0+? 
c a n  be  calculated  from  the  impulse  eouation  J 

cL  (0+)  =  q i ( 0_ )  +  P$.  (x  )/mi 
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where  m j  is  the  principal  mass  of  the  jth  mode.  P  can  be  calculated  cased 
on  the  assumption  of  conservation  of  energy.  The  impulse  does  not  add 
energy  to  the  system  but  merely  redistri butes  the  total  energy  between  the 
various  modes.  Because  no  energy  is  lost  as  a  result  of  the  impact,  the 
total  energy  before  and  after  an  impact  remains  constant.  In  addition, 
because  the  displacement  is  unchanged  at  the  impact,  the  strain  energy  ir. 
the  beam  remains  unchanged.  Hence,  for  equating  the  total  energy  before 
and  after  the  impact,  only  the  kinetic  energy  needs  to  be  considered. 
Thus  the  total  beam  kinetic  energy  before  and  after  impact  is  given  dv 

^  mj  [qj  (0_ )  ]  =  |  \6  nij  [  q  j  (0_  )  +  P<>j  ( x  ^  )/irij  ]  (5) 

using  equation  (4).  This  can  be  simplified  to 
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Since  P  is  independent  of  the  summation,  equation  (6)  may  be  rewritten  as 


P  f  q,  (0_>  >p i  Cx  )  -  p' 

J  J  Jo 


v  x  .)  /  m ; 


The  solution's  to  the  above  equation  are 


either  P  =  0  (no  impact)  or 


P  can  thus  be  calculated  from  known  values  of  . * 
equation.  Hence  from  equation  (4),  q  (0+)  is  obtained. 


COMPUTER  SIMULATION 


Simulation  of  the  displacement  response  of  the  tube  was  carried  out 
c.n  a  PDP  11/60  computer.  For  each  case  study,  time  histories  were 
generated  for  the  displacement  response  of  the  tube  at  the  support  loca¬ 
tion  and  at  a  nominal  midspan  location  L2  (see  figure  1)  over  a  duration 
of  two  minutes.  In  addition,  impact  velocities  and  the  time  duration 
between  successive  impacts  were  recorded.  Ten  degrees  of  freedom  were 
considered  in  each  case  and  the  energy  associated  with  each  degree  of 
freedom  was  computed.  A  sample  rate  of  15,000  samples  per  second  was  used 
to  achieve  accurate  resolution  of  the  times  between  impacts.  The  results 
presented  here  refer  to  the  free  vibration  of  a  mild  steel  beam  with 
pinned  end  supports  as  shown  in  figure  1.  The  beam  is  lm  in  length  with 
the  intermediate  support  located  at  0.49  m  from  one  end.  The  gap  between 
the  stops  at  the  intermediate  support  is  1.8  mm  (ie  the  maximum  beam  dis¬ 
placement  at  the  support  will  be  ±  0.9mm  when  centred  between  the  stops). 


Computer  simulations  were  carried  out  to  examine  the  effects  of  tube 
misalignment  with  the  support  by  resetting  the  lateral  position  of  the 
stops  in  relation  to  the  beam  position  at  zero  deflection.  The  amount  of 
misalignment  Q  is  expressed  as  a  percentage  and  is  defined  as 
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Cl 

Q  =  (1  -  )  x  100$ 


(9) 


where  C  =  maximum  beam  deflection  at  the  support  when  centred  between 
the  stops 

Cj  =  distance  between  the  upper  stop  and  the  beam  at  static  equili¬ 
brium 

C2  =  distance  between  the  lower  stop  and  the  beam  at  static  equili¬ 
brium 

and  C!  +  C2  =  2C 

Results  were  obtained  for  misalignments  Q  of  0$,  50%,  100%,  150%  and  200%. 

Further  tests  were  carried  out  to  investigate  the  effect  of  inc¬ 
reasing  energy  level  in  the  system  for  each  case  of  misalignment  used. 
This  was  achieved  by  prescribing  different  initial  conditions  namely, 
displacement,  velocity  and  mode  of  vibration.  For  this  investigation,  ten 
energy  levels  were  used,  ie  0.05  Nm,  0.1  Nm,  0.5  Nm,  1  Nm,  5  Nm,  10  Nm,  15 
Nm,  20  Nm,  25  Nm  and  30  Nm. 

Additional  simulations  were  carried  out  to  examine  firstly,  the 
effect  of  changing  the  mode  of  vibration  into  which  the  energy  is  first 
introduced  into  the  system  and  secondly,  the  effect  of  the  intermediate 
support  location  with  a  constant  level  of  energy  in  the  system. 

n.  EFFECT  OF  INITIAL  CONDITIONS 

Three  different  energy  levels  were  used  to  carry  out  this  investi¬ 
gation.  The  intermediate  support  was  located  at  midspan  (ie  Li  =  0.5  m) 
and  time  histories  were  generated  for  the  beam  response  at  the  support 
location  L x  and  at  the  nominal  midspan  location  L2  =  0.75  m.  Comparisons 
of  the  response  were  made  between  (i )  constant  energy  cf  0.8  Nm  introduced 
separately  into  mode  1  and  mode  3,  (ii)  constant  energy  of  6.3  Nm  intro¬ 
duced  separately  into  mode  3  and  mode  5  and  (iii)  constant  energy  of  25  Nm 
introduced  separately  into  mode  5  and  7. 

Figures  2a  and  2b  typically  show  the  displacement  spectral  densities 
at  the  support  location  L!  and  nominal  midspan  location  I2  respectively 
for  case  (i).  It  is  clearly  evident  that  the  responses  were  shown  to  be 
almost  identical  and  therefore  independent  of  mode  number  n  =  1  and  3. 
Results  obtained  for  cases  (ii)  and  (iii)  were  also  found  to  be  consistent 
with  the  above  trends.  Hence,  it  can  be  concluded  that  the  redistribution 
of  energy  among  the  various  modes  of  vibration  as  a  result  of  impacting  at 
the  support  is  independent  of  the  initial  conditions.  However,  it  is  only 
true  for  the  case  being  considered  here  (ie.  energy  is  conserved  in  the 
system)  . 

5.  EFFECT  OF  SUPPORT  LOCATION 

Simulations  were  carried  out  to  examine  the  effect  of  varying  the 
position  of  the  support  on  the  beam  response  with  constant  energy  in  the 
system.  Three  support  positions  were  tested,  namely  L,  =  0.45  m,  0.475  m 
and  0.5  m  for  five  different  e.  ergy  levels  of  0.1  Nm,  0.8  Nm,  3-25  Nm,  6.3 
Nm  and  25  Nm.  Results  obtained  in  all  cases  tested  exhibited  very  similar 
trends  as  typified  by  figure  3a  showing  the  displacement  spectral  densi- 
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ties  at  the  three  different  support  location  with  an  energy  level  of  0.1 
Nm.  It  is  evident  that  by  moving  the  support  away  from  the  midspan 
position  (ie.  Lj  =  0.5m),  the  level  of  impacting  will  decrease  for  cons¬ 
tant  energy  input  hence  the  non-linearity  in  the  response  will  compara¬ 
tively  be  of  a  lesser  degree.  This  would  imply  that  less  energy  redistri¬ 
bution  will  occur  hence  most  of  the  energy  is  retained  in  the  lower  order 
resonances.  This  is  indicated  by  the  level  and  the  peaky  nature  of  the 
higher  order  resonances  at  Li  =  0.45  ra  and  0.475  m.  With  the  support  at 
midspan,  two  effects  can  be  observed  from  the  response.  Firstly,  some  of 
the  resonances  are  not  excited  by  virtue  of  the  support  being  at  a  nodal 
position.  Secondly,  the  non-lineari ty  of  the  response  is  comparatively 
greater  as  indicated  by  a  small  shift  in  the  lowest  resonance  frequency 
and  a  greater  broadening  effect  of  the  higher  order  resonances  possibly 
due  to  increased  energy  redistribution.  These  trends  are  even  more  pro¬ 
nounced  for  the  highest  energy  level  tested  as  shown  in  figure  3b. 

6.  EFFECT  OF  TUBE'  MISALIGNMENT  AND  ENERGY  LEVEL 

Five  different  settings  of  tube  misalignment  were  used  in  this  study 
(ie.  Q  =  0,  50,  100,  150  and  200$)  and  for  each  setting,  ten  different 

levels  of  energy  were  tested,  namely  0.05,  0.1,  0.5,  1,  5,  10,  15,  20,  25 
and  ?0  Nm.  In  all  the  cases  tested,  the  position  of  the  intermediate 
support  was  located  at  =  0.495  m  such  that  it  would  not  coincide  with  a 
nodal  position.  Similarly,  the  simulated  response  at  the  nominal  midspan 
position  was  monitored  at  L2  =  C.71  and  not  at  0.75  m.  analysis  of  the 
results  were  carried  out  in  the  following  manner 

(i)  Displacement  spectral  densities  (DSD)  of  the  response  were  computed 
to  investigate  the  effects  of  non-lineari ty  (ie  frequency  shifting, 
broadening  of  resonance  peaks  etc). 

(ii)  Statistical  moments  were  computed  to  determine  the  nature  of  the 

responses  (ie.  standard  deviation,  skewness,  kurtosis).  For 

example,  for  a  Gaussian  process,  the  skewness  and  kurtosis  values 

are  0  and  3  respectively.  Alternatively,  normalised  probability 
density  functions  (PDF)  of  the  responses  were  obtained  to  highlight 
the  nature  of  the  responses.  Normalisation  of  the  data  was  carried 
out  by  subtracting  the  mean  value  from  each  data  point  and  dividing 
by  its  standard  deviation.  In  this  manner  it  is  possible  to  make 
comparisons  between  different  cases  of  misalignment  and  energy 
level . 

(iii)  Examination  of  the  statistics  of  the  impacts  at  the  support  were 

carried  out  by  monitoring  the  impact  rate  (no  of  impacts/ sec)  and 

the  probability  density  function  of  tne  time  between  successive 
impacts . 

(iv)  The  energy  redistribution  resulting  from  the  impacts  was  examined  by 
monitoring  the  percentage  contribution  of  the  energy  in  each  of  the 
principal  co-orainates  qj  to  the  total  energy  of  the  system. 

6. 1  Effect  of  Misalignment 

With  no  mi  sal igmwent  of  the  beam,  the  displacement  spectral  den¬ 
sities  (DSDs)  of  the  response  at  the  nominal  midspan  position  (L2  -  o.71m) 
for  increasing  levels  of  energy  are  shown  in  figure  4a  and  the  correspon¬ 
ding  PDFs  are  shewn  in  figure  4b.  At  the  lowest  energy  level  of  0.05  Nm, 
the  DSD  indicated  that  the  response  was  predominantly  due  to  the  lowest 
resonance  at  60Hz  and  character  i  sed  by  its  PDF  as  being  periodic  in 
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nature.  This  resonance  frequency  corresponded  cioseiy  to  the  fundamental 
resonance  of  a  pinned-pi nned  beam  with  the  intermediate  support  abse-.„. 
Similarly,  the  higher  order  responses  corresponded  to  those  of  the  pinned- 
pinned  boundary  condition. 

With  more  energy  in  the  system,  it  was  found  that  there  was  inc¬ 
reasing  non-linearity  once  significant  impacting  occurred.  This  was  high¬ 
lighted  from  the  DSDs  by  large  frequency  shifts  in  the  lowest  resonance, 
significant  broadening  of  the  peaks  and  eventually  being  overwhelmed  by 
off-resonant  contributions,  and  the  emergence  of  new  resonances  (eg.  at 
315  Hz  and  1020  Hz  for  the  highest  energy  level  tested).  At  the  highest 
energy  level  tested,  the  resonance  frequencies  corresponded  closely  to 
those  for  a  pinned- pinned-pinned  beam  indicating  that  the  intermediate 
support  was  effectively  acting  as  a  pinned  support.  The  corresponding 
PDFs  showed  that  the  responses  were  becoming  very  Gaussian  in  nature  with 
skewness  and  kurtosis  values  close  to  0  and  3  respectively. 

With  increasing  misalignment,  the  trends  were  foun^  to  be  very  simi¬ 
lar  once  significant  impacting  had  occurred  (ie.  for  energy  levels  greater 
than  0.5  Nm),  as  typified  by  figure  5a  for  the  case  with  misalignment  o  = 
200$.  The  frequencies  of  the  observed  resonance  peaks  for  large  energy 
levels  were  correlated  to  those  of  a  pinned-pinned-pinned  beam.  The  PDFs 
showed  that  the  responses  had  Gaussian  character i sti cs  even  at  the  lowest 
energy  level  tested  as  shown  in  figure  5b. 

Figure  6  illustrates  the  variation  of  the  impact  rate  with  energy  in 
the  system  for  different  levels  of  tube  misalignment.  For  energy  levels 
below  0.5  Nm,  it  can  be  seen  that  the  impact  rate  was  si gnif i cant! y  depen¬ 
dant  upon  increasing  misalignment.  At  higher  energy  levels,  very  little 
variation  of  the  impact  rate  was  observed  with  Disalignment;  showing  a 
proportionality  constant  of  approximately  0.5  between  the  impact  rate  and 
the  energy  level.  The  variations  observed  at  the  low  energy  levels  could 
possibly  be  due  to  discrimination  between  the  .number  of  positive  and  nega¬ 
tive  impacts  for  different  misalignments.  At  the  lowest  energy  level  of 
0.05  Nm,  the  impact  rate  was  shown  to  have  increased  with  increasing 
misalignment.  Closer  inspection  of  the  impact  rate  by  separating  the 
total  number  of  impacts  into  positive  and  negative  impacts  revealed  tnat 
with  misalignments  greater  than  50$,  the  impacts  were  all  positive.  At 
the  next  energy  level,  the  impacts  were  found  to  be  composed  of  a  large 
proportion  of  positive  impacts  and  some  negative  impacts.  It  can  be  seen 
that  the  impact  rate  had  significantly  dropped  for  misalignments  of  150$ 
and  200$.  This  was  probably  due  to  the  fact  that  for  negative  impacts  to 
occur,  the  beam  would  effectively  require  a  lor.gev’  duration  to  move  from 
one  stop  to  the  other  and  vice-versa,  hence  reducing  the  overall  Impact 
rate  . 

The  PDFs  of  the  times  between  successive  impacts  indicated  high 
positive  skewness  and  the  majority  of  impacts  have  time  durations  ranging 
from  0.1  msec  to  1  msec  for  high  impact  rates  (ie.  energy  levels  greater 
greater  than  15  Nm).  The  distributions  corresponding  to  energy  levels 
between  5  Nm  and  10  Nm  were  also  positively  shewed  but  covered  time 
durations  ranging  from  0.1  msec  to  2.5  msec.  This  form  of  analysis  may  be 
useful  when  considering  estimation  of  wear  damage  because  from  knowledge 
of  the  distribution,  it  is  possible  to  assess  whether  chattering  of  the 
beam  was  predominant  (short  time  durations)  . 

Figure  7  illustrates  a  typical  three-dimensional  display  of  the 
energy  distribution  among  the  principal  '■o-ordi nates  Qj  for  increasing 
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levels  of  energy  in  the  system.  The  energy  in  each  principal  co-ordinate 
is  defined  as  a  percentage  of  the  total  energy  in  the  system.  The  plot  is 
shown  for  the  case  of  zero  misalignment.  It  can  be  seen  that  even  at  the 
lowest  energy  level,  some  distribution  of  the  energy  (introduced  origi¬ 
nally  into  the  1st  mode)  has  occurred,  as  indicated  by  contributions  found 
at  the  higher  principa]  co-ordinates .  With  increasing  energy  level,  more 
distribution  of  energy  was  clearly  evident  as  a  result  of  an  increase  in 
the  impact  rate,  and  was  generally  found  to  wave  been  spread  evenly  over 
the  higher  principal  co-ordinates  with  the  exception  being  q2.  However, 
no  clear  trends  were  observed  with  increasing  misalignments. 

7.  DISCUSSION 

The  results  obtained  from  the  simulations  clearly  indicated  that  the 
beam  motion  was  ranaom  with  a  Gaussian  distribution  even  for  cases  with 
moderate  levels  of  energy  in  the  system.  Perhaps  such  an  effect  may  be 
surprising  despite  the  absence  of  any  random  number  generation  and  the 
simulation  being  purely  deterministic.  It  is  therefore  interesting  to 
examine  whether  or  not  periodic  motion  is  possible,  based  on  the 
assumptions  that  there  are  no  external  forces  or  damping  and  no  energy 
loss.  The  simplest  example  of  periodic  motion  could  be  that  of  a  beam 
impacting  against  one  rigid  stop  where  the  time  duration  between  suc¬ 
cessive  impacts  was  constant.  If  periodic  motion  was  possible,  the  velo¬ 
city  of  each  principal  co-ordinate  at  the  start  of  each  period  would 
have  to  be  the  same  (ie  qj  (0+)  =  qj  (0++  T)  where  T  is  the  period)'.  This 
would  imply  that  the  energy  in  mode  j  was  the  same  at  each  time  interval. 
Such  circumstances  are  impossible  since  the  effect  of  each  impact  is  to 
change  the  energy  in  each  mode  (as  shown  in  equation  (7)).  Hence, 
periodic  motion  of  the  above  type  proposed  is  clearly  impossible. 

A  possible  type  of  periodicity  would  be  in  ci rcumstances  where  there 
was  a  periodic  sequence  of  impacts  such  that  the  energy  in  each  mode  at 
the  start  of  each  period  was  identical.  However,  the  results  from  this 
study  have  not  indicated  the  presence  of  such  forms  of  periodicity.  The 
indication  from  this  study  was  that  for  the  non-linear  system  being 
modelled,  chaotic  motion  was  most  likely  to  occur. 

The  findings  f”om  this  study  have  indicated  that  even  in  free  vib¬ 
ration,  the  response  of  such  a  simple  beam  model  showed  quite  complicated 
behaviour.  It  does  point  to  the  fact  that  further  theoretical  studies  are 
required  to  achieve  a  better  understanding  of  the  parameters  governing 
energy  redistri bution  in  the  system  and  to  include  more  features  such  as 
damping,  external  forcing  and  more  supports  (rigid  or  flexible)  into  the 
current  model . 

8.  CONCLUSIONS 

A  simple  theoretical  model  for  the  free  vibration  of  a  loosely  sup¬ 
ported  beam  has  been  proposed  and  was  formulated  for  compute’"  simulation 
purposes.  The  simulations  have  shown  that  the  beam  responses  were  very 
random  in  nature  even  for  low  levels  of  impacting  and  in  the  majority  of 
cases,  exhibited  Gaussian  characteristics.  It  has  also  been  shown  that 
the  beam  response  characteristics  with  a  constant  level  of  energy  in  the 
system  were  independent  of  the  mode  of  vibration  into  which  the  energy  was 
first  introduced.  The  non-linearity  of  the  beam  response  was  charac¬ 
terised  by  significant  shifts  in  resonance  frequency  and  broadening  of 
peaks  with  increasing  energy  in  the  system.  At  high  levels  of  impacting. 
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the  resonance  frequencies  of  the  beam  response  corresponded  to  natural 
modes  of  vibration  for  the  pinned-  pinned  beam  with  the  intermediate 
support  acting  as  a  pinned  support.  Misalignment  of  the  beam  with  the 
support  did  not  influence  the  response  characteristics  significantly  for 
cases  where  the  energy  level  was  greater  than  0.5  Nm;  this  being  reflected 
by  the  impact  rate  being  relatively  unaffected  by  increasing  misalignment 
at  constant  energy  level. 
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1 .  INTRODUCTION 

The  vibration  of  circular  cylindrical  shells,  eitner  in  air  or  in 
heavy  fluid,  is  of  practical  importance  in  many  branches  of  engineering. 
Although  numerous  papers  have  been  written  on  the  non-linear  vibrations  of 
cylindrical  shells  in  air,  on  the  basis  of  various  shell  theories  [1-6],  no 
such  non-lirear  analysis  appears  to  have  been  consistently  done  for  fluid 
loaded  cylindrical  shells. 

The  purpose  of  the  present  paper  is  to  present  a  model  for  the  non¬ 
linear  dynamic  interaction  between  a  fluid  and  a  thin  elastic  shell,  and  to 
investigate  the  effects  of  shell  and  fluid  parameters  on  the  non-linear 
structural  vibration  response  in  terms  of  frequencies. 

For  the  shell  itself,  the  dynamic  version  of  Sanders  non-linear 
equations  for  the  case  of  small  strains  and  moderately  small  rotations  are 
employed,  neglecting  only  the  rotation  about  the  normal  in  the  expressions 
for  the  middle  surface  strains  [7].  By  including  in-plane  inertia  effects 
and  avoiding  the  approximations  of  the  shallow  shell  theory,  generally 
used  in  non-linear  analysis  of  shells  [8],  the  results  are  applicable  for  a 
wide  range  of  wave  lenghts  and  also  for  cases  of  excitation  at  the  higher 
frequencies  of  the  shell.  It  is  assumed  that  the  shell  is  filled  with  -  or 
immersed  in  -  an  ideal  fluid  which  performs  a  potential  motion  during 
vibration  of  the  cylindrical  shell. 

The  coupling  via  hydrodynamic  pressure  and  the  normal  velocity 
continuity  is  taken  into  account  whilst  sliding  between  the  fluid  and  the 
shell  is  allowed. 

Turning  to  possible  fluid  non-linearities,  these  will  generally  come 
into  play  when  the  vibration  amplitudes  are  significant.  Reference  [9] 
considered  the  non-linear  terms  in  the  dynamic  fluid  pressure  and  in  the 
boundary  condition  at  the  surface  of  the  cylinder.  That  study  demonstrated 
that  these  effects  are  of  secondary  order  for  completely  filled  or  submerged 
shells,  provided  that  the  movement  of  the  shell  surface  is  moderately  small. 
Thus,  the  non-linear  terms  in  the  fluid  equations  will  be  neglected  in  the 
present  investigation. 


2 .  THEORY 

The  physical  problem  considered  is  the  determination  of  the  non-linear 
response  of  an  isotropic,  elastic,  thin-walled,  cylindrical  shell  filled 
with  -  or  immersed  in  -  an  ideal  fluid  initially  at  rest.  The  geometry, 
displacement  components  and  co-ordinate  system  are  defined  in  fig.  1. 
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Fig.  1  -  Co-ordinate  system,  displacements  and  geometry 

The  shell  equations  of  motion  may  be  expressed  in  dimensionless  form  as 


+  6  +  v  [(v,0  +  w)  +  6  (w,0  -  v)2]},^  +  a  [u,0  +  v,^  + 

+  2  6  v,£  (w,0  -  v)],Q  +  A  a  [w,^  +  (u,0  -  3  v,^)/4],0  -  y2  U  =  0 

+  w  +  6  (w,0  -  v)2  +  v  [u,?  +  6  w2?]},0  +  a  [u,Q  +  v,  + 

+  26  w,^  (w,0  -  v)],^  +  26  w,^  •  {a  [u,Q  +  v,^  T  2  6  w,^  (w,0  -  v) ] } - 

+  •2  6  (w,0  -  v)  •  {(v,0  +  w)  +  6  (w,0  -  v)2  +  v  [u,^  +  6  w2^]} 

-  3  A  a  [w,50  +  (u,0  -  v,5)/4],e  -A  [(w,00  -  v,0)  +  v  w,^],0  -  y2  v-0 

+  v  *  q  +  w  +  6  [  (wQ  -  v)  2  +  v  w2c]  -  {2  6  w.  [u,^+6  w2^  +  v  (v,0  +  w)  + 

+  6  v  (w,0  -  v)2]},c  -  {2  6  (w>0  -  v)  •  t(v,0  +  w)  +  6  (w,0  -  v) 2  + 

+  v  u,j.  +  6  v  w2^]},0-{2  6  a  (w,0-v)  [u,0  +  v,^  +  2  6  w,^  (w,Q-v)]},^ 
-  {2  6  a  w,^  [u,0  +  v,?  +  2  6  w,^  (w,Q  -  v)]},0  +  A  [w,^  + 

+  v  (w*ee  "  v’e}1’££  +  A  [(w*e9  "  v’9>  +  v  w'5^'99  +  4  a  A  I*.50  + 

+  (u,0  -  3  +  Yz  v  ~  X  =  0  (1) 

In  the  foregoing  the  following  parameters  were  introduced 
i/2  R  £  ■  X/R  (  )  ■  8/dt  u  »  U/h  v  =  V/h  w  =  W/h 
1 2 / 1 2  R2  Y  =  [p  R2  (1  -  v2)/E]l/2  a  -  (1  -  v)/2 


in  which  E  is  Che  modulus  of  elasticity,  v  is  Poisson's  ratio,  pg  is  the 
shell  density,  p  is  the  radial  pressure  and  t  is  time. 

For  a  fluid  loaded  shell  the  radial  pressure  can  be  written  as 

p  =  pd  +  pf  (3) 

where  pd  is  the  applied  dynamic  pressure  and  pF  is  the  dynamic  fluid 
pressure  due  to  the  shell  surface  motion. 

In  this  investigation,  the  shell  boundary  conditions  are  assumed  to  be 
the  "classical  simply  supported"  boundary  conditions,  thus: 

u,  =  v  =  w  =  w,  =  0  at  £  =  0,  l  (4) 

where  £  =  L/R. 

For  a  complete  cylirdricai  shell,  such  as  the  one  considered  here,  all 
components  of  displacements  must  satisfy  the  circumferential  periodicity 
condition.  This  condition  assures  that  all  the  physical  quantities  will  be 
continuous  and  single-valued  along  the  circumferential  co-ordinate. 

The  fluid  is  assumed  to  be  non-vi scous  and  incompressible  so  that  it 
can  be  described  by  a  potential  function  <J>(r  ,0  ,x,t) .  The  equations 
describing  the  fluid  motion  in  dimensionless  quantities  are  [11] 

*  <*.e9/*2>  *  *•„  - 0  <5) 

—  JL 

Pf  *  -  Y  4>  (6) 

where 

H  -  r/R  i  =  Y  4/R2  pf  =  Y2  Pf/R2  PF  (7) 

in  which  is  the  density  of  the  fluid  medium. 

The  kinetic  condition  of  impenetrability  gives 

4>,.  =  2  y  6  w  at  K  =  1  (8) 

3.  MODAL  SOLUTION 

From  previous  investigations  [1-6]  on  modal  solutions  for  non-linear 
vibrations  of  cylindrical  shells  in  vacuum  it  is  observed  that,  in  order  to 
obtain  a  consistent  solution,  the  sura  of  modal  functions  for  the 
displacements  must  satisfy  all  boundary  conditions  and  continuity 
requirements.  Moreover  it  must  contain  the  most  significant  modes  to  the 
first  approximation  of  non-linearity,  in  special,  the  axisymmetric  modes 
which,  as  pointed  out  by  Evesen  [8],  play  an  important  role  in  the  outcome 
of  the  results. 

Here  the  following  approximated  solution  for  w 
w  =  wo  cos2  oo  t  [cos  2  q  ?  -  (cos  4  q  £)/4  -  (3/4)]  + 

+  Wi  cos  oo  t  sin  q  £,  cos  n  9  (9) 
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was  achieved  through  a  perturbation  procedure  [9]  and  includes  both 
axisymmetric  and  asymmetric  modes  which  attend  the  boundary  conditions  (4). 
In  (9)  uj  is  the  radian  frequency,  n  is  the  number  of  circumferential  waves 
and 


q  »  m  it  R/L  (10) 

in  which  m  is  the  number  of  axial  half  waves. 

By  retaining  in  u  and  v  all  the  modes  that  couple  with  wo  and  wi 
through  quadratic  and  cubic  products  of  displacements  and  their  spatial 
derivatives  in  (1)  and  taking  into  account  the  boundary  conditions  (4),  one 
obtains  for  u  and  v  [9] 

u  =  u0  cos2  to  t  [sin  2q  £-  (sin  4  q  £)/2]  +  Uj  cos  u  t  cos  q  £  cos  n  6  + 

+  us  cos2  a)  t  cos  2  n  6  [sin  2  q  £  -  (sin  4  q  0/2]  + 

+  U3  cos3  u)  t  cos  n  8  cos  3  q  £  +  U4  cos5  u  t  cos  n  8  cos  5  q  (  + 

(11) 

+  u s  cos6  a)  t  [sin  6  q  £  -  (3  sin  8  q£  )/4] 

v  =  Vi  cos  to  t  sin  q  £  sin  n  0  +  V2  cos2  m  t  sin  2  n  0  (cos  2  q  £  -  1)  + 

+  v 3  cos3  uj  t  sin  n  0  sin  3  q  £  +  v*  cos5  w  t  sin  n  0  sin  5  q  £ 

It  is  useful  to  note  that  these  functions  and  consequently  all  force 
and  moment  resultants  satisfy  the  circumferential  periodicity  condition. 

For  the  internal  fluid  case,  tbf>  boundary  cond’f’cn  (8)  suggests 
aeexing  tne  solution  for  the  velocity  potential  in  the  form. 

<j>  ■=  Ai  In  (qA.)  w  sin  co  t  sin  q  £  cos  n  0  +  A2  Io  (2qit)  ui  sin  2wt  cos  2  q  £  + 

+  A3- Ip  (4qn)  w  sin  2  u  t  cos  4  q  £  +  Ai*  [A2  -  2  (£2  -  ££)  ]  to  sin  2  to  t 

th  (12) 

where  I  is  the  n  modified  Bessel  function  of  the  first  kind  [  1  1  ] . 

Substituting  the  expressions  for  w  and  $  into  equation  (8) ,  one  can 
write  the  amplitudes  A^  of  $  in  terms  of  wi  and  wo  as  follows 

Ai  -  -  2  y6  wx  {q  [In_i(q)  -  (n/q)  I^tq)]}-1 

A2  *  -  y6  wo/q  1 1  ( 2q)  ;  A3  =  yd  wo/8  q  Iv(4q);  A4  =  3  yd  wo/4  (13) 

For  a  shell  immersed  in  a  fluid,  a  similar  solution,  in  terms  of  the 
modified  Bessel  function  of  the  second  kind,  K  ,  crn  be  easily  obtained 
[9].  By  employing  the  principle  of  superposition,  one  can  also  obtain  the 
solution  for  a  fluid-filled  shell  immersed  in  a  fluid. 

Finally,  expressions  (9),  (11)  and  (12)  are  substituted  into  equations 
(1)  and  (6)  and  a  Galerkin  procedure  is  employed  to  obtain  a  system  of 
twelve  coupled  non-linear  algebraic  equations  for  the  modal  amplitudes  u^ , 
v^  and  w^.  These  equations  are  unfortunately  too  long  to  be  presented  here; 
the  interested  reader  will  find  them  in  reference  [9],  The  complexity  of 
the  algebraic  equations  precludes  the  possibility  of  closed-form  solution. 
Nevertheless  Newton-Raphson  method  can  be  effectively  used  to  solve  these 
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equations  in  relatively  few  interations.  Through  this  procedure  one 
obtains  the  relation  between  the  frequency  and  the  vibration  amplitudes 
which  allows  one  to  study  the  influence  of  fluid  and  shell  parameters  on 
the  degree  and  type  of  non-linearity  involved  in  the  frequency  response. 
The  plot  of  a  response  -  frequency  relationship  is  usually  referred  to  as 
the  "backbone"  curve. 


4.  RESULTS 


In  the  analysis  of  the 
introduced 


results  the  following  frequency  ratios  are 


A 

v 


a  /fi 

v  a  v 


A_  =  fl_/fi 
F  F  oF 


(14) 


where  flv(=  y  u  )  ard  tfp(=  y  wp)  are  the  lowest  frequency  parameters 
(associated  with  predominantly  radial  motion)  for,  respectively,  a  shell  in 
vacuum  and  a  shell  in  a  fluid  medium,  and  SI  and  fi  p  are  the  corresponding 
linear  free  vibration  frequencies  [12]. 


The  results  indicated  in  figures  2  to  4  show  how  variations  in  the 
geometrical  parameters  (L/R,  h/R)  and  wave  numbers  (m,n)  affect  the  degree 
and  type  of  non-linearity.  Figure  2  shows  the  variations  of  ft/f!o(AV'  or  Af) 
with  the  maximum  radial  amplitude  w^x  for  given  values  of  n  and  figure  3 
shows  the  influence  of  the  axial  wave  lenght  parameter  (L/m  R)  on  the 
results.  These  results  demonstrate  that  the  non-linearity  increases  as  the 
number  of  circumferential  and  axial  waves  increases. 


The  curves  in  figure  4  were  obtained  for  a  fixed  Li h  ratio  and 
different  values  of  the  radius  R.  For  each  geometry  the  wave  numbers  (m,n) 
are  those  associated  wita  the  minimum  natural  frequency  in  the  spectrum. 

As  shown  in  figure  4,  the  non-linearity  associated  with  the  minimum  natural 
frequency  increases  as  the  ratios  h/R  and  L/R  decreases,  i.e.,  strong 
non-linearities  occur  for  the  case  of  thin  and/or  short  cylinders. 

The  effect  of  the  fluid  region  on  the  shell  behaviour  can  be  separated 
in  two  different  parts:  the  ine’-tia  effects  associated  with  the  classical 
radial  mode  (wi  cos  n  0  sin  q  £,  cos  u>  t)  and  the  inertia  effects  dosuciated 
with  the  secondary  radial  modes  (axisymraetric  modes).  As  shown  in  figure  2 
for  n=6  (dash  and  point  curve),  if  only  the  inertia  effects  associated  with 
the  classical  radial  mode  are  retained,  the  non-linearity  for  a  fluid-filled 
shell  is  weaker  than  that  predicted  for  a  shell  in  vacuum.  This  "added 
mass"  effect  is  also  responsible  for  the  significant  reduction  in  the 
linear  free  vibration  frequencies  of  a  fluid-filled  shell  [12].  On  the 
other  hand,  if  the  fluid  effects  associated  with  the  shell  secondary  modes 
are  also  taken  into  acccunt,  the  non-linearity  for  a  fluid-filled  shell, 
as  shown  in  figure  2,  is  much  stronger  than  that  predicted  for  a  shell  in 
vacuum.  This  strong  softening  effect  is  due  to  the  increase  of  the  inertia 
effects  associated  with  second-harmonic  terms  in  the  non-linear  equations  of 
motion  [9,14].  From  the  results,  one  can  also  observe  that  the  degree  of 
non-linearity  increases  as  the  ratio  Pp/Ps  increases. 

For  the  case  of  forced  vibrations,  the  applied  loading  was  chosen  such 
that  only  one  mode  is  directly  excited 

p^  *  P  cos  n  9  sin  q  £  cos  w  t  (15) 

Figure  5  illustrates  the  response  curves  for  forced  vibrations  of  a 
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Figure  2  -  Influence  of  the  circumferential  wave  number,  n,  on  the  non¬ 
linear  vibrations  of  the  shell. 


Figure  3  -  Influence  of  large  amplitudes  on  the  vibration  frequency  for 
various  values  of  the  axial  wave  lenght  L/mR. 
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fluid-filled  shell.  The  unstable  solution,  i.e.,  the  physically  impossible 
solution  is  denoted  by  a  dashed  line.  The  existence  of  more  than  one 
stable  solution  for  a  given  frequency  of  excitation  explains  the  possible 
appearance  of  discontinuous  jumps  in  amplitude.  Which  amplitude  does  exist 
depends  upon  the  past  history  of  the  system.  If  the  excitation  frequency 
is  varied,  a  jump  will  occur  whenever  a  point  of  infinite  slope  in  figure 
5  is  reached  [13,14].  The  loci  of  the  vertical  tangencies  in  figure  5 
together  with  the  backbone  curve  maps  on  the  bounda-ies  of  a  instability 
region,  which,  as  shown  by  Stoker  [13],  corresponds  to  the  first 
instability  region  of  the  Mathieu  equation. 

One  must  bear  in  mind  that  in  a  real  system  dissipation  is  always 
present.  The  presence  of  dissipative  forces  will  diminish  the  instability 
region  and  give  rise  to  a  rounded  peak  on  the  skewed  resonance  curve,  whose 
location  depends  upon  the  relative  amount  of  damping  [13,15]. 

Although  it  is  not  discusses  here,  the  same  softening  behaviour  is 
expected  for  a  cylindrical  shell  immersed  in  a  fluid  and  also  for  the  case 
when  both  the  internal  and  external  surfaces  of  the  shell  are  fluidically 
loaded . 


5.  CONCLUSIONS 

The  effect  of  a  fluid  medium  on  the  degree  and  type  of  non-linearity 
of  a  thin-walled  cylindrical  shell  was  investigated. 

It  has  been  shown,  for  a  broad  range  of  wave  numbers  (m,n)  and 
geometric  ratios  (L/R,  h/R) ,  that,  for  excitation  at  the  fundamental 
frequency,  the  non-linearity  is  initially  of  a  softening  type.  This 
initial  frequency  behaviour  is  due  to  the  non-linear  coupling,  that  reduces 
the  membrane  stiffness  of  the  shell  and  gives  rise  to  inertia  effects 
associated  with  second-harmonic  terms. 

Regarding  the  effect  of  the  fluid,  it  has  been  observed  that  a  fluid- 
filled  shell  exhibits  a  stronger  non-linearity  than  a  shell  in  vacuum.  For 
both  cases  the  non-linearity  increases  whenever  the  numbers  of  axial  and 
circumferential  waves  increase  and  the  ratios  h/R  and  L/R  decrease. 

By  employing  a  consistent  shell  theory,  and  by  obtaining  a  solution 
that  satisfies  the  imposed  boundary  and  continuity  conditions  and  retains 
the  most  important  secondary  modes,  the  present  analysis  overcomes  many  of 
the  shortcomings  encountered  in  previous  studies  for  shells  in  vacuum. 
Hence,  the  present  formulation  for  the  shell  problem  is  capable  of 
furnishing  consistent  solution  for  a  wide  range  of  geometric  parameters 
and  wave  numbers . 
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9.  RANDOM  VIBRATION 
OF  NONLINEAR  SYSTEMS 


RECENT  ADVANCES  IN  NONLINEAR  RANDOM  VIBRATION 


Y.  K.  Lin 

Center  for  Applied  Stochastics  Research 
Florida  Atlantic  University 


1.  INTRODUCTION 

The  subject  random  vibration  deals  with  uncertainty  in  the  behavior 
of  dynamical  systems.  The  cause  for  uncertainty  may  be  unpredictability 
of  exact  time-histories  of  excitations,  imperfection  or  lack  of  accurate 
information  in  the  modeling  of  physical  problem,  or  combination  of  these. 
Mathematically  speaking,  modeling  a  dynamic  system  amounts  to  setting  up 
the  governing  equations  of  motion,  and  specifying  the  initial  and  boundary 
conditions.  Thus,  various  types  of  uncertainty  are  represented  as  random 
variables  and  random  processes  in  the  modeling  which  can  only  be  charac¬ 
terized  in  terms  of  probabilistic  or  statistical  properties. 

The  present  paper  will  focus  on  nonlinear  governing  equations, 'and 
will  be  restricted  only  to  uncertain  excitations.  In  a  discretized  form, 
such  equations  may  read 

Xj  *  fj(X,t)  +  9jk(X»t)Fk(t) ; 

j  *  1,2,. ...N;  k  -  1,2 . M  (1) 

in  which  t  is  the  time  variable,  Xj  are  components  of  the  system  response 
vector  X,  Fk(t)  are  random  processes  representing  the  random  excitations, 
and  a  repeated  subscript  in  a  product  Indicates  a  summation.  Functions 
fj  and  gjk  are  generally  nonlinear;  however,  their  functional  forms  are 
deterministic.  For  practical  purposes,  this  representation  by  a  set  of 
first  order  ordinary  differential  equations  is  sufficiently  general.  A 
higher  order  equation  can  be  replaced  by  several  first  order  ones,  a 
distributed  system  governed  by  a  partial  differential  equation  can  be 
discretized  using,  for  example,  a  Galerkin  procedure,  and  an  Integral  - 
differential  equation  can  be  converted  to  a  set  of  ordinary  differential 
equations. 

Two  types  of  random  excitation  are  possible.  A  particular  Fk(t)  is  a 
multiplicative  {or  parametric)  excitation  if  its  accompanying  factor 
gjk(X,t)  depends  explicitly  on  the  response  X;  it  is  an  additive  (or 
external)  excitation  if  its  accompanying  factor  does  not  depend  on  X.  In 
other  words,  a  multiplicative  excitation  appears  as  the  coefficient  of  an 
unknown  in  the  governing  equations  whereas  an  additive  excitation  appears 
as  an  Inhomogeneous  term.  The  roles  played  by  the  two  types  of  random 
excitations  are  fundamentally  different. 


2.  EXACT  SOLUTIONS 

Exact  solutions  for  randomly  excited  nonlinear  systems  are  difficult 
to  obtain.  The  possibility  for  exact  solutions  exists  If  the  random  exci¬ 
tations  can  be  Idealized  as  Gaussian  white  noises.  In  such  a  case  the 
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response  of  a  system  to  random  excitations,  represented  as  a  vector  In  a 
state  space,  Is  a  Markov  vector.  The  probability  density  of  a  Markov  vec¬ 
tor,  conditional  on  the  knowledge  of  the  Initial  state.  Is  governed  by  a 
parabolic  partial  differential  equation,  called  the  Fokker-Planck 
equation,  which  can  be  derived  from  the  equations  of  motion.  Still,  exact 
solutions  for  the  Fokker-Planck  equation  Is  known  only  for  very  special 
first  order  nonlinear  systems,  which  are  of  little  Interest  to  structural 
engineers.  For  higher  order  systems,  solutions  have  been  obtained  for  the 
reduced  Fokker-Planck  equations;  namely,  Fokker-Planck  equations  without 
the  time  derivative  term.  The  unknown  In  a  reduced  Fokker-Planck  equation 
Is  the  unconditional  probability  density  of  the  system  response  when  It 
reaches  the  state  of  statistical  statlonarlty.  This  can  occur  If  the  fs 
and  gj|<  functions  In  equation  (1)  do  not  depend  explicitly  on  t,  and  If 
energy  can  be  dissipated  from  the  system  to  balance  the  Input  energy  from 
the  excitations. 

The  Fokker-Planck  equation  has  the  general  form  of 

If  q  +  3SJ  6J  "  0  (2) 

where  q  Is  an  abbreviated  symbol  for  the  unknown  conditional  probability 
density  qx(x,t|  x0,tc),  and  Gj  is  the  probability  flow  in  the  jth  direction 
given  by  A 

Gj  =  Aj(x)q  -  |  gf^BjkMP]  (3) 

In  (2)  and  (3),  a  lower  case  symbol  represents  the  possible  value  of  a 
random  quantity.  For  example,  x  Is  a  possible  value  of  X,  xj  a  possible 
value  of  Xj,  etc.  This  convention  will  be  followed  throughout  the  paper. 
In  equation  (3)  Aj  and  Bjk  are  called  the  first  and  second  derlvate 
moments  (also  known  as  tne  drift  and  diffusion  coefficients),  respec¬ 
tively,  which  can  be  obtained  from  the  equations  of  motion  as  follows 
using  the  well-known  rules  of  Wong  and  Zakal  [1]; 


Aj(x)  =  fj (x)  +  irK*s  grs  9j£(x) 

(4) 

Bjk(x)  «  2ttK£S  gj4  gks 

(5) 

In  (4)  and  (5)  each  Kis  1s  a  constant,  representing  the  joint  spectral 
density  of  F*(t)  and  Fs(t),  which  are  now  restricted  to  be  Gaussian  white 
noises  so  that  an  exact  probabilistic  solution  can  be  obtained.  <£S  Is 
related  to  the  cross-correlation  function  of  Fa( t)  and  Fs(t)  as 

E[F£(tx)Fs(t,) )  -  2irKis  S(t,  -  t, )  (6) 

An  exact  solution.  If  obtainable,  must  satisfy  the  Initial  condition 

N 

qx(x.t.|  x„t)  “j2iS(xJ  ”  *J*0^  (7) 

and  appropriate  boundary  conditions.  If  the  total  probability  measure 
must  be  preserved,  then  the  boundary  conditions  must  be  natural,  namely, 

Gj  «  0  at  the  boundaries  (8) 

As  Indicated  earlier,  we  shall  be  Interested  In  the  stationary  state 
solutions,  governed  by  the  reduced  Fokker-Planck  equation 
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(9) 


Gj  =  Aj(x)ps(x)  -  \  [BJk(x)ps(x)  ]  (10) 

where  ps(x)  is  the  stationary  probability  density  of  X  independent  of  t. 
Equation  (9)  is  solved  with  the  boundary  conditions  (8). 


2. 1  The  Case  of  Stationary  Potential 

The  special  case  of  stationary  potential  considered  by  Stratonovich 
[2]  is  one  in  which  the  probability  flow  vanishes  everywhere  not  only  at 
the  boundaries,  namely 

Aj(x)Ps(x)  -  5  3^;  [^jk(x)ps(x) j  =  0  (11) 

Without  loss  of  generality,  write  the  solution  for  (11)  as 

p5(x)  =  Cexp(-$)  (12) 

This  solution  form  guarantees  that  the  probability  density,  if  it  exists, 
is  non-negative  for  a  positive  normalization  constant  C.  Substituting 
(12)  into  (11),  one  obtains 

BJk  5^  =  5^  '  2AJ  <13> 

These  are  N  equations  for  $.  If  a  consistent  $  function  can  be  obtained 
from  (13),  then  the  stochastic  system  belongs  to  the  class  of  stationary 
potential . 


For  a  first  order  system,  for  which  the  state  space  is  one¬ 
dimensional,  namely  N  =  1,  the  probability  flow  must  vanish  everywhere  if 
it  vanishes  at  the  boundaries.  Then  (13)  reduces  to 


R  d(t>  .  d  R 

B  d*  '  d*  B 


2A 


Solving  for  $ 


<J)  =  AnB  -  2  /  AB-1  dx 


(14) 

(15) 


Unfortunately,  as  to  be  explained  later,  oscillatory  dynamic  systems  do 
not  belong  to  the  class  of  stationary  potential.  Since  structural  systems 
are  usually  oscillatory  a  more  general  procedure  is  needed  and  will  be 
discussed  in  the  next  section. 


2.2  The  Case  of  Generalized  Stationary  Potential 

Circulatory  probability  flows  are  generally  present  in  a  multi¬ 
dimensional  state  space.  To  provide  for  additional  flexibility  in 
obtaining  a  solution  to  equation  (9),  we  split  the  drift  and  diffusion 
coefficients  as  follows  [3,4] 

Aj  =  Aj1J  +  A]2)  (16) 
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Bjk  =  Bj^}  +  Bj[5)  (17) 

Equation  (17)  retains  the  symmetry  condition  for  diffusion  coefficients; 
i.e.  Bjk  =  Bkj.  Substituting  (16)  and  (17)  into  (9),  one  obtains 

sfj  AJ1)ps  "  5^  BJ^  Ps  +  IxJ  Caj(2)Ps]  =  0  (18) 

Let  Aj(1)  be  associated  with  the  vanishing  probability  flow,  and  Aj (2) 
associated  with  the  circulatory  probability  flow.  Then  for  ps  expressed 
in  the  form  of  (12),  it  can  be  shown  that 

«tj  ^  W  ^  <»> 

aj(i)  ■  sj;  BH’  -  ^  <2°> 

The  superscript  (j)  in  (20)  does  not  imply  a  summation.  There  are  a  total 
of  n  +  1  equations  for  0  in  the  set  of  (19)  and  (20).  The  problem  is 
solvable  if  a  consistent  $  function  can  be  obtained  from  these  equations. 
Such  a  solvable  problem  is  said  to  belong  to  the  case  of  generalized  sta¬ 
tionary  potential  [3,4].  It  is  of  interest  to  note  that  if  the  system  is 
in  a  state  known  as  detailed  balance  [e.g.  5,6],  then  the  two  parts  of 
each  drift  coefficient  Aj(*)  and  Aj ( 2 ;  correspond  to  the  so-called  irre¬ 
versible  and  reversible  parts,  respectively.  However,  (19)  and  (20)  are 
more  general,  and  are  applicable  to  systems  not  in  detailed  balance. 


>1  ications 


The  above  solution  technique  will  now  be  applied  to  single-degree-of- 
freedom  second  order  systems  of  the  type 


Z  +  <|i(Z,i)  =  0k(Z,Z)Wk(t)  (21) 

where  Wk(t)  are  Gaussian  white  noises  with  delta  type  correlations;  I.e. 

E[Wk(t)Wt(t+t)]  =  2nKk£  S(T)  (22) 

Equation  (21)  Is  equivalent  to  two  first  order  equations  in  the  form  of 
(1) 

=  X,  (23) 

jftX*  =  -  9(x1(xs)  +  9k(X, ,x2)  Wk(t) 


It  follows  from  (4)  and  (5)  that 
Ai  =  x2, 

A*  =  -  ^(xltx2)  +  frKk£  0£(Xj  ,x, )  j^-0k(x1  ,x2 ) 

Bn  =  Bj j  =  Bai  *  0,  B 2 2  =  2irKk£0k(Xi,X2)0£(xl,x*) 
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Split  the  drift  and  diffusion  coefficients  into 


*!'>  -  0, 


a!2>  =  x, 


=  -  'MXijXj)  +  irk^  0£ 


-  V*v. 


-  -  B<2> 
-  Bji 


where  A  is  an  arbitrary  function  of  x  =  x,  and  y  =  jx2,  and  is  twice 

differentiable  with  respect  to  its  arguments.  The  physical  meaning  of  A 
will  be  discussed  later.  Then  application  of  (IS)  and  (20)  results  in 


x*  5^7  +  (Ax/A*}  5*7  "  577  (Ax/Ay)  =  0 


(1)  a*_  _  a  B(1) 

B‘2  9x2  ■  5x7  “12 


Bp}  +  TTKk£  0k  0a  ^7  «  ^7  siV  +  vKx,  ,x2) 
0 

+  ^kn  0k  57^  ei  -  *x/Ay 


The  general  solution  of  (24)  is 

4> (x 1 1 x2 )  =  -  an  Ay  +  (A)  (; 

where  $0(A)  is  an  arbitrary  function  of  A.  In  order  that  (25)  and  (26) 
can  also  be  satisfied,  the  <|i  and  0|<  functions  must  be  related  as 

'P(xi,X2)  =  1TX2K|<£  0|<  0 £  [Ay  *0’(A)  ”  ^yy/^y] 


-  TTKk£  0JI  0k  +  V\v  +  D(Xi)  e^o(A)/Ay  (28) 

where  D(Xi)  is  an  arbit~ary  function  of  Xj  alone.  Equation  (28)  provides 
a  restriction  betv/een  the  constitutive  law  of  the  system,  as  represented 
by  ij;  and  0k  on  one  har’d,  and  the  spectral  densities  K|<£  on  the  other,  so 
that  the  exact  solution  for  the  stationary  probability  density  is 
obtainable  using  the  present  procedure. 

The  well-known  case  [7,8]  of  linear  damping,  nonlinear  spring,  and  an 
additive  Gaussian  white  noise  excitation 

Z  +  0Z  +  g(Z)  =  W(t),  0  >  0  (29) 

corresponds  to  a  single  9=1  and 

♦(Xi.x*)  =  0x2  +  g(x2)  (30) 

Then  letting  D ( x x )  =  0  and 


x  i  * 

A  =  y  +  J  g(u)du  =  7x2  +  /  g(u)du 

0  to 
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equation  (28)  reduces  to 

♦o(A)  *  (32) 

where  K  is  the  spectrum  of  the  white  noise.  Furthermore,  $(A)  =  $0(A)  in 
this  case.  Thus 

PsUi.x,)  =  C  exp(-  ^  A) 

=  C  exp{-  ^  [\  x|  +  f1  g(u)du]}  (33) 

which  is  a  valid  probability  density  if  A  Is  positive  for  large  |  xx  |  . 

Without  specifying  the  form  for  the  A  function,  but  still  letting 
D(x!)  =  0  and  restricting  to  a  single  additive  excitation,  one  obtains 
from  (28) 


=  ^(Xl,X»)  -  AX/Ay  +  TTKXa  (Ayy/Ay)  (34) 

TTlCX  2  Ay 

Note  that  the  right  hand  side  of  (34)  must  be  a  function  of  A  alone.  If 
this  is  satisfied,  then  (34)  can  be  used  to  obtain  the  required  <t>0(A). 

The  solution  obtained  by  Caughey  and  Ma  [9]  corresponds  to 

<|i(Xi,Xj)  =  Ax / Ay  +  ttKXj  [Ayh(A)  -  Ayy/Ay]  (35) 

where  h(  )  is  an  arbitrary  function  subject  to  a  rather  general  restric¬ 
tion  to  be  specified  later.  Substitution  of  (35)  into  (34)  results  in 

$o 1 (A)  =  h(A)  (36) 

and  a  stationary  probability  density 

A 

Ps(Xi.x«)  ■  CA  exp  [-  /  h(v)d\>]  (37) 

y  o 

The  A  and  h  functions  must  be  such  that  the  right  hand  side  of  (37)  is 
normalizable.  This  extremely  simple  result  is  obtained  under  a  rather 
artificial  assumption  that  the  constitutive  law  of  the  system  itself, 
namely  ^(x^Xj)  is  dependent  on  the  spectrum  K  of  the  excitation. 

The  physical  meaning  of  the  A  function  can  be  revealed  by  considering 
the  deterministic  case  of  undamped  free  motion  governed  by 

x  +  Ax/Ay  =  0  (38) 

Since  x  =  (1/2) (dx2/dx)  =  dy/dx,  the  above  equation  can  be  replaced  by 

dA  =  Axax  +  Aydy  =  0  (39) 

Therefore,  A(x,y)  is  not  truly  arbitrary;  It  represents  the  total  energy 
in  the  conservative  system  (38).  It  should  be  noted,  however,  that  this 
physical  interpretation  must  be  modified  if  multiplicative  random  excita- 
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tion  appears  in  the  coefficient  of  the  first  derivative  term  in  a  second 
order  differential  equation. 


Equations  (19)  and  (20)  have  been  applied  to  obtain  new  solutions  for 
systems  under  both  additive  and  multiplicative  excitations  [4,10].  The 
following  two  examples  will  illustrate  some  of  the  possibilities. 

The  first  example  is  described  by 

Z  +  [a  +  |  (Z  +  UqZ)2  +  W2(t)]Z 

+  [1  +  W, (t) ]Z  =  W,(t)  (40) 

where  Wx(t),  W2(t)  and  W3(t)  are  independent  Gaussian  white  noisej  with 
spectra  Kxx,  K22  and  K33,  respectively.  Under  the  restriction  u0  KXX=K22 
the  stationary  probability  density  for  Z=Xx  and  Z=X2  is  given  by  [14] 

Ps(xx,x2)  =  C(A  +  exp(-  ^-X)  (41) 

lfl  8  12122 

where  Y  =  j  —  +  1  -  — —  K33)  and  A  -  ^  *2  +  j  w0  *i 


Equation  (41)  is  a  generalization  of  a  result  obtained  previously  by 
Dimentberg  [10]  for  the  special  case  K33  =  0,  namely,  when  the  additive 
random  excitation  is  absent,  in  which  case,  the  value  for  y  is  restricted 
to  Y  <  1;  otherwise,  the  right  hand  side  of  (41)  is  not  normalizable. 

This  can  occur,  of  course,  only  if  a  <  0  and  K22  >  |  a  |  /it.  It  means  that 
the  trivial  solution  Z=Z=0  is  unstable  in  probability  when  K22  >  |  a  |  it. 

The  second  example  is  an  interesting  nonlinear  oscillator  capable  of 
exhibiting  limit  cycle  and  bifurcation  behaviors,  governed  by  [11]. 

Z  +  Z2[0  +  -iS— ]  Z  +  [1  +  W(t)]  Z  =  0  (42) 

Z  +Z 

where  0  >  0,  and  W(t)  is  a  Gaussian  white  noise  multiplicative  excitation 
with  a  spectral  density  K.  Without  the  random  excitation,  the  equation 
has  a  non-trivial  solution,  corresponding  to  a  stable  limit-cycle  if  a  < 

0.  If  a  >  0,  then  the  only  stable  configuration  is  the  trivial  Z  =  0. 

The  stationary  probability  density  for  Z=Xx  and  ?=X2  is  found  to  be 

ps(xx,x2)  =  C(xx  +  x2)(2a/lTK)  exp[-  2^(xx  +  x*)]  (43) 

Equation  (43)  implies  that  if  a  >  0  then  a  nontrivial  stationary  probabi¬ 
lity  density  exists  only  if  K  >  2a/ir.  Thus,  2a/u  represents  a  critical 
spectral  level  for  the  multiplicative  excitation  at  which  bifurcation 
occurs,  and  below  which  the  trivial  solution  is  stable  in  probability. 
When  a  stationary  probability  density  of  the  system  response  exists  (K  > 
2a/n),  its  shape  depends  on  whether  a  a  0  or  a  <  0.  It  can  be  shown  that 

if  a  >  0,  then  the  probability  density  ps  has  a  peak  at  xx  =  x2  =  0.  On 

2  2 

the  other  hand,  if  a  <  0,  then  ps  has  a  maximum  at  xx  +  x2  =  4  |  a  |  /0  and 
it  tends  to  zero  as  xx  +  x2  approaches  to  either  zero  or  infinity.  This 


72  1 


implies  that  the  probability  density  has  a  shape  shown  in  Fig.  1,  and  the 

most  probable  values  for  the  response  lie  on  the  circle 
2  2 

x2  +  x2  *  4  j  a  I  /S,  which  is  the  stochastic  analogue  of  the  limit  cycle. 

To  the  knowledge  of  the  writer,  the  class  of  generalized  stationary 
potential,  satisfying  (19)  and  (20) ,  includes  all  the  stochastic  systems 
whose  exact  probability  solution  in  the  stationary  state  are  known  to 
date.  When  both  multiplicative  and  additive  random  excitations  are  pre¬ 
sent,  restriction  on  the  system  parameters  and  excitation  spectral  levels 
are  generally  required  to  obtain  such  solutions. 


3.  EQUIVALENT  STOCHASTIC  SYSTEMS 


It  is  possible  that  responses  of  two  dynamical  systems  under  dif¬ 
ferent  sets  of  random  excitations  can  share  an  identical  probability 
di stribtuion.  Such  systems  are  said  to  be  stochastically  equivalent. 
Given  a  stochastic  system  with  a  known  probability  density,  a  procedure 
has  been  devised  to  identify  or  construct  its  equivalent  systems  [12]. 

Return  to  (19)  and  (20)  since  these  equations  define  the  class  of 
generalized  stationary  potential  for  which  exact  solutions  are  presently 
possible.  In  order  to  satisfy  (19),  let 


*f2)  ■  £  *!)>  -  «!}>  £ 


where  is  anti -symmetric;  namely,  sjj^  =  -  sfjl 


Adding  (20)  and  (44), 


A1  ■  SJjOij*  *  sij1)  -  (Bij>  *  s|j>>  ftj 

Now  since  B-jj  is  symmetric,  it  is  always  possible  to  write 


B ( 1 )  1  B..  .  r  (?) 

Bij  -  2  BiJ  6lJ 


where  Sy'are  also  anti-symmetric.  Then  equation  (45)  becomes 


=  3xJ  BiJ  +  6ij)  "  BiJ  +  SiJ)  5xJ 


(45) 

(46) 

(47) 


where  S^j  =  is  again  anti -symmetric.  The  set  of  n  equations 

in  (47),  which  replaces  the  set  of  n  +  1  equations  in  (19)  and  (20),  is 
simpler  since  the  process  of  splitting  Aj  and  B-m  are  now  replaced  by  a 
single  process  of  selecting  6^ j .  With  the  knowledge  of  the  solution  of 
one  stochastic  system,  namely,  the  knowledge  of  $,  we  can  construct  a 
large  number  of  equivalent  stochastic  systems  by  selecting  physically 
meaningful  combinations  of  B^j  and  S^j  matrices. 


Equation  (47)  is  a  relation  in  terms  of  the  drift  and  diffusion  coef¬ 
ficients.  In  terms  of  original  system  equations  of  the  form  of  (1)  this 
relation  may  be  expressed  as 


f  j  - 


3  3(b 

*s  grs  9ji  -  "Kts  9ji  9rs 
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(48) 


9_  .  t .  3  4 

+  %Tr  6Jr  '  sJr  %Tr 


The  f  and  g  functions  here  do  not  depend  explicitly  on  t  since  (47)  or 
(48)  are  derived  on  the  assumption  of  a  stationary  solution.  If  the  g 
functions  are  kept  to  be  the  same  as  those  of  a  given  stochastic  system 
whose  stationary  probability  density  is  known,  then  by  varying  the  6jr 
matrix,  we  obtain  equivalent  stochastic  systems  having  the  same  reduced 
Fokker-Planck  equation.  This  restrictive  case  has  been  investigated  pre¬ 
viously  by  San  Miguel  and  Chaturvedi  [13].  From  the  present  analysis,  it 
is  clear  that  sharing  an  identical  reduced  Fokker-Planck  equation  is  not  a 
necessary  condition  for  equivalent  stochastic  systems.  Different  reduced 
Fokker-Planck  equations  are  obtained  by  varying  both  the  g  functions  and 
the  Sir  matrix.  As  examples,  we  cite  the  following  stochastically  equiva¬ 
lent  systems  [12]: 


Z  +  BZJZ  +  g(Z)  =  ZW(t) 

Z  -  ttK  Z  +  8Z3  +  g(Z)  =  ZW(t) 

1  +  6Z[1  +  (K2J/K)Z2]  +  g ( z )  =  W(t)  +  ZW2(t) 
Z  +  (0  -  ttK3J)Z  +  0Z[(K22/K)Z2  +  (K3  3/K)Z2] 

+  g(Z)  =  W(t)  +  zw2(t)  +  zw3(t) 


where  W(t),  W2(t)  and  W3(t)  are  assumed  independent,  having  spectral  den¬ 
sities  K,  K22  and  K33,  respectively.  These  systems  share  the  same 
stationary  probability  density  as  that  of  system  (29),  namely  equation 
(32),  although  their  Fokker-Planck  equations  are  different. 


It  is  of  interest  to  note  that  there  exists  a  narrower  class  of 
equivalent  stochastic  systems  whose  responses  share  not  only  the  sta¬ 
tionary  probability  distribution,  but  also  the  transient  nonstationary 
probability  distribtuion  under  identical  initial  conditions.  This 
narrower  class  is  said  to  be  stochastically  equivalent  in  the  strict  (or 
strong)  sense,  whereas  the  wider  class  discussed  above  is  referred  to  as 
being  stochastically  equivalent  in  the  wide  (or  weak)  sense  [12]. 


4.  APPROXIMATE  SOLUTIONS 

When  both  mul tip' icative  and  additive  random  excitations  are  present, 
restrictions  usually  must  be  imposed  on  the  relationship  between  the  noise 
spectra  and  some  system  oarameters  in  order  to  obtain  an  exact  stationary- 
state  solution  for  the  response  of  a  nonlinear  system  at  the  present  time. 
In  practical  engineering  applications,  the  excitation  spectral  levels  can¬ 
not  be  so  restricted;  therefore,  approximate  procedures  are  often  needed 
to  obtain  the  solutions. 


4.1  Cumulant-Neglect  Closure 

One  versatile  scheme  to  obtain  approximate  solutions  is  the  cumulant- 
neglect  closure  [14,15]  which  can  be  applied  easily  if  random  excitations 


at 


are  Gaussian  white  noises  or  filtered  Gaussian  white  noises.  Return  to 
(1)  and  convert  these  equations  to  the  I  to  type  stochastic  differential 
equations  as  follows  [e.g.  16] 

dXj(t)  =  mj(X,t)dt  +  oj£(X.t)dBJi(t)  (49) 
where  B£(t)  are  independent  unit  Wiener  processes,  and 


mj (X,t)  =  A j ( X , t )  (50) 

Oj*(X,t)  ok2(X,t)  =  Bjk(X,t)  (51) 


The  right  hand  sides  of  (50)  and  (51)  are  the  same  drift  and  diffusion 
coefficients  in  (4)  and  (5),  but  with  x  replaced  by  X.  However,  these 
coefficients  can  now  depend  on  t,  and  che  results  in  this  section  are  not 
restricted  to  the  stationary  response.  One  can  then  obtain  equations  for 
the  statistical  mc^en^s  for  X(t)  by  using  Ito's  differential  rule  [17] 


d  rrr/M  .  \  n  r  9F  1  0  F 

dt  =  EEat  ^  J  axj  2  Jj&°w  axj3xk 


)]  (52) 


and  by  letting  F  be  X,,  X1Xr,  XiXrxs,  etc.  For  nonlinear  systems,  the 
equations  for  statistical  moments  form  an  infinite  hierarchy,  and  they  can 
only  De  solved  approximately  using  a  suitab’e  closure  scheme. 


The  statistical  moments  are  --elated  to  cumulants  as  follows  [2,18]: 


EL.XjXkj  =  tc2[Xj,Xk]  +  <i[XjjK,[Xk] 

E[XjXkX2]  ,  KJ[Xj,Xk,X2]  +  3  {K1[Xj]K2[Xk,Xe]}s 
+  xlLXJ]K1[Xk^  Xj[X2] 

5[Xj Xj^X jj^Xfy)]  =  K,  [Xj  ,  Xk  ,  X2 , Xm]  +  3{ K 2  [Xj  ,Xk]x2  [X2 , Xm] }  j 
+  4(x1[Xj]K3[Xk,X£,Xm]}s  +  6{Kl[Xj]K1[Xk]K,[X4lXm]}s 
+  K1[Xj]K1[Xk]K1[Xe]K1[Xm] 


(53) 


where  kj[  ]  denotes  a  jth  cumulant,  and  {  }s  indicates  a  symmetrizing 
operation  with  respect  to  its  arguments;  namely,  taking  the  arithmetic 
mean  of  different  permuted  term:  similar  to  liic  one  within  the  braces.  In 
a  cumulant-neglect  closure,  all  the  cumulants  higher  than  a  given  order  N 
are  set  to  zero.  The  statistical  moments  of  an  order  higher  than  N  can 
then  be  expressed  in  terms  of  lower  order  moments  using  (53).  Very 
accurate  results  have  been  obtained  using  this  scheme  [14]  as  long  as  the 
spectral  levels  of  multiplicative  random  excitations  are  not  too  high  so 
that  the  system  is  far  from  stochastic  bifurcation  or  instability  [19,20]. 


It  is  of  interest  to  note  that  for  a  random  process  defined  on 
(-”,  -) ,  neglecting  xn  for  n  >  2  is  equivalent  to  the  so-called  Gaussian 
closure;  namely,  approximating  this  random  process  by  a  Gaussian  process. 


Gaussian  closure,  however,  is  the  simplest  and  of  the  lowest  order  among 
non-trivial  cumulant-neglect  closures.  Furthermore,  if  the  excitations 
are  white  noises  or  filtered  white  noises,  then  Gaussian  closure  leads  to 
the  same  results  as  statistical  equivalent  linearization.  A  review  of 
recent  contributions  to  the  equivalent  linearization  schemes  has  been 
given  by  Spanos  [21].  Another  closure  scheme,  using  a  truncated 
Gram-Charl ier  or  Edgeworth  series  [22,23]  has  a  similar  accuracy  as  that 
of  cumulant  closure;  however,  it  is  morp  difficult  to  apply  to  multi- 
degree-of-f reedom  systems  when  a  multidimensional  Gram-Charl ier  series  is 
requi red. 


4 . 2  Generalized  Equivalent  Linearization 

The  developmert  of  generalized  equivalent  linearization  scheme  by 
Bruckner  and  l.in  [24]  was  motivated  by  two  reasons:  (1)  a  cumulant- 
neglect  closure  of  an  order  N>2  does  not  guarantee  a  non-negative  probabi¬ 
lity  density  everywhere,  (2)  the  traditional  equivalent  linearization, 
which  leads  to  the  same  result  as  that  of  Gaussian  closure,  replaces  the 
original  nonlinear  system  with  a  linear  system  devoid  of  parametric  exci¬ 
tation;  therefore,  it  is  unsuitable  to  treat  the  case  when  random  para¬ 
metric  excitations  are  a’so  present. 

In  a  generalized  equivalent  linearization  scheme,  the  original  Ito 
system,  (49)  is  replaced  by  a  linear  Ito  system  as  follows: 

dX<(t)  =  (ajkXk  +  bj)dt  +  (CjrsXr  +  djs)dBs(t)  (54) 

The  equations  for  the  first  and  second  order  statistical  moments  are  clo¬ 
sed;  they  may  be  determined  from 

gt  EM  =  ajk  EM  +  bj  (55) 

Pt  E[XjXr]  =  ars  E[XjXs]  +  a j k  E[XrXk] 

+  cjk£  crp£  E[XkXp]  +  bp  E[Xj]  +  bj  E[Xr] 

+  cjk£  dr£  E[Xk]  +  Cpp£  dj£  E[Xp]  +  dj£  dr£  (56) 

The  constants  aiK,  bi,  Cirs  and  d1s  are  determined  by  minimizing  the  mean- 
square  errors  2 

fj  =  E{[mj(X)  -  ajkXk  -  bj]  }  (57) 


ejr  =  E{ [Xjmr(X)  +  Xpmj(X)  +  Oj£(X)  or£(X)  -  apSXjXs 
-  ajkXrXk  -  Cjk£  c rp £  XkXp  -  bpXj  -  bjXp 

"  cjk£  dr£  xk  "  crp£  dj£  xp  _  dj£  dr£]  }  (58) 

To  carry  out  the  minimization  process,  the  evaluation  of  certain  moments 
higher  than  the  second  order  is  still  required.  However,  when  the  optimal 
constants  so  obtained  are  substituted  into  Eq.(54),  the  linearized  system 
does  possess  a  non-negative  probability  density. 


4.3  Stochastic  Averqing 


Method  of  stochastic  averaging  was  developed  by  Stratonovich  [2] 
based  primarily  on  physical  arguments.  It  was  later  justified  and  inter¬ 
preted  rigorously  by  Khasminskii  [25],  Papanicolaous  and  Kohler  [26].  The 
first  application  to  structural  systems  was  due  to  Ariaratnam  in  the 
anlaysis  of  column  stability  under  random  axial  load  [27].  Lin  and  co- 
workers  have  used  the  procedure  to  investigate  the  effects  of  atmospheric 
turbulence  on  the  motions  of  helicopter  blades  [e.g.  28,29,30,31],  and  of 
long-span  bridges  [32,33].  Namachichi vaya  and  Ariaratnam  [34]  and 
Namachchi vaya  [35,36]  applied  the  method  to  Hopf  bifurcation  in  the  pre¬ 
sence  of  stochastic  excitations.  A  review  of  the  general  subject  and  many 
other  contributions  was  given  by  Roberts  and  Spanos  [37]. 

According  to  Stratonovich  [2]  the  response  of  a  dynamic  system  to 
random  excitation  may  be  approximated  by  a  Markov  vector,  if  the  correl¬ 
ation  times  of  all  the  excitations  are  short  compared  with  the  relaxation 
time  of  the  system.  Then  the  coefficients  in  the  corresponding  Ito  type 
differential  equations  (49)  can  be  obtained  from  the  original  physical 
equations  (1)  as  follows: 

mj  =  fj(X*t)  +  /  9jk(X>t)  gjs(X,t  +t) 

E[F|c(t)  Fs(t  +  i)]di  (59) 


°j2  °k£  =  f  9jr(*.t)gks(X,t+T)  E[Fr(t)  Fs(t+x)]dt  (60) 

It  is  of  interest  to  note  that  the  right  hand  sides  of  (59)  and  (60) 
reduce  to  the  same  forms  as  those  of  (4)  and  (5),  respectively,  if  the 
random  excitations  are  delta-correlated. 

If  the  right  hand  sides  of  the  physical  equations  (1)  are  small  in 
some  sense,  implying  that  the  state  variates  are  slowly  varying,  then  the 
results  obtained  in  (59)  and  (60)  can  be  further  simplified  by  time- 
averaging  over  t.  This  additional  time  averaging  not  only  makes  the  drift 
and  diffusion  coefficients  independent  of  time,  but  very  frequently  it 
also  renders  a  group  of  state  variables  to  become  uncoupled  from  the 
others,  thus  permitting  a  reduction  of  the  dimensions  of  the  state  space 
being  considered.  The  latter  advantage  is  very  significant  from  an  ana¬ 
lytical  point  of  view  and  is  the  main  reason  for  the  popularity  of  the 
stochastic  averaging  procedure.  If  the  system  is  linear  or  slightly 
nonlinear,  the  unknowns  in  the  original  physical  equations  can  be  trans¬ 
formed  to  polar-coordinate  variables  corresponding  to  slowly  varying 
amplitudes  and  phases,  making  the  time-averaging  applicable. 

Alternatively,  the  unknowns  can  be  transformed  to  complex  random  processes 
in  conjugate  pairs.  The  absolute  magnitude  of  a  complex  random  process  is 
equivalent  to  an  amplitude  process,  and  the  ratio  between  the  imaginary 
and  real  parts  is  the  arctangent  of  a  phase  process.  This  alternative 
scheme  was  used  by  Ariaratnam  and  Tam  [38]  to  linear  systems  with  many 
degrees  of  freedom.  Bruckner  and  Lin  [39]  have  shown  that  it  can  also  be 
applied  advantageously  to  nonlinear  cases,  and  when  used  in  conjunction 
with  the  cumul ant-negl ect  procedure,  the  number  of  equations  to  be  solved 
simultaneously  is  reduced  greatly. 
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Since  time-averaging  is  often  the  key  to  make  a  problem  solvable,  it 
is  of  interest  to  comment  on  two  cases  for  which  time-av.eraging  are  still 
applicable  without  requiring  that  the  right  hand  sides  of  all  the  first 
order  physical  equations  be  small.  The  first  case  is  a  weakly  damped 
single-degree-of-freedom  oscillator  with  a  strongly  nonlinear  stiffness, 
governed  by 

X  =  -  g(X)  +  ef (X,X)  +  h1(X,X)F1(t)  (61] 

where  e  is  a  small  positive  number  and  for  simplicity  the  F-j(t)  are 
assumed  to  be  white  noises.  Introduce  an  energy  process  [2] 

V  =  jX*  +  G(X)  =  jX2  +  /  g(u)du  (62] 

Equation  (61)  can  be  replaced  by  the  following  two  first  order  equations 
X  =  ±/  W  -  G)  (63’ 


V  =  ± 


(ef(X,±  /TTV^G)  ) 


+  e^h-j  (X  ,±)/  2( V-G)  )Fi(t)j  (6< 

These  two  equations  can  be  converted  to  the  following  I  to  type  equations 


dX  =  2 


dV  =  emdt  +  e^  o  dB(t) 


where  according  to  (4),  (5),  (50)  and  (51) 


m  =  ± 


(f  +  (TTKij)  hj  y±  /T(V^G)hi  ]} 


o  =  ]/  4TTK-j j (V-G) h-j hj  (68) 

The  unknown  V  in  (70)  is  slowly  varying,  but  the  unknown  X  in  (65)  is 
not.  Invoking  a  theorem  due  to  Khasminskii  [40]  Zhu  [41]  performed  a 
time-averaging  on  the  right-hand-side  of  (70)  as  follows: 

m  =  i  /{f  +  mKij  hj  [±  /T(V^G)  h^JdX  (69) 

R 


c2=  ±  j  /  2-nKi j/2(V-G)hi hj  dX  (70) 

R 

where  integration  on  t  has  been  replaced  by  integration  on  X  using  (65), 
k  is  the  integration  domain  defined  as  V  >  G,  and 

T  =  ±  /  [ 2( V-G)  ]-1*  dX  (71) 

R 

Since  the  integrands  are  expressed  in  terms  of  ±/2(V-G) ,  the  value  of  each 
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integral  is  obtained  by  adding  the  results  from  separate  integrations  for 

the  plus  and  the  minus  signs.  Substituting  m  and  o  for  m  and  o,  respec¬ 
tively,  in  (66),  we  obtain  an  Ito  equation  for  V  which  is  devoid  of  X. 
Similar  analyses  have  also  been  carried  out  by  Spanos  [42]  and  Roberts 
[43]  for  systems  under  only  additive  random  excitations. 

Another  exceptional  case,  considered  by  Namachchivaya  and  Lin  [44], 
is  described  by  the  following  equations  of  motion 

Zx  +  2a x  u  +  n!Zx  =  fx(z,i,y)  +  a, j (M)ZjW(t) 

Z2  +  2atU  +  a*Z,  =  MZ.Z.y)  +  A2  j  (y)ZjW(t)  (72) 

where  p  is  a  parameter,  2=w-j * (p)+  a^2(p),  and  w,  are  damping  parame¬ 
ters  and  natural  frequencies,  respectively,  and  f^  are  only  weakly  nonli¬ 
near.  As  p  increases,  the  first  mode  becomes  close  to  instability  while 
the  second  mode  remains  highly  damped.  We  then  transform  Zx  and  Zj  to  the 
amplitude  and  phase  counterparts,  and  at  the  same  time  make  the  substitu¬ 
tion 


Z2  =  [cosw2t  +  w2 ^iSinwjtJY,  +  (w21s1nw2t)Y2]e“a2t 

(73 

Z2  =  [-(w^fljSinwatJYi  +  (cosw2t-w21a2sinw2t)Y2]e"‘c'2t 

The  new  equations  satisfy  the  condition  for  time  averaging,  and  the 
resulting  Ito  equation  for  the  amplitude  of  the  first  mode  is  devoid  of 
other  variables.  This  method  was  developed  on  the  basis  of  a  theorem  due 
to  Papanicolaou  and  Kohler  [45].  It  can  be  applied  to  cases  Involving  a 
very  large  number  of  degrees  of  freedom.  However,  ’ f  more  than  one  mode 
can  become  critical,  then  transformation  to  conjugate  pairs  of  complex 
processes  is  simpler  [46]. 


4.4.  Energy  Dissipation  Balancing  [47] 

Consider  a  slngle-degree-of-freedom  system,  governed  by  equations  of 
the  type  of  (23).  An  exact  stationary  probability  solution  can  be  found 
if  the  Y  and  0  functions  are  related  according  to  (28).  Restricting  to 
D(xx)  =  0  and  to  A  of  the  form  of  (31),  relation  (28)  is  simplified  to 

'KXifXj)  =  "nXjKki^k®^  (M  _  ®k  +  9(*x)  (74) 

This  equation  specifies  a  class  of  solvable  problems. 

Given  a  problem  with  a  v|>  function  not  in  the  'orm  of  (74),  it  is 
possible  to  write 

vKxl,x2)  =  u(Xi,x2)  +  g(Xx)  +  7iKk£0£  8k  (75) 

Then,  using  (12)  as  an  approximate  solution,  the  error  Involved  is 

e  =  u(x»,x2)  -  irx2  Kk£0k0^'  +  2irKk£  0£—  0k  (76) 

3x2 

A  reasonable  criterion  for  the  choice  of  <fr'(A)  is  to  equate  the  average 
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energy  dissipations  between  the  given  system  and  the  substituting  system 
[47]  for  which  the  exact  solution  is  obtainable;  namely  letting 


/  x2e  ps(xt ,x2)dXxdx2  =  0  (77) 

where  ps  is  chosen  to  be  the  stationary  probability  density  of  the  substi¬ 
tuting  system. 

As  an  example,  consider  a  van  der  Pol  type  oscillator 

Z  +  a$  +  3Z*J  +  V?S  +  Z  +  ZWx(t)  +  ?W2(t)  +  W,(t)  (78) 


By  equating  Z  =  X!  and  1  =  Z2  and  comparing  with  (23),  we  can  identify 
that  0!  =  Xx ,  02  =  x2,  03  =  1  and  <|i(x1,x2)  =  ax2  +  Bxfx2  +  +  Xx 


From  (75), 

1T^k£®£  cix7®k  =  +  K22x2  +  Kj3) 

(79) 

vHXx,X2)  =  U(Xx,X2)  +  g(Xx)  +  TT(K2jXx+K22X2+K23) 

(80) 

Therefore, 

g(Xx)  =  Xx  (1  -  irK2x)  -  itKJ3 

2  3 

u(xx,x2)  =  (a  -  itK22)x2  +  0x i x2  +  yx2 

(81) 

It  follows  from  (3i)  that 

X  *  +  ^(1  -  itK2x)(Xx  -  Xx>0)  (82) 


where  Xxj0  =  ttK23/(1  -  rrK2x).  In  order  for  X  to  be  always  positive,  it 
requi res ’that  1  -  ttK12  >  0  which  is  a  necessary  condition  in  probability. 

The  integration  in  (77)  can  be  simplified  by  a  transformation  Xx  = 
[2A/(l-irK2x)]^cos0  +  x1|0.  and  x2  =  (2A)^  sin0,  resulting  in 


2u( 1-uK2  x ) (Kx  xXx  1 0+2Kj lXijO+Kjj)  +^[^ii+3K22( 1  — ttK  ? x ] A 
The  approximate  stationary  probability  denisty  is 

ps(Xx,x2)  =  C  exp  [-  /  <t> '  ( A)dA]  (84) 

The  reader  is  referred  to  [47]  for  details. 

It  is  of  interest  to  note  that  if  only  the  additive  random  excitat¬ 
ions  are  present  then  the  approximate  probability  density  obtained  on  the 
basis  of  energy  dissipation  balancing  coincides  with  that  obtained  from  a 
least  mean-square  error  criterion  proposed  by  Caughey  [48];  however,  the 
two  results  are  different  if  multiplicative  random  excitations  are  pre¬ 
sent.  In  the  latter  case,  the  energy  dissipation  criterion  leads  to 
correct  bifurcation  and/or  instability  conditions  in  some  known  examples 
while  the  least  mean-square  error  criterion  or  stochastic  averaging 
[47,49]  do  not. 
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5.  CONCLUDING  REMARKS 


The  length  limitation  of  this  paper  does  not  permit  a  thorough  review 
of  all  important  advances  which  took  place  in  recent  years  toward  solving 
nonlinear  random  vibration  problems.  It  is  therefore  appropriate  to 
suggest  additional  materials  for  Interested  readers.  The  earlier  review 
by  Caughey  [50]  remains  most  authoriative  for  works  prior  to  1971.  A 
large  portion  of  a  survey,  entitled,  "Methods  of  Stochastic  Dynamics"  is 
devoted  to  nonlinear  stochastic  systems.  For  the  very  useful  analytical 
tools  of  equivalent  linearization  and  stochastic  averaging,  [21]  and  [37] 
are  again  suggested. 

Because  of  the  familiarity  of  the  materials  at  hand,  it  is  perhaps 
unavoidable  that  much  account  is  given  to  works  carried  out  by  the  writer 
and  his  associates.  Many  very  Important  contributions  are  not  mentioned, 
and  they  are  by  no  means  less  significant. 
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CONSIDERATION  OF  NON-GAUSSIAN  RESPONSE  PROPERTIES  DY 
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Institute  of  Engineering  Mechanics 
University  of  Innsbruck,  Austria 


1.  INTRODUCTION 

Although  it  is  we'l  known  that  the  response  of  nonlinear  structures  subjected  to  Gaussian 
random  excitation  is  non-Gaussian,  it  is,  nevertheless,  usually  assumed  to  be  Gaussian  distributed, 
in  particular  when  the  technique  of  Equivalent  Linearization  (EQL)  is  applied  to  calculate  the 
response  in  terms  of  its  second  moments.  Due  to  this  unrealistic  assumption  a  biased  estimate  of 
the  response  statistics  is  obtained.  The  bias  increases  with  increasing  nonlinearity.  In  this  context  it 
is  claimed  e.g.  in  [  1 J  that  linear  systems  exist  which  lead  -  at  least  for  white  noise  excitation  - 
exactly  to  the  first  statistical  moments  of  the  response  of  the  respective  true  nonlinear  systems. 
The  adjective  " true  "  is  used  here,  and  in  the  following,  to  indicate  the  actual  nonlinear  system  and 
the  statistic*  of  die  actuai  nonlinear  response  which  can  presently  only  be  found  by  simulation  of  a 
sufficiently  large  sample  size  (e.g.  10  000). 

For  the  purpose  of  discussing  the  implications  of  this  statement,  consider  a  n-th  order 
non-linear  system  which  follows  the  differential  equation. 

~  =  g(y  )  +  w(t)  (1) 

where  y  is  the  generalized  response  vector  of  the  true  nonlinear  system,  w(t)  is  a  vector  of 
independent  white  noise  components  and  g  a  n-dimensional  non-linear  function.  In  other  words, 
there  exists  a  linear  system,  with  the  true  coefficient  matrix  [A]  and  linear  response  x,  following 
the  linear  differential  equation 

-r-=  1  A(t)  1  ■  x  (t)  +  w  (t)  (2) 

dt 


such  that 


E  (  x  }  =  E  {  y  }  and  E  {  x  ■  x  1  }  =  E  {  y  -  yT  } 


(3) 


where  xT  indicates  the  transposed  vector  of  x. 


The  true  coefficient  matrix  [A]  can  be  determined  by  [1 ) 


[A]  =  [E{  g(y)  •  yT}]  •  [E  {  v  yT  }  l'1  (4) 

Of  course,  the  two  matrices  on  the  right  hand  side  of  eq.  (4)  are  not  known  when  the  equivalent 
linearization  technique  is  applied.  Indeed,  there  would  be  no  need  to  linearize,  since  all  that  is 
obtained  by  EQL  is  generally  a  biased  estimate  of  the  matrix  E  (y  yT).  However,  the  above  results 
enable  one  to  investigate  the  conditions  which  are  required  to  obtain  the  tnie  coefficient  matrix  [A) 
and,  consequently,  the  unbiased  estimates  for  the  second  moments  of  the  nonlinear  response,  i.e. 
E  (y  •  yT } . 


For  applications  of  the  EQL  technique  an  additional  condition  is  quite  important.  If  the  true 
joint  distributions  are  used  to  determine  the  expectations,  i.e. 


f  E  {  g  ( y  )  vT}]  =  J  ....  J  I  g  (  y ) yT)  fy  (  y  )  dy  (5) 


the  true  coefficient  matrix  can  be  derived.  For  practical  applications  this  statement  is  only  useful  for 
those  cases  for  which  it  is  possible  to  construct  the  joint  distribution  fv(v)  only  from  known 
expectations  E  { y }  =  E  (x)  and  E  {v  vT]  =  E  (x  xT).  In  other  words,  if  the  shape  of  the  joint 
distribution  is  known  as  function  of  E  { v }  and  E  (v  y1  }.  the  true  coefficient  matrix  can  be 
obtained. 

In  practice,  however,  it  is  very  difficult  to  formulate  the  shape  of  non-Gaussian  joint 
distributions,  although  it  is  often  possible  to  approximate  the  true  shape  of  probability  distributions 
of  components  of  the  response  vector  y.  i.e.  marginal  distributions  of  fv  j(yj). 

In  this  paper,  it  is  assumed  that  only  the  true  shape  of  the  marginal  distributions  can  be 
approximated  by  pyhsical  considerations.  The  procedure  is  demonstrated  by  the  use  of  the 
smoothly  varying  hysteretic  model  as  proposed  in  [2]  and  later  generalized  and  adapted  for  the  use 
of  EQL  in  (31  to  represent  a  wide  class  of  hysteretic  behavior. 

For  simplicity  a  SDOF-bysteretic  system  under  nonstationary  white  noise  excitation  is 
considered.  The  second  moments  E  {x  xT)  of  the  linearized  model  in  eq.  (2)  can  either  be 
obtained  by  applying  a  Lyapunov  matrix  equation  or  by  modal  analysis,  where  the  determination  of 
complex  eigenvalues  and  eigenvectors  is  requiied.  Since  modal  analysis  is  more  general  and 
suitable  for  MDOF  systems  consisting  of  a  large  number  of  degrees  of  freedom  subjected  to 
nonstationary  non-white  excitation,  e.g.  evolutionary  spectra,  complex  modal  analysis  will  be 
utilized  in  the  further  developments. 
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2.  METHOD  OF  ANALYSIS 


2.1  The  Technique  of  EOL  and  Complex  Modal  Analysis 

Using  the  approach  as  suggested  in  [3]  the  equation  of  motion  for  a  SDOF  system  may  be 
written 


my  +cy  +  aky  +  (1  -  a)  kz  =  b(t) 


(6) 


where  b(t)  represents  a  random  excitation,  m  the  mass,  c  the  viscous  damping  coefficient,  a  the 
post-to-preyielding  factor,  k  the  stiffness,  y  the  displacement  response  where  a  dot  indicates 
derivation  with  respect  to  time.  The  auxiliary  variable  z  may  be  described  by  the  following 
nonlinear  differential  equation  [3] 

ZN=  «y  -PI  y  I  lzl""'  z  -  y  y  I  z  l"  (7) 


The  parameters  a,  (3,  y  and  n  are  parameters  controling  the  shape  of  the  hysteretic  loops. 

In  the  concept  of  EQL,  the  nonlinear  eq.  (7)  is  replaced  by  a  linear  differential  equation,  i.e.  by 

*L  =  c,y  +  c2y  +  c3z  (8) 

where  the  linearization  coefficients  are  determined  such  that 
2 

E  {  (zN  -  z^)  }  — >  Minimum  (9) 

i.e.  the  mean  square  of  the  difference  between  the  nonlinear  (N)  and  the  linear  (L)  models  is 
minimized.  It  can  be  shown  that  the  condition  in  eq.  (9)  Ls  satisfied  if  (see  eq.  (4) ) 

(  e  1 ,  c2,  c3  )  =  E  {  >. N  •  yT }  •  t  E  {  y  -  yT}  ]  1  (10) 

where  the  vector  y  is  introduced  to  represent  the  nonlinear  response 

yT  =  (y,,y2,  y3)  =  (y.y.z)  (li) 

At  this  stage  it  should  be  pointed  out,  that  the  linearization  coefficient  cj  in  eq.  (8)  is  zero  only  for 
Gaussian  distributed  response  quantities,  but  is  generally  nonzero  for  non-Gaussian  response. 
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are  not  valid  for  general  cases,  as  they  are  derived  in  [4)  under  the  assumption  of  Gaussian 
response,  from  which  c  j  =  0  follows. 

Using  the  state  vector  approach,  the  linear  equation  of  motion,  i.e.  eq.  (6)  along  with  the 
linearized  auxiliary  variable  z  in  eq.  (8)  can  be  written  in  the  form 

[A(t)]x  +  b(t)  (13) 

dt 

where 


In  order  to  distinguish  clearly  between  the  linearized  Gaussian  response  x  and  the  nonlinear 
non-Gaussian  response  y,  two  different  notations  are  introduced 

The  second  moments  E  [  x  xr]  of  the  response  of  the  time  variant  system  (eq.  (13) )  can  be 
obtained  in  a  rather  straight  forward  procedure.  It  is  applicable  to  nonstationary  excitation,  including 
evolutionary  spectra  (see  e.q.  [5],  [6]).  More  details  of  the  procedure  are  found  in  [7]  which  deals 
exclusively  with  the  evaluation  of  the  first  two  moments  of  the  stochastic  response  of  a  time  variant 
linear  system.  There  it  is  shown  that  the  continuously  time  variant  linear  system  can  be 
approximated  by  a  system  considered  to  be  time  invariant  within  consecutive  short  time  intervals. 
Moreover,  an  algorithm  is  introduced  to  evaluate  efficiently  the  characteristic  equations  utilizing  the 
solution  of  the  respective  previous  time  step  and  to  evaluate  the  response  due  to  an  arbitrary 
evolutionary  spectrum. 


obtained  when  assuming  Gaussian  response.  For  this  purpose  two  SDOF-systems  with  identical 
structural  parameters  of  mass  m  =  6.708  •  10^  kg,  stiffness  k  =  9.26  ■  10^  N/m,  damping  c  =  0 
and  white  noise  intensity  I(t)  =  2jrS()(t)  =  0.4  t  [m^/sec^]  is  investigated  for  two  different  post-to 
preyielding  factors  a 


(a)  a  =  aa  -  0  and  (b)  a  =  afe  =  0.05 

The  parameters  controling  the  shape  of  hysteretic  loops  in  eq.  (7)  are  selected  as  follows: 
a  =  1;  (3  =  y  =  4.44  m'1  ;  n  =  1 

In  Fig.  1,  the  true  standard  deviation  Oy-j  of  the  displacement  response  is  compared  with  the 
standard  deviation  ax-j  obtained  by  EQL.  From  this  Figure,  it  is  seen  that  the  displacement 
response 

is  considerably  underestimated  by  the  method  of  EQL,  although  the  velocity  response  is  predicted 
quite  well  (see  Fig.  6). 

The  simulated  results  are  based  on  10  000  samples.  Fig.  1  also  shows  the  results  when  using 
the  tme  linearization  coefficients  as  calculated  according  to  eq.  (10)  utilizing  the  10  000  response 
quantities  Yj  and  the  nonlinear  eq.  (7).  In  terms  of  second  moments  the  agreement  between  the 
optimal  linear  response  and  the  tme  response  is  excellent  which  verifies  the  relation  defined  by  eq. 

(3). 


In  Fig.  2  the  true  linearization  coefficients  are  then  compared  with  the  linearization  coefficients 
obtained  when  assuming  Gaussian  response  quantities.  This  figure  reveals  considerable 
differences,  indicating  a  strong  influence  of  the  assumed  distribution  of  the  response  quantities. 


2,2  Consideration  of  Non-Gaussian  Response  Properties 

An  efficient  way  to  estimate  realistic  marginal  distributions  of  the  nonlinear  response  quantities 
is  the  introduction  of  non  lineal  transformations  such  as 

y  =  h.  (x.)  (15) 

111 

which  are  established  on  the  basis  of  physical  considerations.  For  this  purpose  any  conceivable 
nonlinear  transformation  function  can  be  utilized,  however  under  the  condition  that  it  meets  the 
requirement  stated  above  by  eq.  (3),  i.e.: 

E  {  x  )  =  F.  {  y  }  and  E  {  x  ■  xT  )  =  E  {  y  ■  yT  )  (3) 
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This  can  be  accomplished  in  two  steps.  First,  the  transformation  hj(x)  is  selected  such  that  the 
following  conditions 


E  {h.  (x.)  1  =  E  { x. }  and  E  (h.2  (xT  )  =  E  { xp }  (16) 

are  satisfied.  Secondly,  modified  Gaussian  correlation  coefficients  pjj  are  evaluated  from  the 
following  integral  equation 


E(x.  x. 


pu  = 


>  J 


J 


E(xr}  E(xj- 


+  00+00 

=  h  (x  )  h.  (x  )  fY  Y  (x  ,  x  ;  p.'.)dx.dx- 

J  J  i  >  J  J  ,  Xj  1  J  0  1  J 


07) 


satisfying  for  i  *  j  the  requirement  E  (>+  yj }  =  E  (xj  xj }  .  Experience  shows  that  it  is  usually 
sufficient  to  evaluated  p'jj  in  one  step  by 


|  J  wypfvx.iv 


x  ;  p.  )  dx.  dx  ) 
j  >J  1  J 


(18) 


where  f x i  X j  (xi  •  w  ■  Pjj  >  represents  a  jointly  Gaussian  distribution  with  correlat.on  coefficients 


Following  these  nonlinear  transformations,  which  lead  to  a  more  realistic  characterization  of 
the  marginal  distribution,  the  expectations  defined  by  eq.  (5)  can  be  approximated  by 


£<  y 


+  •-«  +■  « 

II 


I  g (  v  (  X )  )  yT  (  x  )  |  fx  (.  X  ;  R  ' )  dx 


(19.) 


where  f^(x;R’)  denotes  a  jointly  Gaussian  distribution  w  ith  a  correlation  matrix  R'  containing  the 
correlation  coefficients  defined  by  eq.  (IK)  and  eq.  (17 »  respectively: 


I  R'  I  = 


(20) 


These  expectations  as  evaluated  from  eq  (19)  are  used  in  eq.  '4)  to  improve  the  linearization 
coefficients  and,  consequently,  the  estimates  for  the  second  moments  of  the  nonlinear  response. 


So  far  the  analysis  is  generally  applicable.  In  the  following,  these  considerations  are  applied  to 
a  particular  case  where  only  the  restoring  force  is  non-Gaussian.  All  components  of  the  state  vector 
y  =  (yj,  y2.  yj)7  of  a  SDOF-system  are  generally  non-Gaussian  distributed.  It  is  well  known  that 
the  displacements  yj  and  the  velocities  y2  show  a  tendency  towards  a  two-sided  exponential  type 
distribution.  However,  the  deviation  of  the  true  distributions  f(yj)  and  f(y2)  from  a  Gaussian 
distribution  is  always  far  less  than  for  the  third  component  y3,  i.e.  the  auxiliary  variable 
Therefore,  in  a  first  step,  it  is  reasonable  to  take  only  the  non-Gaussian  response  properties  of  the 
auxiliary  variable  z=y3  into  account. 

Since  the  auxiliary  variable  z  in  eq.  (7)  is  confined  to  the  range 


b  <  z  <  b  where  b  =  ( — - —  )*^n 
0  +  Y 


(21) 


the  probability  density  function  (PDF)  of  z  is  actually  bounded  and  its  probability  mass  is 
concentrated  in  the  upper  and  lower  bounds  for  those  cases  where  the  response  exceeds  the  yielding 
displacements.  To  account  for  this  fact,  the  transformation 


z  =  y3  =  h^  (x3)  =  sign  (x3)  ■  b  ■  1  1  -  e 


K 

—  X, 

b  3, 


(22) 


is  suggested,  where  k  is  selected  such  that  eq.  (16)  is  satisfied.  The  corresponding  non-Gaussian 
distribution 


fy3  (/3)  = 


-  ———  exp  |  -  ( Ul-  ln  (  1  .  iai )  )2| 

K  (b-l  z  I  )yJ2KG^  3 


(23) 


agrees  fairly  well  with  distributions  obtained  from  simulation.  This  is  demonstrated  in  Fig.  3  where 
PDF's  according  to  eq.  (23)  are  compared  with  PDFs  from  simulations  for  various  ratios 
X=  cy^/b. 

In  a  next  step,  taking  E  {y  -yT}  from  simulation,  the  linearization  coefficients  (cj ,  c->,  C3)  are 
calculated  by  using  eq.  (19)  and  eq.  (10).  In  Fig.  4,  these  coefficients  are  compared  with  the  true 
linearization  coefficients.  It  is  seen  that  the  agreement  is  quite  good,  especially  when  compared  with 
coefficients  resulting  from  an  assumed  Gaussian  response.  However,  the  simple  fact  that  the  true 
coefficients  are  approximated  much  better  by  the  non-Gaussian  coefficients  than  by  the  Gaussian, 
is  a  necessary  but  not  sufficient  condition  for  obtaining  an  improved  estimate  of  the  second  moment 
of  the  response.  For  example,  when  disregarding  eq.  (17)  or  eq.  (18)  by  assuming  pjj  =  p'—,  the 
non-Gaussian  linearization  coefficients  still  agree  fairly  well  with  the  true  values,  while  the 


response  statistics  untamed  might  become  won 

Now,  when  evaluating  tite  non-nationaiy  response  by  using  an  F.QL  algorithm  within  an 
iterative  procedure,  die  linearization  coeilictents  have  to  be  calculated  repeatedly,  t.e.  1  tveral 
hundred  times.  In  case  the  response  is  Gaussian  distributed,  where  eq.  (,i5)  simplifies  to  an  identity 
relation,  eq.  '19)  can  often  he  evaluated  explicitely  without  any  time  consuming  numerical 
integration.  Such  an  explicit  formulation  for  the  nonlinear  eq.  (7)  was  first  shown  in  [3].  In  the 
present  case  where  a  no  i:;:  •.  r  tr.uisfonn.ttton  (eq.  (15; t  is  introduced,  eq.  (18)  and  eq.  (19)  have  to 
be  evaluated  mimerica’i’x  with  a  couxide:  tble  mere-used  numerical  effort  in  terms  of  CPU-time.  It 
should  he  mentioned  at  r  -  r>oht  that  if  me  computational  procedure  is  not  modified  as  suggested  in 
the  Append1'  *'•>.*  com"  ■.  t  .  nu!  effort  migtv  he  of  the  same  order  as  -equired  by  simulation.  It 
should  he  note  that  :w  us.-  .*  die  suggested  procedure,  however,  the  CPU-time  for  computing  eq. 
(IX)  and  (id  fv  .['eh'.::' de  w hen  compared  to  the  numerical  effort  required  tor  evaluation  the 
second  tn  'mem  •  ■'  t!'c  n. '  tv’sc 

3.  NTM;  UP  A;  Hr  -  I  »  VS 

!  ■  ,c«.  .ion.  ;>  apnjvd  for  the  two  examples  as  defined  in 

■  eve \  i  .  otn  erceno :  ts  t  blamed  a*  ter  M  =  3  steps.  The 
.  ■  j'c  •;  ited  <m!  a  hunted  number  of  time  st<*ns.  i.e. 

-.is  t  instants  o'.c.poFipon  is  used  (see  Appendix). 

".  ■  :d  •.  •'  •••«'.  •;  >  non-' G'.w-’an  distributed  restoring  forces  are 

1  ■!■<  ..-.•hic-ved  ■  suggested  procedure  are  significant. 

.■  •  i-  u-( i.uisstan  properties  ot  the  displacement-  as  well  as 
’v  m  •vy’-vted  a  no  the  assumed  distributions  of  the  restoring  forces  do  not 
rtev  ’m— . d-  ,  ■c:r  characteristic  s  only  (see  Fig.  3) 

Fig.  5  show  s  the  nonstatiottary  standard  deviation  ox(i!  of  the  displacement  response  for  both 
examples.  The  -estiit  obtained  *or  Gaussian  and  non-Gaussian  response  properties  as  well  as 
Monte-Carlo  mu  la  to  -■■■'•  -h'vi  sum  Tes •  are  {-'lotted.  For  standard  deviations  of  crx  <  0.3  m  the 
agreement  ubh  the  —  mu’  ucd  resu'ts  a-  excellent,  -’or  the  case  of  <rx  >  0.3  m  also  considerable 
improvements  are.  achieved.  It  should  be  noticed,  that  the  response  for  ox  =  0.2  m  is  already 
strong'  .  nop[inear.  w  here  'ha  displacements  consist  mainly  of  plastic  deformations  8  (drift)  with 

--  '• l|''  • 'onirad.c’ie.g  the  concinvons  stated  in  jXj.  the  excellent  agreement  between 
prediction  ant*  xinui'anon  demonstrates  clearly  that  HQl.  is  indeed  capable  to  predict  accurately  the 
d;  . placement  response  of  a  strongly  yielding  system.  In  Fig.  b  the  standard  deviations  oy  obtained 
for  the  velocity  response  are  compared.  For  both  cases,  the  agreement  with  simulated  results  is  for 
Gaussian  and  non-Gaussian  response  quantities,  quite  satisfactory. 


seed  i ’I'-  .1 
non  -G.  !'.:■• 
for  t  1 '  . 

The  re<t'hv  u: 

preset'.’ ed  :•  ■ 
expos  . n  . 
velocity  reso'  ■  ,•  . 
fit  the  actu.o  ”1 


Finally,  in  Fig.  7  the  standard  deviations  az  of  the  auxiliary  variable  z,  representing  the 
nonlinear  restoring  force,  are  compared.  The  agreement  between  the  standard  deviation  obtained  by 
EQL  adapting  non-Gaussian  properties  and  simulated  results  is  excellent.  The  results  coincide 
almost  completely  for  the  entire  time  range. 


4.  CONCLUSIONS 

It  has  been  shown  that  non-Gaussian  properties  of  the  nonlinear  stochastic  response  can  be 
taken  into  account  within  the  framework  of  EQL  to  improve  considerably  the  prediction  of  second 
moments  of  the  response. 

A  concept  adapting  non-Gaussian  response  properties  has  been  introduced.  The  concept  is 
applicable  for  any  type  of  nonlinearity  and  readily  extended  for  MDOF-systems.  Non-Gaussian 
marginal  distributions  of  components  of  the  response  are  introduced  by  means  of  nonlinear 
transformations  y  (x)  =  h  (x)  between  the  nonlinear  response  y  and  the  linearized  response  x. 
These  transformations  allow  the  incorporation  of  physical  properties  of  the  nonlinear  response. 

The  applicability  of  the  suggested  method  has  been  demonstrated  by  calculating  the  second 
moments  of  a  hysteretic  SDOF-system  by  considering  merely  the  non-Gaussian  properties  of  the 
restoring  force.  The  considerable  improvements  achieved  are  quite  encouraging  to  pursue  the 
suggested  approach. 
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APPENDIX 

Computational  Scheme  for  NGEQL  Algorithm 
INITIAL  CALCULATION 

(a)  Calculate  for  a  Gaussian  distributed  response 

(al)  The  second  moments  E  (x(°)  (t)  xT®  (t)}  =  [  R(t)/°) 

(a2)  The  "Gaussian"  linearization  coefficients  c(°)(t),  e.g.  cT(°)  (t)  =  (0,  C2^(t),  C3^°^(t) ) 

ITERATION  i  =  1,  2,  3 . M 

(b)  Calculate  for  a  few  well  distributed  instances  tkj  the  non-Gaussian  linearization  coefficients 

c«(tkj)  on  the  basis  of  second  moments  f  R(t)  ](''') 

(c)  Establish  a  relation  c^(t)  =  c^  (c^°^(t) )  to  interpolate  for  an  arbitrary  time  t  the  non-Gaussian 
linearization  coefficients  c^(t) 

(d)  Calculate  with  c^  (t)  new  second  moments 

[  R(t)](,)  =  E{  x(i)(t)xT(i){t)] 

(e)  Calculate  the  matrix  of  second  moments 

(i)  _  (i)  (i  -  1) 

[  R(t)l  =x>  ■  [  R  (t)]  +  (  1-f) )[  R(t)]  ;  0  <  u  <  2 

(0  Check  convergence 

If  II  [ R(t) ]  0)  -  [R(t)]<!  - !'  II  >  e  II  [R(t)I<0  II,  then  start  new  iteration  with  (b),  else  stop 
iteration. 

For  the  example  (section  2.1)  it  is  assumed  that  the  non-Gaussian  linearization  coefficients  are 
interpolated  between  the  time  steps  (ta,  tb],  where  cW  (ta)  and  c®  (tb)  have  been  calculated  in  (b). 

Then  for  ta  <  t  <  t^,,  c^1'  (t)  can  be  determined  by 

~  “21 
C(l)  (0  =  a22 

_  tt23 
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FIGURE  CAPTIONS 


Fig.  1:  Standard  deviation  of  displacements  obtained  by  use  of -  simulation, - 

EQL  and -  true  linear  system. 


Fig.  2:  Linearization  coefficients  for  several  cases: - true  coefficients  (non-Gausstan), 

- EQL  and - Gaussian. 


PDF  of  auxiliary  variable  z: - simulation  (smoothed),  -  assumed  PDF 

according  to  eq.  (3) 
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Linearization  coefficients  for  several  cases: - true  coefficients, - 

Gaussian  response, -  non  Gaussian  response. 


5:  Standard  deviation  of  displacement  obtained  by  use  of - simulation, - 

EQL  with  Gaussian  response,  -----  non-Gaussian  EQL  (NGEQL). 


Standard  deviation  of  response  velocities  obtained  by  use  of - simulation, 

- EQL  with  Gaussian  response, -  non-Gaussian  EQL  (NGEQL) 
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Standard  deviation  of  auxiliary  variable  z  obtained  by  use  of - simulation, 

- EQL  with  Gaussian  response, . non-Gaussian  EQL  (NGEQL). 
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1.  INTRODUCTION 

Hysteretic  systems  are  widely  used  to  model  the  yielding  behavior  of 
materials  and  structures.  Hysteresis  is  also  exhibited  in  structures 
where  sliding  occurs  between  different  parts.  Because  of  the  importance 
of  hvsteretic  modeling,  especially  in  earthquake  engineering,  considerable 
work  has  been  done  in  this  area  [1,2,3]. 

Characteristic  of  hysteretic  behavior  is  that  the  restoring  force 
depends  on  the  past  time  history  of  the  displacement.  Since  the  problem 
is  a  nonlinear  one,  ordinary  methods  of  random  vibration  such  as  the 
frequencv  domain  approach  cannot  be  used.  Several  techniques,  including 
equivalent  linearization  and  Gaussian  closure,  have  been  utilized  for  the 
analysis  of  hysteretic  structures.  These  methods  give  approximate  results 
since  the  response  can  deviate  significantly  from  a  Gaussian  distribution. 

The  purpose  of  this  work  is  twofold.  First,  an  analytical  procedure 
based  on  tto  stochastic  differential  equations  and  Ito  calculus  is 
utilized  for  the  study  of  a  particular  type  of  hysteretic  behavior  and 
second,  two  closuring  schemes  for  the  infinite  hierarchy  of  the  moment 
equations  are  compared. 

2 .  THEORY 

2  .  1  State-Space  Formulation 

Many  different  models  of  hvsteretic  behavior  have  been  proposed. 
Here,  a  nonlinear  hysteretic  oscillator  with  the  following  equation  is 
considered  [ 4 ] , 

x  +  2hx  +  <t>(x,xl  =  f(t)  (1) 

where,  x  is  dimensionless  relative  displacement,  h  is  the  critical  viscous 
damping  and  <f>(x,x)  is  the  restoring  force  given  by: 

(j>(x,x)  =  rx  +  (l-r)sgnx  (2) 

The  restoring  force  depends  on  the  displacement  and  the  sign  of  the 
velocity.  The  variable  r  is  the  rigidity  ratio,  i.e.,  the  ratio  of 
stiffness  between  elastic  and  plastic  regions.  Figure  1  illustrates  the 
restoring  force  for  different  values  of  r.  The  case  r=l  corresponds  to  an 
elastic  system  whereas  r=0  denotes  elastoplastic  behavior.  In  general. 
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Fig.  1  Hysteretic  Restoring  Force 


smaller  values  of  r  indicate  stronger  nonlinearity.  The  loading  term, 
f(t) ,  is  considered  to  be  a  stationary  white  noise  process  with  uniform 
power  spectral  density  function  equal  to  So/(2rr). 

By  introducing  the  state  variables 


x2  -  x  , 

equation  (L)  transforms  into  a  first  order  differential  equation  of  the 
form 


It  should  be  mentioned  that  extention  of  the  method  to  evolutionary, 
non-white  excitation  can  be  easily  made.  Non-stationarity  can  be  achieved 
by  multiplying  the  excitation  by  a  modulating  deterministic  function 
whereas  non-whiteness  is  achieved  by  passing  white  noise  through  filters. 
In  that  case  additional  state  variables  should  be  included. 

The  solution  of  equation  (3)  is  a  Markov  process  whose  behavior  is 
best  studied  using  an  Ito  stochastic  differential  equation  of  the  form 

[5], 

dx(t)  -  f_  (t,  x)dt  +  G(t)dw(t) 

where  w(t)  is  a  Wiener  process.  The  transition  probability  density  of 
x(t)  obeys  the  associated  Fokker-Plauck  equation.  This  is  a  parabolic 
differential  equation  whose  solution  cannot  be  found  easily  for  a  general 
case.  For  engineering  purposes  though,  it  is  usually  sufficient  to 
determine  the  statistical  moments  of  the  response. 
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2 . 2  Moment  Equations 


Let  g(t,  x)  be  a  function  of  the  state  variables  and  time  t.  Using 
Ito's  lemma  and  basic  properties  of  Ito  calculus  the  following  differ¬ 
ential  equation  governing  the  expectation  of  g(t,  x)  can  be  derived: 


d  3g(t,x)  3g(t,x) 

-  E  [  g  ( t  ,  x )  ]  =  E  [ -  1  +  l  E  [ - f  (t.x)]  + 

dt  *-  3t  J  i=l  L  ax.  J 


h  1 

i.3  =  l 


E 


? 

3~g(t ,x) 


3x. 9x . 
i  1 


(£  Q  GT) ,j 


(4) 


where  Q  is  the  strength  matrix  of  the  Wiener  process  W(t).  It  should  be 
noted  that  the  same  equation  can  be  derived  by  multiplying  the  Fokker- 
Planck  equation  by  g(t,x)  and  taking  ensemble  averages. 


By  choosing  suitable  expressions  for  g(t,x),  a  set  of  differential 
equations  governing  the  statistical  moments  of  x  can  be  obtained.  For 
systems  starting  from  rest  with  zero  mean,  odd  order  moments  are  zero. 
Therefore,  only  equations  for  the  even  moments  are  derived. 


By  substituting 


system  of  equations 
F.  [  x  j 1  x,]  1  ,  then 


g(t,x) 
for  the 


2  2 

=  Xj*-,  x  x,,  and  x?^  successively  in  (4)  a 
second  order  moments  can  be  derived.  If  m.. 


^11  =  m02  ”  2hmn  ~  rm20  -  (l-r)E[XjSgnx9]  (5) 

mQ0  =  -4hmQ,  -  2rmn  -  2(l-r)  E  [x2sgnx2l  +  So 


4  3  2  2  3  4 

Similarly,  letting  g(t,x)  =  x^  ,  x^  x2>  x^  x2  ,  x^x?  and  x2  the  follow¬ 
ing  equations  for  the  fourth  order  moments  are  obtained. 


m40  4m31 


m  =  3m_ „  -  2hm  -  rm.  -  (1-r)  Efx  sgnx 
31  22  3 '  40  12 


m22  =  2m13  ”  4hm22  “  2rm31  ”  2^1_r^  E^xi  x2sSnx2 1  +  Som20 


(6) 


m13  =  m04  “  6hm|3  “  3rm22  “  3 ( 1-r )  E [ x^  x2 “sgnx0  ]  +  3Snm, 


oil 


m04  =  _8hm04  ~  4r,ni  3  "  E[ x2  s8nx2 5  +  6som02 
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For  linear  systems  under  white  noise  excitation  the  moment  equations 
form  a  closed  system.  However,  for  nonlinear  systems,  the  moment 
equations  form  an  infinite  hierarchy  of  equations,  that  is,  equations  for 
moments  of  specific  order  include  moments  of  higher  order.  In  such  a  case 
the  system  cannot  be  solved  without  some  approximation.  In  equations  (5) 
and  (6) ,  the  ensemble  averages  involving  the  signum  function  may  involve 
moments  of  higher  order. 

Different  schemes  have  been  used  to  truncate  the  infinite  hierarchy. 
A  popular  approach  is  to  make  the  assumption  that  the  state  vector  is 
Gaussian  distributed.  Then,  higher  order  moments  are  expressed  in  terms 
of  first  and  second  order  moments  and  the  infinite  hierarchy  is  closed. 
However,  for  strong  nonlinearities,  this  scheme  may  not  give  satisfactory 
results  because  the  deviation  from  the  Gaussian  assumption  can  be  con¬ 
siderable.  A  different  method  involves  the  use  of  a  non-Gaussian  approxi¬ 
mation  of  the  density  function  which  can  be  used  to  express  higher  order 
moments  in  terms  of  lower  ones.  Roth  schemes  are  used  in  the  present 
investigation. 


Following  the  Gaussian  closure  scheme,  the  joint  probability  density 
function  of  the  displacement  and  velocity  is  considered  normal,  given  by: 


p(Xj,x2)  = 


exp 


lira 


Ki- 


-i 


l  2(1  — p  ) 


2p (Xj-pj) (x2-p2)  + 


°la2 


(7) 


Tr  equation  (7),  u,  and  u „  are  the  means  of  the  state  variables  which  for 
l  2  m 

p  =  .  Using 

0  i°2 

equation  (7),  the  ensemble  averages  involving  the  signum  function  in 
equations  (5)  and  (6)  can  be  approximated  by  lower  order  moments.  Then, 
the  system  is  truncated  and  it  C3n  be  solved  for  anv  required  statistical 
moments . 


The  non-Gaussian  approach  assumes  a  non-Gaussian  joint  density 
function  for  the  state  variables.  Such  a  density  car.  be  given  by  the 
following  Edgeworth  expansion  [6]: 


this  case  are  zero.  Also,  =  /^20  >  °2  =  /TV?  an^* 


p  (Xj,x2)  =  p(x1>x2)  -  _ 


3 !  k ,  1  ,m 


k , 1 ,m  , 


3  p(X]  ,x2)  + 

k  1  m 


I  Kk , 1 ,m ,  r  3  P(X1X2} 


+  .  .  . 


4  !  k  ,  1  ,m ,  r 


3x,  3x.  3x  3x 
k  1  m  r 


(8) 


where  p(x.,x?)  is  the  Gaussian  joint  probability  density  function  given  by 
equation  (7)7  and  the  k’s  are  the  cumulants.  Since  the  odd  order  moments 
are  zero,  the  third  order  cumulant  (K^  )  is  zero.  By  assuming  that 
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i_umulants  above  certain  order  are  zero,  equation  (8)  can  be  used  to 
express  higher  order  moments  in  terms  of  lower  ones  and  therefore  truncate 
the  infinite  hierarchy.  In  the  present  work  cumulants  above  fourth  order 
are  considered  zero.  Then,  equation  (8)  can  be  used  to  express  ensembles 
involving  the  signum  function  in  terms  of  lower  order  moments. 

3.  NUMERICAL  RESULTS 

Numerical  calculations  were  carried  out  to  determine  the  response  of 
the  hvsteretic  oscillator  and  compare  the  two  different  closuring  schemes. 
A  Runge-Kutta  method  of  order  four  was  used  for  the  solution  of  the  system 
of  moment  equations.  The  response  quantities  of  interest  are  the  mean- 
square  displacement  and  velocity. 

Figures  2  and  3  show  the  time  variation  of  these  statistical  moments. 
The  damping  ratio  assumed  is  1%,  the  rigidity  ratio  is  0.5  and  the  dimen¬ 
sionless  spectral  magnitude  is  1.0.  It  is  seen  that  the  Gaussian  assump¬ 
tion  underestimates  the  mean-square  responses  at  the  stationary  level  bv 
about  11%.  Figures  4  and  5  show  the  stationary  mean-square  displacement 
and  velocitv  for  different  values  of  the  rigidity  ratio  r. 

4.  CONCLUSIONS 

A  simple  hvsteretic  oscillator  under  stationary  white  noise  excita¬ 
tion  was  considered.  The  mean-square  displacement  and  velocity  were 
computed  using  a  Gaussian  and  a  non-Gaussian  closuring  scheme.  The  mean- 
square  velocity  is  an  increasing  function  of  the  rigiditv  ratio  r  whereas 
the  mean-square  displacement  has  a  minimum  at  about  r=.35.  The  Gaussian 
assumption  underestimates  th »  response  especially  for  lower  rigiditv 
ratios  ( stronger-nonl inear i t ies)  . 

5 .  ACKNOWLEDGEMENT 

Support  from  National  Science  Foundation  under  Grant  CF.E-8504972  is 
gratefully  appreciated. 


REFERENCES 

1.  T.K.  CAUGHEY  1960  Journal  of  Applied  Mechanics,  ASMF. ,  Vol.  27, 

649-652.  Random  Excitation  of  a  System  with  Bilinear  Hysteresis. 

7.  Y.K.  WEN  1976  Journal  of  the  Engineering  Mechanics  Division,  ASCF. , 
Vol.  102,  No.  EM2  ,  249-263.  Method  for  Random  Vibration  of 

Hvsteretic  Systems. 

3.  J.B.  ROBERTS  1978  Journal  of  Applied  Mechanics,  ASME,  Vol.  45, 

923-928.  The  Response  of  an  Oscillator  with  Bilinear  Hysteresis  to 
Stationary  Random  Excitation. 

4.  T.  KOBORI,  R.  MINAI  and  K.  ASANO  1974  Theoretical  and  Applied 

Mechanics,  University  of  Tokyo,  Vol.  24,  239-248.  Random  Response  of 
the  Nonlinear  System  with  Hvsteretic  Characteristics. 

5.  L.  ARNOLD  1974  Stochastic  Differential  Equations:  Theory  and 
Application,  John  Wilev. 

6.  R.A.  IBRAHIM  1985  Parametric  Random  Vibration,  Research  Studies 

Press,  Ltd. 


737 


S i  <i  t  i on;i r  y  Mean  S<(' u;?rc  Vplocit 


A  METHOD  FOR  THE  DYNAMIC  ANALYSIS  OF  RANDOMLY  EXCITED  STRUCTURES 


WITH  FRICTIONAL  CONSTRAINTS 
M.J.H.  Fox 

CEGB  Berkeley  Nuclear  Laboratories,  Berkeley,  Glos. 

1.  INTRODUCTION 

Frictional  constraints  are  an  almost  universal  feature  of  engineering 
structures  occurring,  for  example,  wherever  components  are  riveted  or  bolted 
together,  or  are  constructed  of  contacting  laminations  or  strands.  Through 
their  contribution  to  system  damping  they  may  control  the  overall  dynamics  of 
the  structure,  as  well  as  affecting  local  stiffness  properties.  At  the  same 
time,  because  they  are  non-linear  in  nature,  they  pose  problems  for  dynamic 
analysis  of  the  structure.  If  the  constraints  are  assumed  to  obey  a  simple 
form  such  as  Coulomb's  Law,  they  may  be  included  in  a  theoretical  mod°l  whose 
response  to  a  deterministic  input  force  may  be  found  by  a  numerical 
integration  procedure.  For  complex  structures,  with  many  frictional 
constraints,  this  may  be  an  extremely  costly  and  time-consuming  process. 

When  the  input  force  is  random  rather  than  deterministic,  analysis  is 
still  more  difficult.  A  pseudo-random  simulated  input  force  with  the  correct 
statistical  properties  may  be  generated,  and  an  explicit  response  to  this 
calculated.  However  the  duration  of  response  required  to  obtain  an  adequate 
statistical  representation  of  the  output  from  a  non-linear  system  is  likely 
to  make  this  method  prohibitively  expensive.  An  alternative  approach  relies 
on  an  attempt  to  characterize  the  structure  by  linear  natural  modes, 
frequencies  and  damping  factors  and  to  apply  the  well-developed  theory  of  the 
response  of  linear  structures  to  random  excitation.  This  may  be  successful 
if  response  calculations  are  restricted  to  the  range  of  excitation  for  which 
the  linear  model  was  developed,  but  cannot  be  used  for  extrapolation,  as 
friction  loaded  constraints  may  change  from  a  'sticking'  to  a 
'sliding'  condition  or  vice  versa,  drastically  altering  system  damping. 

In  this  paper,  a  procedure  is  proposed  for  carrying  out  assessments  of 
structures  with  frictional  constraints  under  random  excitation,  and 
experimental  verification  of  it  Is  presented.  The  procedure  is  applied  for 
the  case  where  a  simple  Coulomb  friction  law  is  assumed,  but  could  be 
extended  to  more  complex  representations  of  friction. 

2.  FORMULATION  OF  THE  METHOD 

The  process  is  iterative  with  two  stages  per  iteration.  On  each 
iteration  the  constraints  are  divided  into  two  sets,  those  assumed  to  be  in  a 
'sticking'  condition,  anc  those  in  a  'sliding'  condition.  This  division  is 
supported  by  earlier  calculations  on  a  deterministically  excited  structure  by 
Fox  [l  ]  where  transition  from  a  complete  frictional  constraint  to  near 
continuous  sliding  was  found  to  take  place  over  a  narrow  range  of  applied 
external  force. 

The  first  stage  on  each  iteration  involves  an  evaluation  of  system 
response  in  the  presence  of  non-linear  frictional  forces  at  the  constraints 
assumed  to  be  sliding.  The  sticking  constraints  are  assumed  to  give  zero 
translation  or  rotation  at  the  corresponding  points  on  the  structure.  The 
evaluation  is  carried  out  using  the  method  of  equivalent  linearisation  as 
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described  by  Lin  [2]  and  Iwan  &  Yang  [3].  The  technique,  although  only 
approximate,  is  most  successful  in  predicting  mean  parameters  of  the 
response,  especially  the  energy  dissipation  rate.  This  is  closely  related  to 
material  wear  rate,  often  the  effect  of  most  concern  in  a  frictionally 
constrained  system.  The  method  is  based  on  finding  an  approximate,  linear 
set  of  equations  which  are  in  some  sense  the  'best'  representation  of  the 
non-linear  system  under  the  assumed  conditions  of  excitation.  Because  this 
excitation  is  assumed  to  take  the  form  of  broad  bar.d  stationary  random 
forcing  with  a  Gaussian  probability  distribution,  the  response  of  the  linear 
set  of  equations  to  the  forcing  will  also  be  Gaussian  (see,  for  example, 
Davenport  &  Root  [4]).  The  criterion  used  to  find  the  'best'  linear 
approximation  is  then  that  its  parameters  should  be  such  as  to  minimise  the 
expected  value  (under  the  resulting  linear  response)  of  the  square  of  the 
difference  between  each  of  the  original,  non-linear  equations  and  i's 
linearised  counterpart.  Because  the  friction  force  is  assumed  here  to  obey  a 
simple,  velocity  dependent,  Coulomb  law  the  effect  is  to  Introduce  additional 
linear  damping  terms  into  the  equations  of  motion  which  would  govern  the 
system  in  the  absence  of  any  constraints  at  the  friction  points. 

In  the  second  stage  of  the  procccr  the  rms  reaction  forces  at  the 
constraints  assumed  to  be  sticking  are  evaluated.  If  any  of  these  are  found 
to  exceed  the  available  frictional  force  the  correspond! ng  constraints  are 
moved  from  the  'sticking*  set  to  the  ’sliding'  set,  and  a  new  model  is  used 
as  a  basis  for  the  equivalent  linearisation  step.  It  may  be  that  using  the 
new  model  one  of  the  other  sticking  degrees  of  freedom  will  be  found  to  have 
already  exceeded  the  limiting  friction.  This  represents  a  'cascade' 
situation,  where  the  freeing  of  one  constraint  causes  one  or  more  further 
degrees  of  freedom  to  become  free  simultaneously.  In  this  case,  the  new 
model  is  immediately  abandoned  and  the  next  model  in  the  sequence,  with  one 
more  sliding  degree  of  freedom,  is  considered. 

The  iteration  is  continued  until  a  self-consistent  solution  is  reached. 
As  the  process  is  based  on  transferring  constraints  from  the  'sticking'  to 
the  'sliding'  set,  and  not  vice  versa,  it  must  be  started  from  a  state  with 
the  maximum  possible  number  of  sticking  constraints. 

It  is  often  most  efficient  to  carry  out  evaluations  for  a  range  of 
forcing  levels  from  zero  up  to  the  maximum  envisaged.  The  process  is  then 
started,  for  very  low  level  excitation,  by  assuming  that  all  constraint 
points  are  sticking.  An  exception  to  this  arises  where  contact  between  two 
surfaces  is  over  a  very  small  area.  In  this  case,  the  friction  forces, 
although  adequate  to  prevent  translational  motion  of  the  structure,  may  have 
Inadequate  moment  to  prevent  rotation  about  an  axis  perpendicular  to  the 
plane  of  contact.  In  structures  such  as  long  beams  with  several  frictional 
constraint  points  it  may,  therefore,  be  appropriate  to  treat  such  rotations 
as  sliding  degress  of  freedom  from  the  outset.  The  corresponding  frictional 
moments  may  either  be  neglected,  if  sufficiently  small,  or  their  equivalent 
linearised  damping  may  be  included  with  linear  system  damping  from  the 
start . 

The  linear  model  constructed  for  each  forcing  level  may  be  used  to 
extrapolate  to  higher  forcing  levels  up  to  the  point  at  which  it  first 
predicts  an  rms  reaction  force  at  a  sticking  constraint  higher  than  the 
available  constraining  friction  force.  At  this  point  the  model  is  changed  as 
described  above.  In  this  way,  although  iteration  is  required  to  establish 
the  response  at  higher  forcing  levels,  each  model  constructed  in  the  process 
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(except  those  immediately  abandoned  in  'cascade'  situations)  is  itself 
relevant  to  a  particular  range  of  forcing  levels. 


3.  EQUIVALENT  LINEARISATION 


At  each  stage  of  the  process  described  in  section  2,  it  is  required  to 
find  the  response  of  a  system  with  known  constraint  points  to  the  given, 
random,  external  excitation  force  and  the  sliding  friction  forces  at  the 
sliding  degrees  of  freedom.  This  is  most  easily  done  in  terms  of  the  natural 
modes  of  the  given  system  (in  the  absence  of  friction  forces  at  the  sliding 
degrees  of  freedom).  The  equation  for  the  generalised  displacement,  q^,  of 
the  ith  mode  is  then: 


q'i  +  +  u(2q,'  +  (x.j)  F  <sgn  (y(x.))/mi  =  E  f  k(  t )  T1(xk)/m1  (1) 


where  a)i ,  qj  and  ar?  the  natural  frequency,  loss  factor  and  modal  mass  of 
the  ith  mode,  Tf(xj),  Tj ( 3^)  are  the  values  of  the  ith  mode  shape  at  the  slip 
points  xj  and  the  external  force  application  points  xk ,  F j ,  y(xj)  are  the 
limiting  friction  force  and  the  velocity  at  the  sliding  degree  of  freedom  at 
Xj  and  fk(t)  is  the  ?xternal  applied  force  at  point  xk. 


An  approximate  eauation  for  the  ith  mode: 
q'i  +  Tt  ^  q.  =  |  f  k  ( t  )*i  ( ) /">i 


(2) 


is  now  set  up,  in  which  the  effects  of  the  friction  forces  at  the  sliding 
degrees  of  freedom  have  been  included  in  a  modified  linear  damping  term.  A 
further  assumption  is  being  made  here,  in  that  explicit  modal  cross-coupling 
terms,  which  would  produce  additional  correlation  between  the  equivalent 
linearised  modes  are  not  included  in  (2).  However,  implicit  coupling  is 
present,  in  the  sense  that  T^  will  be  found  to  depend  on  response  in  the 
other  modes. 


The  error  introduced  in  the  ith  equation  by  the  linearisation  is: 

«?i  =  T[  q  j  -  i3i00tq  t  -  l  't'i(xj)Fj  sgn  (y(xj))/mi 

j 

The  condition  applied  to  find  T^  is  then  that  the  expected  value  of  the 
square  of  this  error  term  should  be  minimised,  so  that: 

(Efej2))  =  2F,  [Tfqt2  -  Tijuxqj2  -  l  Tf  (x-)F.  sgn  (y(x,))/mi]  =  0  (3) 

dTi  j 

Evaluation  of  the  expected  value  requires  a  knowledge  of  the  response  of  the 
system,  which  itself  requires  a  value  for  Tj  to  be  found.  However,  as  the 
system  now  being  considered  is  linear  it  is  known  that  the  response  will  be 
Gaussian,  and  so  (3)  may  be  used  to  yield  an  equation  for  T^.  It  will, 
however,  be  an  implicit  equation,  requiring  an  iterative  solution. 

.  a 

Given  a  starting  value  for  T^,  the  E(q^)  terms  in  (3)  may  be 
straightforwardly  evaluated  as  the  mean  square  response  of  the  system 
governed  by  equations  (2)  (see  for  example  reference  [4]) 


(4) 


-  I  'P1(5k)2Skk((o)W2da) 

E(q  2)  =  /  1 - 

1  o  mi2((t°2_w12)2+w2^i2T12) 


where  Skk(u)  is  the  power  spectral  density  function  of  the  force  fk(t),  and 
it  is  assumed  that  the  different  fk(t)  are  uncorrelated.  To  evaluate  the 
last  term  in  (3)  it  is  necessary  to  consider  the  joint  probability  density 
function  of  the  velocity  y(xj)  at  the  point  xj  and  the  modal 
generalised  velocity  q^.  Since  the  response  Is  Gaussian: 


P(y  ,  q  )  =  - - -  exp 

i  i  2x/det(S) 


) 


where  yj  =  y (x j )  and 


" E(yj2) 

E(y  ) 

s  = 

E(y  j^) 

E(qA2) 

E  ( q  i  2  ) 

-Elyjqj) 

s-1  = 

~E(y jq±) 

E(y  .2) 

J 

Then, 

in  (3) 

E(qisgn  (y j ) )  = 

o  co 

2  /  dy 

2x/D  -o 

,  the  correlation  matrix.  So: 


/  det  (S) 


(-Elq^y^-EIyj2)^2 

-^ECc^y  j)y  jo  ±  ) /2D) 


where  D  =  det  (S). 


x/D 


1 

x/T) 


i  r  a-  r  a •  E^iyi>  •  ^  E<q±y -5 )  .  N  , 

ri  dyJ  Ldqi  ^  --11-  ’J*-!1  yj)oXp  (•••• 


E(yj2) 


E(yj ) 
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-  / 1  E(<W 

71  [ECyj2)]3'2 


e^2)  -  ®(<iiyj)^/E(yj2) 


E  <q  i_y  j  ) 

my/)1'2 


Since  D  -  Jet  (S)  -  E(4t2 )E(y j2 )-  E(q±^ j)2. 

Now  y j  =  ^1'P1(xj)q1,  and  so 

E(qiyj)  =  Il^l(xj)E(q1q1),  and  1  (6) 

E(yj2>  =  2k  VXjOEOj^)  j 

in  terms  of  the  modes  and  modal  generalised  velocities,  while  by  analogy  with 

(A) 

a.  I  ^i  (x^)'!  j  (xk  )Sk|c(to)a>2d(i) 

E(q^q.  )  =  Re  /  -  - — — - 

o  m^mj  (  ((jj^-(jj2)(ai2-(jJ2)+oJ2ti)|WjT^T  j-iu)[wjT^((jj^-w2)-wyr  j(w  -cu2  )  ]  j 

From  an  initial  estimate: 


then,  assuming  the  applied  forcing  spectrum  S^Cw)  and  the  modal 

characteristics  are  known,  it  is  possible  to  set  up  an  initial  modal 
correlation  matrix  ECqjqj).  Then  (3),  (5)  and  (6)  give  an  improved  estimate 

,  O  „  F y  tA(Xj)E(qlqJl) 

V  =  rijuj,  +  ✓  2  0(  _  - —1 - - - ))/m1E(qi2) 

J  'l  l  Vxj  JW^k^) 

k  SL 

and  the  process  may  be  repeated  until  convergence  is  achieved. 

It  should  be  noted  that  the  inter-modal  correlations  implied  by  (7) 
arise  only  from  the  external  applied  forcing;  as  mentioned  earlier,  the 
friction  forces  are  assumed  not  to  contribute  to  such  correlations. 


A.  EXPERIMENTAL  DESIGN 

An  experimental  rig  was  set  up  to  test  the  applicability  of  the 
proposed  procedure  in  a  particular  case.  The  experiment  involved  the 
measurement  of  input  power,  frictional  energy  dissipation  rates,  and  the 
spatial  variation  of  rms  acceleration  in  two  configurations  of  a  system  with 
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non-linear  (sliding)  frictional  constraints.  It  was  also  necessary  to 
determine  experimentally  the  characteristics  of  corresponding  linear 
configurations  with  constraint  points  either  sticking  or  left  completely 
free,  as  the  natural  modes  of  these  systems  are  required  in  the  procedure  as 
described  in  section  3. 

The  rig  consisted  of  a  3.05m  long  steel  tube  of  12.7mm  diameter  and 
l.6mm  wall  thickness  restrained  at  two  points  by  being  clamped  between 
silicone  rubber  pads  (figure  1).  These  were  arranged  to  provide 
comparatively  little  restraint  to  rotation  perpendicular  to  the  axis  of  the 
tube,  while  being  stiff  to  translational  motions.  At  each  of  two  further 
points  on  the  tube  stainless  steel  faced  slides  could  be  pressed  against  the 
tube  with  an  adjustable  preload,  or  they  could  be  left  free.  At  a  further 
point  on  the  tube  an  electrodynamic  shaker  was  attached  to  the  tube,  in  a 
direction  in  the  plane  of  the  slides,  when  these  were  attached.  The  applied 
force  could  be  measured  by  a  force  transducer  in  the  shaker  link,  while 
similar  transucers  in  the  slide  mountings  measured  the  sliding  force  being 
exerted  on  the  slides.  The  response  of  the  system  was  measured  using  an 
accelerometer  which  could  be  moved  along  the  tube  as  required.  It  was 
sufficiently  light  to  have  negligible  effect  on  the  system  dynamics. 

The  system  was  excited  by  suppling  a  broadband  tandom  signal  in  the  0- 
250  Hz  frequency  range  to  the  shaker,  the  overall  level  of  the  signal  being 
variable.  For  all  runs  a  response  survey  was  carried  out  by  moving  the 
accelerometer  to  a  number  of  positions  along  the  tube  at  a  constant  force 
input,  and  the  corresponding  rms  acceleration  values  in  the  0-200  Hz 
frequency  range  were  re^^Jed.  Input  power  was  found  from  the  real  part  of 
the  input  force-velocity  cross  spectrum,  obtained  by  frequency  domain 
integration  of  the  force-acceleration  cross  spectrum  with  the  accelerometer 
at  the  shaker  attachment  point.  For  runs  with  sliding  points  energy 
dissipation  at  these  points  was  measured  by  the  same  technique.  In  all  runs 
the  input  force  spectrum  was  measured  and  recorded  for  use  as  Input  to  the 
theoretical  model. 

Four  runs  were  carried  out.  As  the  forcing  level  was  increased  from 
very  low  values  at  which  the  slides  acted  as  translational  constraints  on  the 
tube,  friction  was  overcome  first  at  the  top  slide.  The  resulting  state  of 
the  system  with  sliding  occurring  at  this  slide  only  was  taken  as  the 
condition  for  the  first  run.  It  proved  to  be  quite  a  difficult  situation  to 
reproduce,  careful  adjustment  of  applied  force  and  slide  preloads  being 
required  to  avoid  sliding  at  the  lower  slide. 

The  next  run  was  a  reference  run  with  the  top  slide  removed  to  give 
complete  freedom  to  the  tube  there.  The  modal  analysis  program  MIDAS  [5]  was 
used  to  define  the  natural  frequencies  and  mode  shapes  of  the  linear  system 
used  as  a  basis  for  the  equivalent  linearisation  step. 

As  the  forcing  level  was  further  Increased,  sliding  was  initiated  at 
the  lower  slide  also.  Run  three  relates  to  this  situation,  although  the  pre¬ 
loads,  and  hence  limiting  friction  forces,  are  different  from  those  in  the 
first  run.  The  fourth  run  is  the  reference  case  for  run  3,  in  which  the  tube 
is  constrained  only  at  the  permanent  top  and  bottom  constraint  points,  being 
free  to  move  at  the  levels  of  the  two  slides. 
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RESULTS  AND  COMPARISONS 


The  underlying  linear  mode  shapes  and  frequencies  of  the  system  in  the 
two  states  considered  were  obtained  from  the  two  reference  runs.  In  run  4, 
where  the  tube  was  free  at  the  level  of  both  slides,  however,  it  proved  to  be 
difficult  to  obtain  good  data  for  the  higher  modes.  In  this  case,  therefore, 
six  modes  were  obtained  by  modal  analysis,  and  supplemented  by  a  further  four 
obtained  from  finite  element  analysis,  using  the  finite  element  code  BERDYNE 
[6].  It  would  in  general  be  possible  to  use  finite  element  analysis  to 
define  the  linear  reference  systems  throughout.  This  was  not  done  in  this 
case  as  it  was  found  to  be  difficult  to  represent  the  receptances  of  the  two 
permanent  restraints  in  a  finite  element  model. 

As  a  check  on  the  combination  of  mode  shape  and  frequencies  chosen  the 
response  for  the  reference  runs  was  calculated  theoretically  using  them  in 
conjunction  with  the  measured  input  force  spectrum.  The  predicted  response 
was  then  compared  with  the  measured  acceleration  profile  along  the  tube.  The 
agreement  was  found  to  be  very  close  in  both  cases. 

Using  the  modes  defined  in  run  2,  the  theory  of  section  3  was  applied 
to  find  the  response  in  the  presence  of  the  friction  force  at  the  top  slide. 
The  appropriate  value  of  limiting  friction  was  evaluated  as  the  component  of 
measured  sliding  force  at  this  slide  coherent  with  tube  velocity  at  this 
level.  This  helped  to  eliminate  uncorrelated  additions  to  the  sliding  force 
sign-l  'cuscd  by  ou.face  irregularities.  The  results  lor  rms  acceleration 
are  shown  as  a  continuous  line  in  figure  2.  The  crosses  in  this  figure  show 
the  measured  acceleration  values  for  this  run.  The  comparison  is  very  good, 
except  near  the  slide  position.  Here  the  measured  acceleration  profile  shows 
a  pronounced  dip,  while  the  theory  indicates  only  slightly  reduced  values. 

The  measured  and  predicted  power  inputs  for  both  this  run  and  the  reference 
run  are  shown  in  table  1,  with  the  corresponding  values  fcr  power  dissipation 
at  the  slide.  A  large  increase  in  power  Input,  from  9.3  to  26mW,  is  measured 
when  the  slide  is  added,  and  this  is  well  represented  by  the  theory.  The 
predicted  energy  dissipation  rate  at  the  slide,  14mW,  is  about  50%  higher 
than  the  9.5mW  measured.  The  difference  between  the  power  input  and  the  rate 
of  energy  dissipation  at  the  slide  represents  the  energy  lost  to  other 
damping  mechanisms.  This  is  somewhat  higher  than  in  the  reference  case  due 
to  a  higher  force  input  caused  by  a  change  In  the  system  impedance  at  the 
shaker . 


Run  1 

Run  2 

Run  3 

Run  4 

Power  Input 

Measured 

26mW 

9 . 3m'.J 

83mW 

33mW 

Predicted 

25mW 

9 . 7  mW 

105mW 

37mW 

Dissipation  at 

Top  Slide 

Measured 

9. 5mW 

- 

30mW 

- 

Predicted 

14mW 

- 

39mW 

- 

Dissipation  at 

Measured 

_ 

.. 

31mW 

_ 

Bottom  Slide 

Predicted 

_ 

56mW 

_ 

Table  1.  Measured  and  Predicted  Power  Inputs/Dissipation  Rates 
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The  corresponding  predicted  and  measured  acceleration  profiles  for  run 
3  are  shown  in  figure  3,  with  power  input  and  dissipation  being  shown  in 
table  1.  Again,  agreement  is  generally  good,  although  response  at  the  slider 
locations  is  overpredicted,  leading  to  an  overprediction  of  power  dissipation 
at  the  sliders  and  an  underprediction  of  response  in  the  vicinity  of  the 
shaker . 

It  is  not  unexpected  that  the  method  should  overpredict  response  at 
frictional  constraints  which  are  only  just  above  the  'sticking'  phase.  The 
increasing  significance  of  the  friction  forces  at  a  given  constraint  point  as 
the  external  exci ration  level  is  reduced  will  tend  to  produce  correlations 
between  the  responses  of  the  different  modes  in  such  a  manner  as  to  bring  the 
structure  to  rest  at  the  constraint  point.  These  cross-correlations  are  not 
allowed  for  in  the  theory.  The  energy  dissipation  rate  for  a  given  overall 
response  level  is  thus  overestimated,  and  the  response  level  away  from  the 
constraint  correspondingly  underestimated.  From  a  practical  point  of  view, 
it  is  necessary  to  be  aware  that  there  is  a  transition  region  between  the 
areas  of  applicability  of  two  models:  one  with  a  pure  'stick'  condition  at 
the  constraint  and  the  other  a  pure  'slip'  condition.  In  this  region,  it  is 
necessary  to  consider  the  predictions  of  both  models  in  assessing  response. 

6.  CONCLUSIONS 

A  procedure  has  been  suggerted  for  analysing  the  response  of  a  linear 
elastic  structure  with  one  or  more  frictional  constraints  to  stationary 
random  Gaussian  excitation.  The  method  may  be  used  either  iteratively,  or  as 
a  means  of  establishing  response  for  a  range  or  increasing  excitation  levels, 
starting  from  zero.  On  each  iteration  or  for  each  band  of  force  levels  a 
division  is  made  of  the  frictional  constraints  between  'sticking'  and 
'sliding'  conditions.  The  assessment  at  each  stage  involves  the 
determination  of  equivalent  linear  terms  to  be  added  to  a  model  of  the 
structure  in  the  absence  of  frictional  constraints  to  allow  for  their  effect. 
For  the  simple  Coulomb  friction  law  considered  these  take  the  form  of 
additional  damping  terms. 

An  experimental  verification  of  the  procedure  has  been  carried  out  on  a 
simple  beam  structure  in  the  laboratory.  It  has  been  found  to  be  successful 
in  predicting  overall  levels  of  response  and  energy  dissipation.  Response 
and  local  energy  dissipation  are  well  represented  in  the  neighbourhood  of 
constraints  with  well  established  sliding,  but  are  somewhat  overpredicted 
near  constraints  just  beyond  the  sticking  condition. 

The  procedure  may  therefore  be  regarded  as  the  basis  for  a  conservative 
assessment  procedure  for  systems  with  a  failure  mode  related  to  total  energy 
dissipation  at  frictional  contact  sites.  It  is  necessary  to  recognise  an 
area  of  uncertainty  in  the  region  of  transition  from  'stick'  to  'slide'  at 
each  constraint  point,  and  to  take  the  more  pessimistic  of  the  two 
corresponding  models  into  account.  More  sophisticated  friction  models  could 
be  incorporated  as  a  refinement  to  the  procedure. 
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A  FINITE  ELEMENT  LARGE  DEFLECTION  MULTIPLE-MODE  RANDOM 
RESPONSE  ANALYSIS  OF  PFAMS  SUBJECTED  TO  ACOUSTIC  LOADING 


C.  K.  Chiang  and  Chuh  Mei 

Department  cf  Mechanical  Engineering  and  Mechanics 
Old  Dominion  University,  Norfolk,  Virginia 


1.  INTRODUCTION 


The  finite  element  method  has  been  proved  to  be  an  effective  and 
versatile  approach  for  analysis  of  structures  of  complex  geometry  and  support 
conditions.  Application  of  the  finite  element  methods  to  linear  random 
response  analysis  or  complex  structures  have  been  reported,  for  example,  in 
references  [1-3].  A  comprehensive  literature  search  revealed  that  there  were 
only  three  articles  that  investigated  large  deflection  random  response  of 
structures  using  the  finite  element  methods.  Hwang  and  Pi  [4]  were  a,. ;  n'ently 
the  first  to  study  nonlinear  acoustic  response  of  plate  using  the  finite 
element  method.  A  first-order  and  a  second-order  nonlinear  element  stiffness 
matrices  were  developed  to  account  for  the  large  deflection  effect.  The 
nonlinear  finite  element  problem  was  handled  as  a  linearized  eigenvalue 

solution  with  iterations.  Numerical  results  were  obtained  for  a  simply 
supported  rectangu!ar  plate  subjected  to  raindrop  type  and  uniform  intensity 
random  acoustic  loadings.  The  acceleration  spectra  at  the  plate  canter  at 
three  acoustic  load  levels  were  obtained.  The  maxinun  frequency  shift  of  the 
fundamental  mode  was  approximately  4.6".  They  cautioned  that  when  the  input 
acoustic  pressure  level  is  too  high  for  a  given  plate  configuration,  the 
iterative  ei aenf requencies  become  complex  numbers;  this  indicates  that  the 
proposed  finite  element  procedure  is  no  longer  applicable. 

Busby  and  Weinqarten  [5]  used  the  finite  element  method  only  to  obtain 
the  nonlinear  differential  equations  of  motion  in  terms  of  the  normal  mode 
coordinates.  The  equivalent  1 i neari zat ion  nethoc  was  then  applied  for 
solution  of  these  equations.  Mean  square  deflections  at  the  nidspan  wore 
obtained  for  simply  supported  and  clamped  beams.  No  comparison  with  other 

approximate  solutions  were  given  in  both  papers  [4,5].  Mei  and  Chiang  [6] 
recently  have  extended  the  finite  element  method  to  large  deflection  random 
response  of  beams  and  rectangular  plates.  The  formulation  was  restricted  to  a 
single-mode  approach.  The  finite  element  single-mode  results  were  compared 
with  the  solutions  using  the  Fokker-Planck-Kolmogoi ov  (FPK)  equation  method 

[7]  and  the  equivalent  linearization  (E!  )  method  [8,9].  Cood  agreement  has 
been  reported  [6]  among  the  three  methods. 

In  this  study,  a  finite  element  multiple  modes  procedure  is  developed 
for  the  large  deflection  random  response  analysis  of  beams  subjected  to 
acoustic  pressure.  The  excitation  is  assumed  to  be  stationary,  ergodic  and 
Gaussian  with  zero  mean;  its  magnitude  and  phase  are  uniform  over  the  bean 

surfaces.  Both  simply  supported  and  clamped  beams  are  studied.  The  finite 
element  results  of  root-mean-squa re  (RMS)  nondinensional  maximum  deflection, 
RMS  maximum  micro-strain  and  equivalent  linear  frequency  for  beams  at  various 
sound  pressure  levels  are  obtained  and  compared  with  solutions  using  the  EL 
method  [8,9]. 
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2. 


MATHEMATICAL  FORMULATION 


2 . 1  Linear  Analysis 


Once  the  mass  and  linear  stiffness  matrices  for  a  beam  element  are 
available,  the  undamped  linear  system  equations  of  motion  are  obtained  by 
assembling  the  element  matrices  and  applying  the  kinematic  boundary 
conditions,  and  it  can  be  written  as 

[Mb]{nb>  +  CK52{nb)  =  (P(t)}  (1) 

where  TM,1  and  [K.1  denote  the  svstem  nass  and  linear  stiffness  matrices 
■  b  ■  b  ■  .  , 

related  to  bending,  respectively,  {n b }  denotes  the  vector  of  system  bending 

nodal  displacements,  and  { P ( t ) }  denotes  the  vector  of  nodal  forces. 

In  order  to  transfer  the  eauations  of  motion  to  the  normal  coordinates, 
the  eiqenproblen  of  the  undamped  linear  free  vibration  is  to  be  solved 

w,2  [M.  ]{<(,}.  =  [K.  ]{$}.  j  =  1 ,2 . . .  ,m  (2) 

v!  J  *■-  0 


where  u  •  is  the  linear  frequency  of  vibration  of  the  j-th  mode,  and  {<*>}j  is 
the  correspondi no  j-th  node  shape  normalized  fo  unity  of  the  largest 
component,  where  the  sign  of  each  node  shape  based  on  the  area  under  each  mode 
shape  is  adjusted  to  be  positive.  Apply  a  coordinate  transformation,  from  the 
nodal  displacements  to  the  normal  coordinates,  by 


In'  =  U]  (q)  d  n  (3) 

b 

rnxl  mxn  nxl 

where  each  column  of  the  nodal  matrix  [$]  is  a  normal  mode  { <j> }  ,  and  { q } 
represents  a  vector  of  normal  coordinates.  Substituting  equation  (3)  into 
eouation  (1)  and  premultiplying  by  the  transpose  of  [$],  equation  (1)  becomes 

^^{q}  +  ^Kj{q}  =  { p  ( 1 1 }  (4) 


where  the  nodal  nass  M-,  stiffness  K-  and  force  p  ( t )  are  given  by  the 
expressions 

flj  =  UljT  [f^b D { <J> } j / / { 4> ) j  dx  (5) 

K-  =  dx  (6) 

P-l  =  { 4> > j T  (P) // {<*»> j  dx  (7) 

where  f*"  {$}  dx  is  the  area  under  mode  shape  and  is  positive,  and  L  is  the 
'o  j 

total  length  of  the  beam. 


With  the  nodal  damping  ratio 
or  from  existing  data,  the  j-th  row 


c(=  c/c  )  obtained  either  from  experiment 
c  r 

of  modal  equation  (A)  can  be  expressed  as 
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q  •  +  2  ru)  ■  q  •  +  a)  •  q  . 
J  J  J  J  J 


p  .  /M . 
J  J 


j-l,2,««.,n  (8) 

The  mean  square  response  of  j-th  linear  modal  amplitude  from  equation  (8)  is 


E(q  . )  =  /“  S  (uO 

VM/ro  Jo  pv  ' 


dco 


(9) 


where  the  subscript  o  denotes  for  linear  solution,  S  (w)  is  the  spectral 

density  function  of  the  pressure  excitation  p,,  and  the  frequency  response 
function  is  given  by 

H-(u)  =  - * - -  (10) 

Mj(t0j  -  u  +  2i^ 

For  lightly  damped  (5  <  0.05)  structures,  the  frequency  response  curve  is 
highly  peaked  at  w .  and  equation  (9)  yields 

0  s  (oj-) 

E<qf>0  -A  J  3  J=1-2 . "  on 

4  Mj  Wj 


In  practice,  the  spectral  density  function  is  usually  given  in  terms  of  the 
frequency  f  in  Hz.  Substitute  Sp( ^ )  =  S  (f)/?n  where  Sp ( f )  has  the  units 

(N/m)2/Hz  for  beam,  the  mean-square  modal  amplitude  becomes 


E(  q2 ) 

0 


w 

CM2  3 

8  M.  CUj 


(12) 


The  natural  frequencies  u.  were  found  to  be  well  separated  and  for  the  case  of 

light  damping;  the  i-th  linear  mean-square  displacement,  taking  into  account 
the  autocorrel ation  terms  only,  is 

E(n?)  =  I  4i  E^i)n  i  =  l,2,....m  (13) 

j  =  l  J  J 

with  E(qi q  . )  =  0  for  if j . 


2 . 2  Large  Deflection  Formulation 


Once  the  mean-square  values  of  linear  displacements  are  determined  from 
equation  (13),  the  deflection  of  the  structure  under  harmonically  excited 
steady-state  case  based  on  linear  theory  is  given  by 


^nbNter=o 


n 


'RMS  nj" 
RMS  no 


'■  RMS 


(H) 
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Corresponding  to  this  deflection  shape,  there  exists  an  axial  force 


"x  ■  E#  <“-x 


(15a) 


where  E  is  the  Young's  modulus  and  A  is  the  cross-section  area.  Since  linear 
modes  {<*,}•,  j  =  l,  2*.*n,  equation  (3),  are  used  in  the  analysis;  the  term  u,x 

has  no  contribution  to  the  axial  force  Nx.  Equation  (15a)  becomes 


v EA  <!"•(> 


(15b) 


The  potential  energy  of  the  membrane  force  undergoing  large  transverse  deflec¬ 
tion  is 

V  =  /  Nx  (u,x  +  \  w,x)  dx  (16) 

Substituting  equation  (15b)  in  equation  (16)  and  by  introducing  a  linearizing 
function  g  which  is  defined  as 

g=^w,x  (17) 

it  yields  the  potential  energy  functional 

V  =  Jjr-  j  (2gu,xw,x  +  Zg  w»x)  dx  (15) 

The  finite  element  used  in  the  present  formulation  is  the  common  beam 
element  with  six  degrees-of-f reedom.  The  displacement  functions  are 

Z  3 

w  *  a1  +  a2x  +  a3x  +  a4x 


u  =  a5  +  a6x 


The  six  generalized  coordinates 

(a}T  =  [aj,  a2,...,a6] 

can  be  determined  from  the  element  nodal  displacements 


(6}T  =  [(«b>T.  { 6m > T ] 


with  element  bending  displacements  { 5b }  =  [w^ »wxl *w2 ,vxZ^ ’  anc)  e^ement  axial 

or  membrane  displacements  { 6^} =  [u^.u^].  The  relation  between  the  general¬ 
ized  coordinates  and  the  nodal  displacements  can  be  evaluated  from  equation 
(19)  and  can  be  written  as 


{a}  =  [T]{5} 


(22) 


The  terms  in  the  potential  energy  can  be  expressed  in  terms  of  the 


element  nodal  displ cements  as 

u,x  =  [0  0  0  0  0  1]  {a}  =  [C][T]{6}  (23) 

w ,  =  [0  1  2x  3x2  0  0]  {a}  =  [D][T]{s}  (24) 

thus,  equation  (18)  can  be  expressed  as 

V  =i  {5}T  [k]{6>  (25) 

with  [k]  =  EA  [T]T  !l  (g[C]T[D]  +  g[D]T[C]  +  2g2[D]T[D])  dx  [T]  (26) 

0 


-  [k  J  +  [k  ]  +  [kj 
mb  bm  b 


where  l  is  the  beam  element  length.  Evaluation  of  the  element  geometrical 
stiffness  matrix  [k]  is  based  on  numerical  integration  using  a  five-point 
Gaussian  integration  which  can  exactly  integrate  for  polynomial  of  order  of 
nine. 


2.3  Solution  Procedure 

For  a  given  sound  spectrum  level  Sp(f),  the  beam  deflection  of  equation 

(14)  can  be  determined.  The  geometrical  stiffness  matrices  are  then  obtained 
for  all  the  elements  using  equation(26) .  Assembling  the  finite  elements  and 
applying  the  kinematic  boundary  conditions,  the  equations  of  motion  are  of  the 
form 


where  [K]  denotes  the  system  geometrical  stiffness  matrix.  The  modal  equa¬ 
tions  (8)  become 

<Jj  +  2  q.  +  il2  q^  =  Pj/Mj  j=l,2,...,n  (28) 


where  the  equivalent  linear  frequency  fl.  for  j-th  mode  is  determined  from 

0 

fi-  [M]{^e}j  =  ([KJ  +  [^]){^e}j  (?9) 
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in  which  {<J>e)j  is  the  equivalent  linear  normal  mode.  The  mean-square  modal 
amplitude  for  lightly  damped  structures,  from  equation  (28),  is 


E  <q'),  ■  /;  S„(.) 


Hj(“> 


dm 


sp  (fj> 


2  2 
8  H,  5  in,  n. 

3  3  3 


(30) 


where  the  subscript  1  denotes  for  the  first  iterative  solution,  F.  =  q./2it  is 

J  J 

the  equivalent  linear  frequency  in  Hz,  and  the  frequency  response  function  is 

1 


H  (oj) 
J 


2  2 

M  .  (ft  .  -  (J)  +  2i  £0)10  .  ) 

0  J  >3 


The  i-th  mean-square  displacement  is 


(31) 


E  (nf)  =  £  E(qf) 

j=l  J  J  1 

and  the  iterative  process  can  now  be  repeated  with 


(32) 


*nb*iter  =  Rf1S  ^nl’  ^2’***’  nn^ 


(33) 


as  the  -  updated  deflection  shape  for  the  next  iteration.  Convergence  is 
considered  achieved  when  the  difference  of  the  RMS  amplitudes  satisfies  the 
relation 


(RMS  q . )  -  (RMS  q.). 

J  Uer  j  ;  iter-1 


(RMS  q . ) 

j  iter 


<  10 


-3 


(34) 


for  all  j  =  l  ,2 , . . .  ,n. 


2.4  Strains 


Once  the  convergence  of  modal  amplitude  is  satisfied,  the  bending 
strain  components  at  the  two  nodes  (x=o,  x=ji)  of  the  k-th  beam  element  can  be 
determined  from 


(e  ),  =  -  zw, 

'  x'b  ’xx 

=  ?  -  z  [0  0  2  6x  0  0]  [T][$]  { <t» }  .  q . 

i=l  k  i  i 
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n 

E  -  1  [B][T][g]k  {<(>} i  q- 
1=1 


(35) 


where  [e]k  is  the  connectivity  matrix  between  the  k-th  element  nodal 
displacements  and  the  system  nodal  displacements  as  {61k  =  [s]k  { n }  -  The 
maximum  bending  strains  within  each  element  are  evaluated  with  z  at  the  top  or 
bottom  surfaces  (z=+  ■£) ,  and  equation  (35)  can  be  written  as 


(ex}b  =  J=1  (Cl^i  qi 

The  membrane  strain  component  of  the  k-th  element  can  be  obtained  from 


(36) 


(  e  )  =  u ,  +  7)  w, L 

x  m  x  2  x 


=  Z  [C][T][3lk{$}iqi  +  ^  E  E  qi  {4.}j[s3k[TTT[D]T[D][Tl[8]k{^}  •qi 


t  J 


n  n  n 

Z  (CJ.  q.  +  X  E  (C  )  (C-).  q.q. 

i =1  1  1  1  i =1  j=l  ~  1  ^  J  1  J 


(  0  "7  ' 

\  O  /  J 


Since  for  Gaussian  random  processes  with  zero-mean,  the  modal  amplitudes 
fol 1 ow  the  relati ons 


E  (Pi  q-  Ck)  =  C 


(38) 


K  qj  qk  V  =  E<qiqj>  E(qkV 

+  E(qi  qk)  E(Qj  q^)  +  E(qi  q£)  E(q^  qR) 


(39) 


The  mean-square  strain  is  then  related  to  the  converged  mean-square  modal 
amplitudes,  with  E  (q^q.)  =  0  for  i*j,  as 

E  (c2x)  -  E  E  [(C1)i  +  (C^.jQC^  +  (C2)j]  E(q-qJ) 


+  E  E  E  E  [(C,).  (CJ.  (C.).(C J  ]  E(q.q.q.q) 

i  i  k  f.  J  6  J  J  J  e  1  J  l 


:  40 ) 
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3. 


RESULTS  AMD  DISCUSSION 


Tne  pr inary  purpose  of  this  study  is  to  extend  the  finite  element 
method  using  multiple  modes  for  analyzing  large  deflection  random  response  of 
structures  subjected  to  acoustic  loads.  Numerical  results  for  beams  are 
obtained  and  compared  with  other  approximate  solutions  to  access  the  accuracy 
of  the  present  finite  element  formulation.  Boundary  conditions  considered  are 
simply  supported  and  clamped,  and  inplane  edges  are  immovable  at  the  ends 
(u=o  at  x=o  and  L). 

In  all  the  presented  analyses,  only  one-half  of  the  beam  which  is 
divided  equally  into  fifteen  elements  is  used.  The  beam  reported  in 
references  [6,  8  and  9]  are  used  here  for  analysis.  The  beam  is  made  of  2024- 
T3  aluminum.  The  dimensions  and  material  properties  are: 

width  b  =  2  in.  (5.08  cm) 

thickness  h  =  0.064  in.  (0.1626  cm) 

length  L  =  12  in.  (30.48  cm) 

Young's  modulus  E  =  10.5  x  10^  psi  (70.395  GPa) 

-8  2.4 

mass  density  r  =  0.2588  x  10  '  ?.b  -  sec  /in. 

(2765.7606  kg/m3) 

damping  ratio  C  =  0.01 

Table  1  shows  the  PC’S  (maximum  beam  deflect’on/radius  of  gyration)  at 

various  sound  spectrum  levels  (SSL)  between  90  and  130  dP  (re.  ?xl0~3  Pa)  for 
a  simply  supported  beam  and  a  clamped  beam  using  single  mode  and  multiple 
modes  in  the  analyses.  To  demonstrate  the  accuracy  of  the  finite  element  (FE) 
results,  approximate  RMS  maximum  deflections  obtained  by  using  the  EL  method 
[8,9]  and  the  FPK  equation  [7]  approach  (exact  solution  to  the  forced  Duffing 
equation)  are  alsc  given.  It  can  be  seen  that  even  a  single-mode  finite 
element  solution  is  adequate  to  provide  reasonable  accurate  deflections. 

Figure  1  shows  the  three  equivalent  linear  frequencies  F(Hz)  versus  SSL 
using  FE  and  EL  methods.  Dash  lines  represent  linear  frequencies.  It  clearly 
demonstrates  that  the  present  FE  formulation  using  equation  (29)  gives 
excellent  equivalent  linear  frequency  predictions  as  compared  to  the  EL 
solutions  for  all  three  modes.  The  finite  element  results  from  solving 

[M  ]{n  }  +  ( [ K  ]  +  [ D )  ( 1  =  (P(t)}  are  denoted  by  FE*;  it  gives  good 
agreement  for  fundamental  mode  which  contributes  the  most  in  evaluating  RMS 
di spl acement . 

Figure  2  shows  the  RMS  maximum  strain  versus  SSL  using  FE  and  EL 
methods  for  simply  supported  and  clamped  beams.  The  FE*  gives  good  agreement 
as  compared  to  the  EL  solution,  since  both  methods  are  formulated  in  terms  of 
the  transverse  displacement  only  and  neglected  the  axial  displacement  and 
axial  inertia. 
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4. 


CONCLUSIONS 


A  finite  element  method  has  been  presented  to  analyze  large  deflection 
multiple  mode  random  response  of  beams  subjected  to  acoustic  loadings. 
Geometrical  stiffness  matrix  was  developed  for  a  beam  element  to  acount  for 
the  membrane  force  due  to  large  deflections.  The  membrane  force  in  each 
element  is  evaluated  at  the  Gaussian  points.  Solution  procedure  based  on  an 
iterative  scheme  was  described.  Numerical  examples  were  given  for  simply 
supported  and  clamped  beams  at  various  sound  spectrum  levels.  The  beam 
formulation  included  the  incoroorate  of  inplane  displacement  and  inplane 
inertia.  Finite  element  random  response  predictions  compared  very  well  with 
the  approximate  solution  using  EL  method. 
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Table  1  Comparison  of  RMS  maximum  deflections  for  simply 
supported  beam  and  clamped  beam  using  different 
methods 
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NON  LINEAR  STOCHASTIC  DYNAMICS  OF  FRAMES 
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University  of  Pavia  -  Italy 


SUMMARY  -  Nonlinear  stochastic  dynamics  of  frames  can  be 
conducted  by  stochastic  equivalent  linearization  in  two 
different  ways.  Either  a  global  hysteretic  constitutive  law  is 
associated  with  each  storey  or  it  is  introduced  for  each  region 
where  inelastic  deformation  may  concentrate. 

When  second  order  geometric  effects  cannot  be  neglected, 
both  the  approaches  can  be  extended.  However,  the  first,  and 
simpler,  procedure  presents  some  inconveniences  which  are 
emphasized  in  this  paper. 


1 .  INTRODUCTION 

General  state-cf-art  reports  in  stochastic  dynamics  11)  [2] 
emphasize  the  versatility  of  stochastic  equivalent 
linearization  in  approaching  non-linear  problems.  Their  use  is 
especially  suitable  f?r  estimating  the  dynamic  response  of 
systems,  structures  as  well  as  continua  [3],  under  stochastic 
excitation.  In  particular,  for  complex  hysteretic  multi-degree- 
of-freedom  systems  there  are  not  alternative  tools  of  analysis 
which  are  presently  operative. 

A  basic  improvement,  in  view  of  practical  applications , 
was  proposed  in  Refs.  [4]  [5]  [6]  and  [7]  where  the  algorithms, 
originally  introduced  for  plane  structures,  are  extended  to 
three-dimensional  frames.  It  is  well  known,  in  fact,  that  for 
spatial  systems  plane  analysis  is  incompatible  with  the 
hysteretic  nature  of  the  material  constitutive  law. 

The  actual  response  of  frames,  however,  is  significantly 
influenced  also  by  geometrical  effects,  i.e.  by  the  interaction 
between  vertical  loads  and  horizontal  displacements  at  the  top 
of  columns.  These  effects  are  generally  of  non-linear  nature, 
since  the  axial  force  in  the  columns  depends  on  the  top 
displacement  which,  in  turn,  depends  on  the  axial  force... 
Nevertheless,  in  several  cases  of  practical  interest  the  static 
axial  force  in  the  columns  remains  nearly  constant  during  the 
dynamic  excitation,  avoiding  the  non-linearity  of  the  problem. 

The  so  called  "geometrical  second  order  effects"  can  be 
approximately  taken  into  account  by  the  geometric  stiffness 
matrices  of  the  vertical  elements  [8].  In  this  paper  attention 
is  focused  on  the  consequences  that  the  introduction  of  such  a 
matrix  leads  in  the  stochastic- linearization  coefficients  and 
in  the  response  characteristics . 


GOVERNING  RELATIONS 


From  the  computational  point  of  view  each  storey  of  the 
frame  under  investigation  is  conveniently  modelled  by  a  single 


oscillator  with  one  degree-of-f reedom  in  the  plane  and  three  in 
the  space.  If  the  hysteretic  constitutive  laws  of  these 
oscillators  are  known  on  experimental  basis,  then  the  dynamic 
analysis  of  the  frame  reduces  to  solve  a  system  of  first  order 
differential  equations  [4]: 

d+Qd=F  (01) 

In  Eq.  (01)  2  is  a  structural  matrix  which  groups  the 
coefficients  of  the  equations  of  motion  and  the  coefficients  of 
the  linearized  equations  which  express  the  storey  constitutive 
laws.  The  vector  d  contains  displacements,  velocities  and 
general  response  quantities.  The  vector  F  denotes  the  external 
action  assumed  to  be  stochastic  and  stationary.  The  reader  is 
referred  to  the  appendix  for  the  mechanical  meaning  of  the 
expressions  leading  to  Eq.(01). 

The  linearization  coefficients  C  and  H  (a  pair  for  each 
constitutive  law)  introduced  in  Eq.(A5)  are  unknown  "a  priori". 
Therefore,  also  the  matrix  2»  which  contains  these 
coefficients,  is  unknown.  Nevertheles,  for  Gaussian  excitation, 
the  dependence  of  C  and  H  on  the  covariance  matrix  I  of  d  is 
assigned.  It  follows  that,  guessing  initial  values  for  C  and  H, 
the  analyst  can  find  the  root-mean-square  description  of  the 
response  by  iteratively  solving  the  well  known  Liapounov 
equation: 

2  Z  +  I  QT  =  f  (02) 

with 

f  =  <F  FT>  (03  ) 

An  alternative  approach  [9]  [6]  [7],  leading  to  a  solving 
system  which  again  is  formally  given  by  Eq.  (01),  assignes  the 
hysteretic  constitutive  law  in  each  of  the  regions  where 
inelastic  deformation  concentrate.  The  main  disadvantage  is 
that  the  number  of  these  regions  may  be  very  large.  For 
instance,  in  a  single-storey  plane  frame  the  first  approach 
leads  to  a  system  (01)  of  dimension  3.  The  present  procedure 
requires  at  least  6  constitutive  equations  (one  for  each  of  the 
two  ends  of  the  three  elements)  to  be  added  to  the  two  first 
order  differential  equations  which  describe  the  floor  motion. 

On  the  other  hand,  the  advantage  of  this  alternative 
approach  is  that  the  constitutive  law  must  not  be  identified, 
as  the  storey  relationship  needs:  it  can  be  determined  directly 
from  the  geometrical  and  mechanical  properties  of  the  single 
section.  A  more  detailed  design  is  therefore  possible  by  such 
an  analysis. 

Moreover,  this  second  approach  can  also  take  advantage 
from  the  solution  algorithms  discussed  in  Ref.  [10]:  a  sort  of 
modal  analysis  for  non-classically  damped  systems.  The 
possibility  of  neglecting  the  higher  modes  in  the  analysis  of 
the  equivalent  linear  system,  in  fact,  may  reduces  the 
computational  effort  which  the  solution  of  Eq.  (02)  requires. 


3.  GEOMETRICAL  NON-LINEARITIES 
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The  possibility  of  extending  the  simpler  procedure  can  be 
investigated  by  studying  the  oscillator  of  Figure  la).  A  mass 
is  supported  by  a  rigid  column  of  length  i  with  at  the  bottom  a 
hysteretic  spring  of  elastic  stiffness  kg:  let  6  the  rotation  in 
the  spring  and  M  the  associated  moment.  Since  the  displacement 
at  the  top  is  u=9£  and  the  corresponding  force  is  W=M/ 1 ,  the 
elastic  stiffness  of  the  system  comes  out  to  be: 

k  =  kg  /  £ 2  ( 04 ) 

Representing  the  hysteretic  constitutive  law  of  the  spring  by 
the  classical  endochronic  model  of  Ref.  i'll],  the  first  order 
equation  of  motion  can  be  written 

m0?+c0C-f-ukg  6/1  +  (l-a)kp  z/f  =  -m  ag  (05) 

where  c  is  the  damping  term,  a  is  the  hardening  ratio  and  z  is 
the  auxiliary  variaoie  by  which  the  hysteretic  component  is 
expressed.  The  hardening  ratio  must  be  at  least  3  or  4%  in 
order  to  obtain  satisfactory  displacements  estimates  in 
classical  equivalent  linearization.  The  external  excitation  is 


here  provided  by  the  horizontal  support-acceleration  ag. 

The  resulting  linearized  constitutive  law  is: 

z  =  C  0  +-  H  z  (06) 

Introduction  of  the  second  order  geometric  effects  leads 
to  add  to  Eq.  (05)  the  term  [-mg6  ■  /  '•] 

m0P  +  c^P  +  .dkg/'  -  mg)  6  +  (l-a)kgz/-'.  =  -m  ag  (07) 

The  static  elastic  equilibrium  is  stable  for 

mg?  <  kg  ( 08  ) 

i .  e . 

I  <  k? 2 /mg  ( 09 ) 

From  Eq.  (09)  one  finds 

£  >  ic  =  g/m2  (lot 


where,  as  usual,  to2  =  k/m.  However,  since  m<l,  the  coefficient 
of  0  in  Eq.  (07)  can  become  negative  before  instability  occurs 
and,  hence,  can  assume  values  close  to  zero.  This  situatron  has 
been  shown  to  give  rise  to  indeterminate  displacements  in  Ref. 
[11]  and  this  prevent  one  from  extending  the  simpler  procedure 
to  the  analysis  of  problems  with  significant  second-order 
geometrical  effects.  The  example  of  the  next  section  will 
quantify  this  lack  of  accuracy. 

By  contrast,  the  approach  which  takes  into  account  the 
constitutive  laws  of  all  the  regions  where  inelastic 
deformation  may  occur  is  still  working  even  when  geometrical 
non-linearities  are  not  negligibles.  For  this  purpose,  the 
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geometrical  stiffness  matrix  must  be  added  to  the  elastic 
stiffness  matrix  of  each  structural  element  [8]  [12]. 


u 
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If - + 


Figure  1  -  a)  The  single-degree-of -freedom  system  for  which  the 
equation  of  motion  is  written  in  order  to  underline  the 
inconsistency  of  the  results  achieved  by  stochastic  equivalent 
linearization  when  second  order  geometrical  effects  are 
considered,  b)  Plane  frame  idealization  with  potential  plastic 
hinges:  no  inconsistency  arises  in  this  case. 


4.  A  NUMERICAL  EXAMPLE 

Consider  a  unit-mass  oscillator  with  circular  frequency  oj  = 
(1.5  )  *  (2tt)  rad/sec,  damping  c  =  2  3  oj  with  0  =.10,  yielding 

displacement  Uy  =  (.3)  *(2.54)  cm  and  hardening  ratio  a  =  .25 

[11].  The  associated  critical  length  (Eq.  (10))  is 

?  c= (4.34) *(2.54) cm . 

Let  the  stochastic  excitation  ag  be  a  white-noise  whose 
intensity  is  such  that  the  resulting  peak  acceleration  of  a 
time  history  of  duration  4sec  is  .  2g .  (Go  =  5 .  1  !•(  2 . 54  )  '  cirr /s  3 ) 

In  Ref.  [13]  the  following  results  //ere  obtained  for  the 
variances  of  u  and  du/dt:  ( . 083 ) • ( 2 . 54  )  2  cm2  and  ( 4 . 56 ) • ( 2 . 54  )  2 
cm2 /s 2 .  Moreover  the  linearization  coefficients  were  C=.77  and 
H=-2 . 75 . 

These  results  were  checked  by  Eq.  (05)  obtaining  the 
values  summarized  in  Table  I.  The  variability  of  the 
linearization  coefficient  H  is  due  to  the  convergence  criterion 
of  the  solving  iterative  procedure.  The  term  Cov[0z]  gives  a 
measure  of  the  energy  dissipated  in  the  hysteretic  spring. 

Table  II  provides  the  results  of  the  same  set  of  anlyses  but 
obtained  making  use  of  Eq.  (07)  instead  of  Eq.  (05).  This  means 
that  the  second  order  geometrical  effects  are  taken  into 
account  by  the  simple  idealization  of  Figure  la).  The  analysis 
of  Table  II  shows  the  progressive  decrease  of  r  and  [  H  |  as  ? 
decreases.  Also,  as  ?  decreases,  the  variance  of  z  (Var[z])and 
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the  measure  of  the  dissipated  energy  Covfflzj  increase.  The 
variance  of  the  rotation  rate  Var [6]  is  characterized  by  a 
general  decrease  with  respect  to  the  corresponding  values 
calculated  without  second  order  geometrical  effects.  Moreover, 
if  one  plots  the  values  of  Var[6]  in  Table  II  versus  i,  a  peak 
is  found  at  f=  7- (2.54)  cm.  Note  that  the  actual  critical  length 
i’ca  is  the  lower  values  of  •  for  which  it  is  not  possible  to 
obtain  convergence.  It  was  find  to  be  < -6 -(2.54;,  i.e.  higher 
than  the  critical  length  v>c  in  Eq.  (09).  Its  evaluation 
reguires  the  introduction  of  a  stability  criterion.  From  Table 
II  the  change  of  sign  of  the  derivative  d(  Var  [  0  ]  ) /d>:  seems  to  be 
a  possible  candidate  for  this  stability  criterion. 


Table  I  -  Properties  of  the  response  of  the  oscillator 
considered  in  the  numerical  example.  The  geometrical  non- 
linearities  are  neglected.  Lengths  in  inches. 
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Inaccuracy  problems  arise  when  attention  is  focused  on  the 
rotation  6  (i.e.  the  displacement  u=9e).  It  is  worth  noting,  in 
fact,  that  when  the  coefficient  of  6  in  Eq.  (07)  becomes  zero 
(  1=  ( 17 . 39 )  •  (  2 . 54 )  cm),  no  solution  can  be  found.  Moreover,  in 
the  neighbourhood  of  this  length  the  rotation  is  overestimated 
according  with  the  effect  pointed  out  in  Ref.  Mi l  F^r 
instance,  the  variance  of  6  for  f.=  10*  (2.54)  cm  is  almost  twice 
the  one  for  7* (2.54)  cm!  This  situation  makes  unreliable  the 
model  of  Fig  la),  since  6  is  just  the  variable  which  governs 
the  second  order  geometrical  effects. 

Table  III  -  Properties  of  the  response  of  the  frame  in  Figure 
lb).  The  geometrical  effects  are  neglected.  Lengths  in  inches. 
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Var [ u ] 

Var [ u ] 
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^rmn 
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r-mm  j 

i  5% 
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Table  IV  -  Properties 

of  the  response  of 

the  fiame  in  Figure 

lb).  The  geometrical  effects  are 

included . 

Lengths  in  inches. 

i  Hardening 

1 

1 

ratio 

Mass 

Var  [  u  ] 

Var  [  '■>  ] 

c  • 
^nin 

Hmin 

j  10% 

.168 

|.lll 

7.43 

.  503 

-91.9  1 

|  10% 

.210 

i  .171 

! 

7.64 

.  503 

-103.1  ! 

The  previous  analyses  have  been  partially  repeated  over 
the  frame  of  Fig.  lb).  Its  height  is  v  =  300  cm  and  its  length 
L=550  cm.  The  mass  is  concentrated  at  the  girder  level:  its 
original  value  is  .168  t*s‘/cm.  The  stiifnc.ssos  of  the  elements 
are  selected  in  such  a  way  that  the  same  equations  of  motion 
are  written  in  the  elastic  field.  The  constitutive  lav-/  is 
introduced  at  the  six  end-sections  of  the  three  beam-elements. 
The  yielding  moment  in  the  plastic  hinges  of  the  columns  is 
selected  as  kUyf/4.  The  hardening  ratio  \  of  these  bending 
moment-rotation  relationships  should  be  selected  to  provide  the 
global  hardening  of  25%  considered  above.  For  this  purpose  the 
following  values  of  were  introduced:  5%.  10%,  12.5%,  15%  and 


Table  III  summarizes  t! 


achieved . 


The  comparison  of  the  results  of  Table  III  with  the  ones 
of  Table  I  shows  that  both  displacements  and  velocities  are 
underestimated  by  the  model  of  Fig.  la).  Moreover,  Var[u]  and 
Var[u]  are  unsensitive  to  changes  in  the  value  of  the  hardening 
ratio  t, .  This  justifies  the  selection  of  t,  =  10%  as  the  basis  of 
the  further  analyses  developed  in  vie.-.'  of  a  short  comparison 
with  the  results  of  Table  II. 

Geometrical  second-order  effects  are  investigated  by 
adding  the  corresponding  geometric  stiffness  matrix  to  the 
elastic  stiffness  matrices  of  the  columns.  This  has  been  made 
for  two  values  of  the  supported  mass:  .168  and  .210  t  s:/cm, 
respectively.  The  results  are  given  in  Table  IV. 

In  this  case  no  problem  arises  when  the  stochastic 
equivalent  linearization  algorithm  is  used.  The  hysteretic 
constitutive  law,  in  fact,  does  not  involve  directly  the 
horizontal  displacement  u  and,  hence,  the  solving  procedure  is 
no  longer  sensi:ive  to  the  amount  of  the  second-order 
geometrical  effects  as  it  occurs  for  the  analyses  of  Table  II. 


5.  CONCLUSIONS 

Although  stochastic  equivalent  linearization  is  more  and 
more  adopted  in  practical  engineering  applications,  there  are 
some  circumstances  that  prevent  one  from  implementing  its 
simpler  form  in  automatic  analysis  procedures.  This  paper  has 
emphasized  the  inaccuracy  of  the  results  one  obtains  in 
particular  situations  when  second  order  geometrical  effects  are 
included . 

However,  this  lack  of  accuracy  can  be  completely  avoided 
by  using  frame  idealizations  more  sophisticated  [9],  whose 
greater  computational  effort  can  be  strongly  reduced  by 
adopting  frequency  domain  solution  algorithms  [10]. 


ACKNOWLEDGEMENT 


The  financial  support  of  the  M .. r . i 
(MPI)  is  here  acknowledged. 


Fducat ion 


REFERENCES 


P.  SPANOS  1981  Applied  Mechanics  Rev • rwo ,  34,  i,  : -4 . 

Stochastic  Linearisation  in  Structural  i>v*  -vnc? . 

Y.K.  LIN,  F.  KOZIN,  Y.K.  WEN,  F  CASCIATI,  3.1.  SCHUELLER. 

A.  DER  KIUREGHIAN,  O.  DITLEVSEN  and  F.H.  VANMARCKE  1986 

Structural  Safety,  3,  167-194.  Metf.cus  of.  Stochastic 

Structural  Dynamics. 


F.  CASCI ATI  and  L.  FARAVELLI  1988 
Letchworth.  Fragility  Analysis 
Systems . 


eseaicn  stud’e^  Press 

of  Complex  Structural 


Y.K.  WEN,  Y.J.  PARK  and  A.H-S.  ANG  1986  in  F.  Casciati 
and  L.  Faravelli  (eds.)  Methods  of  Stochastic 
Structural  Mechanics,  SEAG,  Pavia.  Random  Vibration  of 
Hysteretic  Systems  under  Bi-directional  Ground  Motions. 

(see  also  Earth.  Eng.  &  Struct.  Dyn.  ,  1_4,  543-557) 

Y.J.  PARK  and  A.M.  REINHORN  1986  Proc  3rd  US  Nat.  Conf .  on 
Earth.  Eng.,  Charleston,  991-1002.  Earthquake  Response  of 
Multistory  Buildings  under  Stochastic  Biaxial  Ground 
Motions . 

F.  CASCIATI  and  L. FARAVELLI  1987  Proc.  9th  SMiRT  Confer., 
Lausanne,  vol.  M,  453-458.  Stochastic  Equivalent 
Linearization  in  3-D  Hysteretic  Frames. 

F.  CASCIATI  and  L.  FARAVELLI  1988  accepted  for  publica¬ 
tion  in  the  Journal  of  Engineering  Mechanics,  Proc.  ASCE. 
Stochastic  Equivalent  Linearization  for  3D  Frames. 

R.W.  CLOUGH  and  J.  PENZIEN  1975  McGraw  Hill.  Dynamics  of 
Structures 


F.  CASCIATI  and  L.  FARAVELLI  1985  Nuclear  Engineering  and 
Design,  90,  341-356.  Methods  of  Nonlinear  Stochastic 
Dynamics  for  the  Assessment  of  Structural  Fragility. 

M.P.  SINGH,  G.  MALDONADO,  R.  HELLER  and  L.  FARAVELLI  1987 
Proc.  IUTAM  Symposium  on  Nonlinear  Stochastic  Dynamic 
Engineering  Systems.  Modal  Analysis  of  Nonlinear 
Hysteretic  Structures  for  Seismic  Motions. 

F.  CASCIATI  and  L.  FARAv'ELLI  1986  in  F.  Casciati  and  L. 
Faravelli  (eds.)  Methods  of  Stochastic  Structural 
Mechanics,  SEAG,  Pavia.  Non  Linear  Stochastic  Dynamics  by 
Equivalent  Linearization. 


12. 


F.  CASCIATI  and  L.  FARAVELLI  1988  accepted  for  publica¬ 
tion  in  Res  Mechanics.  Hysteretic  3-D  Frames  under 
Stochastic  Excitation 

13.  F.  CASCIATI  ]  987  Proc.  ICASP  5,  Vancouver,  2,  1165-1172. 

Non-Linear  Stochastic  Dynamics  of  Large  Structural  Systems 
by  Equivalent  Linearization 


APPENDIX  -  Deriving  Eq.(Ol) 

The  equations  of  motion  of  the  frame  are 

u  +  m~  1  c  u  +  m~ ;  D  V  -  m_1W(t)  =  0  (Al) 

with  m  denoting  the  mass  matrix,  c  the  damping  matrix  and  W(t) 
the  external  dynamic  excitation,  u  is  the  vector  of  the  inter¬ 
storey  displacements,  V  is  the  vector  of  the  restoring  forces 
of  the  single  storeys  and  D  is  an  appropriate  matrix.  Each  Vj 
is  proportional  to  the  inter-storey  drift  Uj  in  the  linear 
case.  More  generally  one  writes 

V j  =  Vj (  u j ,  Uj )  ( A2 ) 

where  Vj ( • , • )  denotes  a  given  non-linear  function.  It  is 
convenient  to  write 

Vj=AjZj+BjUj  (A3) 

and 

Zj  =  a3Uj  -  a4Zj  !  iij  !  |  Zj  |a‘ _1  -  a5Uj|Zj;afr  (A4) 

where  z  is  an  auxiliary  variable  and  the  quantities  a3 ,  ...,  a6 

are  the  parameters  of  the  hysteretic  model. 

Eqs .  (Al),  (A3)  and  (A4)  form  the  non-linear  solving 

system  of  equations.  Since  the  non-linearity  is  only  in  Eq. 
(A4),  it  is  sufficient  to  write  it  in  the  form: 

Zj  =  Cj  Uj  +  Hj  Zj  ( A5 ) 

for  obtaining,  with  Eqs.  (Al)  and  (A3),  a  linear  system  of 
equations.  After  elimination  of  V,  it  leads  to  Eq.  (01). 

In  Eq.  (A5)  Cj  and  Hj  are  the  linearization  coefficients 
that,  for  Gaussian  excitation  W( t ) ,  can  be  written  as  known 
functions  of  the  variances  of  z-;  and  Vj  and  the  coefficient  of 
correlation  of  these  variables  [y ] [ 12  ]  [ i3  ]  . 

The  constitutive  law,  generally,  is  not  given  for  the 
storey  but,  rather,  at  the  single  point  or  section  of  the 
frame.  In  this  case  Eq.  (A4)  (and  hence  Eq.  ( A  5 )  )  is  written 
locally  and  relates  the  local  inelastic  deformation  with  its 
static  counterpart.  The  storey  restoring  force  Vj  in  Eq .  (Al) 
has  therefore  a  more  complicate  expression  in  terms  of  these 
new  kinematic  and  static  variables.  Nevertheless,  simple  matrix 
algebra  leads  again  to  write  Eq.  (01).  The  reader  is  referred 
to  Refs.  [9]  and  [12]  for  the  details. 
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RECENT  ADVANCES  IN  VIBRATION  ANALYSIS  OF  SYSTEMS 
WITH  RANDOM  PARAMETRIC  EXCITATIONS 
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ABSTRACT 

In  this  article  systems  subjected  to  random  parametric  excitations 
are  considered.  Attention  is  paid  on  publications  appeared  in  the 
literature  between  1981  and  1987.  Those  published  prior  to  1981  are  not 
considered  here  as  they  had  already  been  reviewed  elsewhere.  Both 
quantitative  and  qualitative  aspects  of  the  analysis  are  included.  The 
quantitative  analysis  techniques  reviewed  are  the  Fokker-Pl anck  equation 
approaches,  methods  of  stochastic  averaging,  truncated  hierarchy 
techniques,  and  various  other  methods. 


1.  INTRODUCTION 

For  safety  and  economic  reasons  modern  mechanical  and  structural 
systems  have  to  be  designed  to  withstand  various  intensive  excitations. 
The  diversity  and  uncertainty  of  these  excitations  make  it  a  necessity  to 
treat  them  as  random  processes.  Among  them  are  random  parametric 
exc i tati ons . 

There  are  many  categories  of  the  differential  equations  governing 
the  dynamic  behaviour  of  random  parametrically  excited  systems.  Let  us 
consider  a  general  equation  of  the  form: 

*X(t)  +  f(XU),  X(t),  t)  -  Y(t)  (1) 

•  » 

with  the  initial  condition  X(0)  =  Xq  and  X ( 0 )  =  Xq,  where  X(t)  is  an  n- 
dimensional  displacement  vector  (the  solution  process)  and  f  is  a  time- 
dependent  vector  of  order  n.  If  Y(t)  is  also  a  random  process  then  the 
equation  models  a  system  that  is  subject  to  both  random  parametric 
excitation  and  non-parametr i c  excitation,  Y(t).  The  latter  form  of 
excitation  is  usually  referred  to  as  an  external  excitation. 

The  solution  of  equation  (1)  is  usually  very  difficult.  In  general 
only  approximate  solutions  are  obtainable  in  most  cases  for  the  response 
process  [1], 

In  this  review  article  systems  subjected  to  parametric  excitations 
are  considered.  Our  attention  is  on  systems  investigated  between  1981 
and  1987.  Systems  studied  prior  to  1981  are  not  included  here  as  they 
had  already  be'n  reviewed  by  Ibrahim  [2].  Arnold  and  Kliemann  [3], 

Ibrahim  [4],  and  Kozin  [5], 

Essentially,  there  are  two  directions  of  work  reported  in  the 
literature.  The  main  thrust  of  one  direction  is  concerned  with  the 
prediction  of  response  of  the  systems.  Techniques  used  are  regarded  as 
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quantitative.  These  are  the  Fokker-Pl dnck  equation  (FPE)  approaches, 
methods  of  stochastic  averaging,  truncated  hierarchy  techniques,  and 
various  other  methods.  The  other  direction  of  development  is  concerned 
with  the  stability  analysis  of  the  systems.  Techniques  used  in  this 
direction  are  referred  to  as  qualitative.  These  include  movement  and 
Lyapunov  stabilities.  Where  an  explicit  representation  of  the  solution 
process  is  possible  the  stochastic  stability  definitions  reviewed 
include:  stability  in  the  mean,  asymptotical  stability  in  the  mean,  mean 
square  stability,  and  asymptotically  mean  square  stability. 


2.  FOKKER-PLANCK  EQUATION  (FPE)  APPROACHES 

This  method  is  applicable  to  systems  which  can  be  represented  by  a 
set  of  Ito  differential  equations  of  the  form: 

dX( t )  =  f ( X( t ) , t )dt  +  G(X(t) .t)dB(t)  (2) 

^  -v  -v  "v 

(X(t0)  -  XjQ .  t  2  t0) 


where  dB ( t )  =  W(t)dt  is  an  m-dimensi ona 1  vector  stochastic  process  whose 
components  are  Gaussian  white  noise  while  B  is  the  corresponding  Brownian 
motion  process.  G(X(t).t),  known  as  diffusion  matrix,  is  an  n  x  m  matrix 
function  and  Xg  is  independent  of  W(t).  f(X(t),t).  known  as  drift 

vector,  is  a  vector  function  of  the  solution  process  X(t)  and  time  and 
can  either  be  linear  or  nonlinear.  Of  course,  X  in  (2)  is  different  from 
that  in  (1).  Here,  X  is  the  state  vector  while'that  in  (1)  is  the 
displacement  vector.  The  Fokker-Pl anck  equation  (F^E)  cor resDond i ng  to 
equation  (2)  is  however  given  by: 

( X  ,  1 1  Xg  .  tg  )=  .  J  [  f  ( X  .  t )  p ]  +■  2  /—  [  (  GDG  T)  Pl 

:'t  j  =  l  :  j  J  ”  i  .  j  =  1  :  '  ?Xj  1J  (3) 

where  D  is  the  white  noise  intensity  matrix.  Another  form  of  FPE  based 
on  the  statistical  properties  of  continuous  Markov  processes  is  the 
following  parabolic  partial  differential  equation: 

:  p  ( X ,  1 1  Xq  .  t  )  n  ...  n  ,;2 

- T - —  =  -  2  -r jj-  [  a  :  (  X .  t )  p  ]  2  ra  T  ^  ( X  .  t )  p]  (4) 

where  a j ( X , t )  and  a,j(X,t)  are  the  derivative  moments  which  can  be 
derived  by  limit  operations  applied  directly  to  the  equations  of  motion. 
Unfortunately,  equations  (3)  and  (4)  give  different  results  for  the 
problem  of  random  parametric  excitation  although  they  agree  for 
externally  excited  linear  systems.  This  paradox  in  the  different  forms 
of  the  Fokker-P I anck  equation  has  been  examined  by  Gray  and  Caughey  [6J 
and  Mortensen  [7].  References  [6]  and  [7]  agree  that  when  G(X(t),t)  in 
equation  (2)  above  is  not  a  function  of  X(t)  the  solutions  to  (3)  and  (4) 
are  i denti cal . 

It  is  important  to  point  out  that  in  Section  5.2. i  of  [4]  a 
different  and  incorrect  explanation  was  given.  It  gave  the  difference 
between  the  white  noise  w(t)  and  the  physical  wide  band  excitation  ^(t) 
as  the  origin  of  the  problem.  In  other  words,  what  was  suggested  was 
that  if  T ( t )  -  w(t)  the  Wong  and  Zakai  [9]  correction  term  was  not 


necessary.  This  is  rot  true  «s  it  is  in  contradiction  to  the  finding  in 
[6J.  To  see  why  let  us  consider  the  following  equation  of  motion  for  a 
s i ngl e-degree-of-f reedom  (SDOF)  system  subjected  to  both  parametric  and 
non-parametr i c  white  noise  excitations: 

x(t)  +  25  un  [1  +  w(t)]x(t)  +  [aj_  +  a2w(t)]x(t)  =  w(t)  (5) 

where,  for  simplicity,  and  a2  are  constant  parameters  and  the  rest  of 
the  symbol''  have  their  usual  meaning.  The  corresponding  Ito's  equation  is 


Comparing  equations  (2)  and  (6)  one  finds  that  G(x(t),t)  is.  in  need,  a 
function  of  x(t).  Therefore,  the  Wong-Zakai  correction  is  required  in 
order  to  enable  the  solution  of  equation  (5)  using  the  Ito's  approach  in 
agreement  with  that  applying  the  Stratonovich  calculus  [7], 


Closed  form  solutions  of  the  Fokker-Pl anck  equation  are  rarely 
obtainable.  However,  in  many  cases,  it  is  possible  to  derive  seme  moment 
equations,  which  may  be  algebraic  or  differential  depending  on  whether 
the  solution  being  sought  is  stationary  or  non-stationary,  respectively. 
These  moment  equations  are  derived  by  multiplying  the  Fokker-Pl anck 
equation  by  suitable  functions  and  integrating  the  resulting  equation 
over  the  entire  probability  space.  For  the  transition  probability 
density  given  in  equation  (3),  it  can  be  shown  that  the  moment  equations 
are  of  the  form  [1 1 
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where  h(X.t)  is  an  arbitrary  function  and  E{.}  designates  ensemble 
average.  From  equation  (7),  the  moment  equation  for  any  order  can  be 
obtained  by  choosing  the  appropriate  function  h(X.t). 

For  linear  systems  with  white  noise  coefficients  the  moment 
equations  are  uncoupled  and  so  they  are  easy  to  handle.  In  cases  where 
there  is  non-linearity,  the  moment  equations  become  coupled  with  moments 
of  higher  orders.  The  system  of  moment  equations  thus  form  a  set  of  the 
so-called  infinite  hierarchy  equations  [1]  and  some  closure  techniques 
have  to  be  applied  to  truncate  the  infinite  hierarchy.  A  number  of  these 
closure  schemes  have  been  proposed  in  the  literature  and  shall  be 
reviewed  in  a  subsequent  section. 


Oimentberg  [9]  obtained  an  exact  analytical  solution  of  the  FPE  for 
a  particular  second  o^der  system 

X  +  2aX  [1  a  n(t)!  +  3iX  ( X2  +  X2/n2 )  +  02X  [  1  +  5(t)]  =  r(t) 


(8) 


where  *(t),  ’l(t),  r(t)  are  statistically  independent  stationary  Gaussian 
processes  of  the  white  noise  type  with  respective  intensities  D^,  Dn  ana 
Dr.  The  stationary  joint  probability  density  function  (pdf)  was  found  to 
be  governed  by  the  equation: 
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and  for  the  special  case  when 

Q2Dj  =  4a2Dn 

It  was  pointed  out  that  in  a  stochastic  system  that  is  stable  with 
probability  one,  there  can  be  no  oscillation  in  the  absence  of  external 
exci tat i ons . 

Exact  solutions  of  toe  Fokker-Pi anck-Kol mogorov  (FPK)  equation  for 
the  stationary  joint  probability  density  (jpd)  of  the  state  variables  for 
certain  mul t i -d i mens! ona1  dynamic  systems  [10]  nave  also  been  provided. 

Other  mu1 1 i -ciegree-of -freedom  (MDOF)  systems  wi  :h  parametric  and 
non-parametr i c  random  excitations  were  considered  by  Lin  and  Shih  [11], 

To  [12],  and  To  and  Orisamolu  [13].  in  [12,  13]  equation  (7)  was  used 
and  the  corresponding  second  moment  equations  were  solved  with  the  fifth- 
order  Runge-Kutta  algorithm.  In  [13]  a  bi modal  approach  was  adopted  for 
response  moments  of  discretized  plates  with  geometrical  non-linearity  of 
small  deformation.  Mon-stationary  random  excitations  and  responses  were 
included.  The  structures  were  model  lea  with  more  than  200  DOF  . 


3.  METHODS  OF  STOCHASTIC  AVERAGING 

The  original  stochastic  averaging  method  was  introduced  by 
Stratonovich  [14],  It  may  be  viewed  as  ar  extension  of  the 
deterministic  averaging  procedure  of  BogoHubov  and  Mitropo1sky  to  the 
fie’d  of  random  di  f  ce*'ent ;  al  equations.  Th’s  method  is  aDplicable  to 
systems  of  lightly  damped  and  subject  to  broad-band  random  excitations. 

It  entails  the  introduction  of  amolitude  and  ohase  angle 
transformations  of  the  form: 

X(t)  -  a(t)  cos  U0t  +  (D )  (9) 

where  the  amplitude  envelope  process,  a(t),  and  the  phase  process,  0,  are 
slowly  varying  with  respect  to  time  t. 

Dimentberg  [15]  applied  the  moment  equations  and  stochastic 
averaging  technique  to  linear  systems  with  random  parametric  excitation. 

Dimentberg  et  al .  [lb]  employed  the  averaging  method  to  investigate 
the  stochastic  oscillations  of  a  non-linear  second  order  system  that  is 
simultaneously  excited  by  periodic  and  broadband  random  parametric 
excitations : 

x  +  (25  +  bx2  +  px2)x  +  Q2  l1  +  r  sinvt  +  T(t)]x  =  0  (10) 

where  ~(t)  is  a  stationary  centred  broadband  random  process  of  known 


spectral  density.  Equation  (10)  models  the  oscillations  of  a  helicoofei 
rotor  blade  with  due  allowance  for  horizontal  turbulence  components. 

“This  is  a  more  general  model  than  the  one  given  by  Lin  et  al .  [17,  181. 

Prussing  [ 19 J  used  the  Wong  and  Zakai  correction  with  the  stochastic 
averaging  method  tc  illustrate  that  an  unstable  deterministic  system  can 
indeed  be  stabilized  by  parametric  white  noise  contrary  to  earlier  claims 
by  some  authors.  This  fact  was  first  reported  and  verified  with 
simulation  by  Mitchell  and  Kozin  [20], 

Schmidt  [21]  analyzed  systems  with  quadratic  and  cubic  restoring 
forces,  and  cubic  damping  forces,  excited  by  white  noise  parametric 
loading.  The  analysis  included  a  second  order  averaging  accounting  for 
the  influence  of  non-linear  stiffness  contributions.  Roberts  [22] 
employed  the  stochastic  averaging  method  to  evaluate  the  uncoupled  roll 
motion  of  a  ship  in  random  sea  waves.  The  analysis  included  non-white 
restoring  moment  and  fhe  effect  ot  non-linear  damping.  The  parametric 
excitation  in  the  governing  equation  of  motion  was  the  pitch  angle  which 
was  assumed  to  be  a  stationary  p; cress.  Ibrahim  [23]  studied  the 
simultaneous  occurrence  of  self-excited  ano  random  parametric  vibrations 
in  water  lubricated  Gearings  of  submarines. 

Ibrahim  and  Soundai araj an  [241  also  used  the  Sfratonov i tch 
stochastic  averaging  procedure  ( wh i  "> e  incorporating  the  Wong  and  Zaxai 
correction  term)  to  investigate  the  non-linear  I iquid  free  surface 
oscillations  of  a  partial 'y  filled  container  subject  to  random  parametric 
excitations.  It  was  stated  tnat  a  comparison  with  the  experimental 
results  of  Da  1 z e i '  revealed  tnat  the  results  from  the  averaging  procedure 
gave  better  correlation  man  those  from  the  Fokker-°l anck  equation. 

Stochastic  averaging  o+  the  response  energy  ervelooe  was  considered 
oy  Znu  [25.  26]  to  provide  a  mathematical  oasis  in  the  Stratonov’Ch 
sense  that  tne  Markov  property  is  conserved  wnen  the  oaa  mcnotoni cai  i  v 
■ nc-'easing  continuous  function  representing  the  system  elastic  restoring 
•’fee  is  non-linear  ard  the  excitation  is  wnite. 

The  response  of  a  string  to  random  parametric  excitation  was  studied 
ov  Cher  ana  Huang  [27],  They  snowed  that  the  introduction  of  non-liner 
•lamping  Drought  tne  originally  unstable  string  into  a  bounded  stable 
limit  cycle.  The  standard  stochastic  averaging  method  was  used  by 
jimentberg  [28]  to  deal  witn  a  linear  oscillator  with  external  and 
parametric  excitations. 

Up  to  this  point  the  metnods  reviewed  in  this  section  are  concerned 
with  SDOT  systems.  Very  limited  number  of  publications  addresses  MDOF 
non-linear  systems  subjected  to  parametric  excitations.  Noteworthy  is 
the  work  of  Schmidt  and  Schulz  [29]  in  which  the  stochastic  averaging 
method  was  applied  to  evaluate  t.he  jDd  of  a  non-linear  two-degree-of- 
freedom  (2  DOF)  system.  Results  were  considered  incomplete  as  the 
constant  of  integration  was  difficult  to  determine.  Recently,  Lin  [30] 
presented  a  pnysical  interpretation  of  the  stochastic  averaging  method. 

It  was  pointed  out  that  Stratonovich’ s  procedure  was  not  suitable  to 
problems  with  periodic  variation  of  some  coefficients  in  the  governing 
equations  as  they  would  be  eliminated  by  time-averaging.  Examples  are 
rotor  blades  of  a  helicopter  [17,  18]  or  a  wind  turbine  [31],  It  is  also 
not  suitable  for  problems  with  the  excitation  treated  as  a  uniformly 
modulated  process  [30].  Roberts  and  Spanos  [32]  reviewed  results 


obtained  o  ,  1  > '  >'o  t  f,;-  r- '  noil  o'  stoctd^t '  ■  avnr'a  :  ng  to  ’ a:’. coir 

v  ’brat  ion  problems.  in  a  retort  work  Rruchner  and  _in  [33J  had  extended 
the  stochastic  averaging  procedure  or  Ariarafnam  and  Tam  [34],  which  was 
original iy  employed  to  analyze  i ’ near  systems  under  random  parametric 
excitations,  to  non- : inear  systems  unoe-'  oath  stationary  random 
paramctr i c  ana  non-parametr i c  excitations.  The  accuracy  of  the  procedure 
was  tested  in  two  examples  for  which  exact  solutions  are  mown.  The  main 
advantage  of  the  method  for  MUOF  systems  is  that  fewer  equations  need  to 
be  solved  when  the  infinite  hierarchy  is  truncated. 


4.  TRUNCATED  HIERARCHY  TECHNIQUES 

Consider  equation  f 1 ; .  lf  it  describes  linear  systems  under 
parametric  and  non-oarametric.  white  no’se  excitations  the  associated 
moment  equations  are  a  set  cf  finite  and  uncoupled  deterministic 
differential  equations  whose  so’utions  are  readily  obtained  by  procedure 
of  caicu’us.  I*  the  excitations  are  uniformly  modulated  white  noise 
processes  tne  associated  moment  equations  can  be  integrated  by  some 
numerical  scheme  to  provide  the  solutions.  However,  when  the  systems  are 
non-linear  tne  moment  equations  are  coupled  and  form  an  infinite 
hierarchy  set.  Exact  solutions  then  a,-e  infeasible  and  the  application 
of  approximate  tecnr  :cn.-es  become  'nevitabie.  A  common  approximation  is 
the  tr  ir.cat!or  y  tr :  s  o’aher  order  moment!  s)  by  means  of  several  ad-hoc 
procedures.  To  cota;  '  a  i;nUe  set  of  equations  for  which  solutions  can 
be  obtained,  it  is  • equ'red  that  any  truncation  scheme  should  at  least 
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where  5  =  l.  3 . arc  •  t  •"  -  r  .  m;  are  the  exact  solutions  of 

“re  ;r‘:n:te  se*  .  A’  ..  . s u  .  schemes  reduce  tne  system  described  by 
equation  [Li-  f.  a  •  ‘  r  i  te  v  tne  #om: 
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where  i  =  l.  2 . \  and  nt:  <  t-P)  -  o,  .  Here  m^  are  the  approximate 

solutions  after  truncation .  A  "goco"  ‘ runcat’on  scheme  is  one  that 
minimizes  the  error  (M:  -•  m.l  wh’le  preserving  the  moment  properties. 
Bellman  et.  al .  [33,  361  establishes  two  lemmas  that  guarantee  the 
preservation  or  moment  properties. 

4 . ]  Gaussian  Closure  Schemes 

These  are  procedures  ir  which  tne  response  (or  a  certain  function  of 
the  response)  is  approximated  by  a  Gaussian  distribution  so  that  all 
■rumu’ants  c*  order  greater  than  two  van4 sn  identically.  This  leads  to 
moments  of  order  greater  tnan  two  being  expressed  in  terms  of  the  first 
and  second  moments.  Theso  methods  are  alternatively  referred  to  as  the 
methods  of  'cumu'ant  discard' .  C'ear -y .  these  methods  are  inadequate 
when  the  system  response  is  very  muen  different  from  being  Gaussian. 


which  is  likely  to  be  che  case  when  parametric  random  excitations  a>~e 
presented  and  the  system  non-linearity  is  not  smal1. 

Iyengar  and  Dash  [37]  have  shown  that  where  the  excitation  is  non- 
Gaussian,  the  technique  leads  to  the  best  estimate  in  a  minimum  mean 
square  error  sense.  Wu  and  Lin  [38]  have  also  shown  that  the  accuracy  of 
the  computed  second  moments  can  be  improved  by  retaining  the  cumulants  up 
to  the  fourth  order.  Ibrahim  and  associates  have  also  used  the  scheme  to 
solve  various  problems  [24,  39-41].  In  [40]  a  two  DOF  linear  structure 
with  parametric  excitation  was  considered.  The  term  associated  with  the 
parametric  excitation  was  disregarded  when  the  normal  mode  transformation 
was  used  by  assuming  that  the  discrete  mass  at  the  free  end  was  locked. 

No  physical  justification  or  heuristic  reason  was  given.  It  should  be 
pointed  out  that  the  techniques  in  [39-41]  are  only  applicable  to  systems 
with  small  non-linearities. 

4.2  Non-Gaussian  Schemes 


Ibrahim  and  associates  [39-42]  have  also  applied  a  non-Gaussian 
closure  scheme  to  deal  with  various  problems.  In  the  non-Gaussian 
closure  scheme,  with  the  fifth  order  moment  terms  retained  in  che 
solution  for  a  two  DOF  system,  69  equations  were  solved  numerically  using 
the  fifth  and  sixth  order  Runge-Kutta  algorithms  available  in  the 
International  Mathematical  and  Statistical  Library  ( I M S L ) .  Clearly,  for 
systems  with  many  DOF  the  procedure  is  computationally  infeasible. 
Moreover,  in  his  work  [43]  Crandall  pointed  out  that  a  pitfall  tnat  might 
be  encountered  in  applying  the  method  of  non-Gaussian  closure  with  Gram- 
Char’iier  density  was  that  the  resulting  non-linear  aigeoraic  equations 
might  have  no  real  solution. 


5.  OTHER  METHODS 

Szopa  [44]  employed  a  methoa  based  on  the  application  of  a 
stochastic  Vol terra  integral  equation  of  the  second  Kind  to  study  the 
probabilistic  characteri sti cs  of  the  response  of  a  r.ul ti -degree-of-f reedom 
system.  Numerical  calculations  concerning  the  variance  of  the  response 
of  a  two-degree-of-f reedom  system  were  presented. 

Huang  [45]  used  the  spectra'  method  to  investigate  the  dynamic 
behaviour  of  structures  with  periodic  random  parameters.  By  expanding 
the  spatial  periodic  random  functions  in  Fourier  series  to  obtain 
expressions  for  correlation  functions,  he  solved  for  the  natura1 
frequencies  and  normal  modes  and  was  ab'e  to  estimate  their  mean  values 
ana  variances  from  the  random  Fourier  coefficients.  It  is  obvious  that 
the  accuracy  of  this  method  is  limited,  among  other  things,  by  the  point 
of  truncation  of  the  Fcuiier  series. 

Fuh  et  ai.  [46]  determined  numerically  the  response  statistics  of 
coupled  torsion-flapping  *-otor  biade  to  atmospheric  turbulence. 

Parametric  and  external  excitations  were  considered. 

Recently,  weakly  non-linear  systems  excited  by  independent, 
stationary  and  Gaussian  parametric  and  non-parametr i c  disturbances  were 
studied  by  Menh  [47],  using  the  successively  approximation  technique. 

Young  and  Chang  [48]  used  the  method  of  equivalent  external  excitation  to 
predict  the  stationary  variances  of  the  states  of  non-linear  oscillators 
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disturbed  by  cot1"  stochast i<  i&arametr ;  c  a 'id  externa  1  excitations.  Some 
exact  solutions  ana  Monte  Car io  simulations  were  compared  with  the 
predicted  results.  1  he  method,  though  does  not  require  the  probability 
densities  of  the  stationary  states  to  oe  jointly  Gaussian,  does  hinge  on 
the  validity  ot  using  the  equivalent  external  excitation  to  maintain  the 
same  propagation  of  moments  up  to  the  second  order.  brucnner  and  Lin 

[49]  presented  a  generalized  equivalent  linearization  metnod  that  can 
handle  non-linear  SDOF  and  MDOF  systems  subjected  to  both  parameter  and 
external  random  white  noise  excitations.  While  it  is  a  powerful  method 
for  statistical  moments  it  cannot  be  employed  to  study  stochastic 
stability  or  bifurcation  problems.  It  was  illustrated  that  for  a  non¬ 
linear  SDOF  oscillator  excited  by  parametric  and  external,  independent 
Gaussian  white  noises  27  non-linear  differential  equations  nad  to  be 
integrated  numerically.  Therefore,  for  systems  with  a  large  number  of 
DOF  it  would  be  infeasible  computationally. 

In  another  interesting  development  Hernandez-Machado  and  San  Miguel 

[50]  had  presented  an  approximate  correlation  function  of  a  non-1 .near 
non-stati onary  non-Markov’an  process .  The  non -Markovian  processes 
studied  were  def ;ned  by  the  tangevi n-type  stochastic  differential 
equations.  The  method  can  ce  applied  to  non-linear  MD0c  systems 
subjected  to  both  non-Markov ’ an  parametric  and  external  loadings.  This 
method  has  been  employed  b /  Kapitan^ak  [51]  to  determine  the  solution  and 
stability  conditions  o*  h ' ' ’ 1 s  equation  W’th  natural  frequency  and 
damping  coefficients  mode' 1 ea  as  Ornstein-Jh ienbeck  noise. 


6.  STOCHASTIC  STABILITY  METHODS 

"here  are  va";ous  estab  •  :snec  stability  -recocts  ‘c  the  analysis  of 
deterministic  response* .  ’he’e  a>-~  even  mo'-e  --.tcc  'astir  stability 
concepts  for  th*  a>'a  :  vi  ■  s  o*  -terc  :  n  \  f  ,ui  .•  *  stochastic  responses 
as  the*-e  a,-e  fou"  c?  *■**.•»,•*  moc.es  cm  converge!';  &  c*  probability  theory. 
These  a--e  convergence  ;r  r  -  s’-*'  i  but ;  on  .  ;C'  genre  :n  orooabi 1  ity. 
convergence  m  mean  square  and  a '-most  su-e  cor’ve'gt'.:e  [1],  Thus,  there 
are  at  '■  east.  +cu>'  t  •  me?  as  many  concepts  of  stochast 4  c  stability  as  for 
the  deterministic  o'-ob:em.  however,  not  of  the  possi d ’ e  definitions 
of  stochastic  stabil  ;t.y  a>‘e  oc  interest  because,  in  a  oarticu1ar 
aoo  ;  i  cat ;  or. .  the/  may  be  too  weak  to  be  o*  any  c-actioa’  significance 
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the  bulk  of  the  studies  car.  : ed  out  in  the  past  a*'?  concerned  with 
moment  stabilities,  "his  involves  with  the  generation  or  estimation  of 
response  moments  so  that  information  concerning  the  requirements  for 
stability  can  be  obtained.  Methods  'or  response  moment  generation  or 
estimation  have  already  b-je"  dea  t  w’th  :n  the  foregoing  sections  and 
therefore  ace  rot  repeated  h-aie. 

Another  area  of  studies  involves  the  concetv  of  Lyapunov  stabi I i ty . 
This  is  based  on  the  Lyapunov  direct  method.  Tne  latter  can  be  regarded 
as  an  extension  and  generalization  of  the  energy  method  e*  mechanics.  It 
seeks  to  determine  the  system  stability  conditions  without  actually 
carrying  out  the  so  ution  of  the  differential  eauat’ons.  to  achieve 
this,  a  scalar  function  sat’s'y’ng  certain  piope'nties  ’s  devised  for  the 
system.  Such  a  scalar  function  is  de‘~;red  in  tv-e  entire  phase  space  and 
its  total  t  me  derivative  ' s  eva ’ uatec!  a ! ong  a  trajectory  of  the  system. 
With  the  i  nf  ormat 1  or  o*  th '  s  'upedm1,  known  as  the  ..vapunov  function. 


the  stability  of  the  equilibrium  (or  null)  solution  is  investigated.  Tne 
different  forms  of  definitions  of  stochastic  Lyapunov  stability  are 
obtained  from  their  deterministic  counterparts  by  simply  changing  the 
modes  of  convergence  appropriately.  Because  of  the  many  definitions  of 
stochastic  stability,  the  existence  of  a  vast  literature,  and  the  space 
available  in  this  paper  we  can  only  touch  on  a  limited  number  of 
significant  results  and  techniques.  Interested  readers  are  referred  to 
reviews  in  [2-5,  53].  [53]  is  a  shorter  version  of  [5]. 

Danilin  and  Yahdykin  [54]  studied  the  conditions  of  exponential 
stability  and  stability  in  probability  of  the  equilibrium  solution  of 
stochastic  differer.ee  equations  with  Markov  parametric  excitations.  Chow 
and  Chiou  [55]  combined  the  analysis  of  Lyubarski  and  Robotnikov  [56], 
and  Kozin  [57]  to  derive  conditions  for  the  mean  square  and  almost  sure 
asymptotic  stability  in  terms  of  the  size  and  the  correlation  length  of  a 
bounded  random  parametric  excitation.  Geman  [53]  presented  a  technique 
based  on  the  law  of  1arge  numbers  to  obtain  the  almost  sure  stability 
condition  of  a  set  of  non-linear  differential  equations  coupled  through 
random  coefficients.  Approximate  conditions  for  almost  sure  stability  of 
the  equilibrium  state  of  linear  systems  were  studied  by  Ahmadi  and 
Glockner  [59],  Auslender  and  Mil'shtein  [60]  introduced  the  "Lyapunov 
index"  to  examine  the  stochastic  stability  of  linear  systems  of  the  Ito 
and  Stratonovich  types.  Sufficient  stability  conditions  for  asymptotic 
stability,  almost  sure  asymptotic  stability,  and  uniform  stochastic 
stability  for  cylindrical  shells  in  terms  of  the  intensities  of  the 
radial  and  axial  loads  and  the  damping  coefficient  were  investigated  by 
Kurnik  and  Tylikovski  [61],  and  Tylikowski  [62],  The  necessary  and 
sufficient  conditions  for  almost  sure  asymptotic  stability  of  the  planar 
response  of  a  non-linear  string  under  a  narrow-band  Gauss-Markov  process 
were  determined  by  Richard  and  Anand  [63]  using  a  combination  of 
perturbation  method,  variational  calculus  and  a  technique  based  on  the 
generalization  of  Van  de  Pol's  method. 

Sufficient  stability  criteria  for  column  subjected  to  white  noise, 
Gaussian  and  general  stationary  random  loadings  were  established  by 
Ahmadi  and  Glockner  [64],  The  stability  conditions  for  certain  class  of 
non-stati onary  random  excitation  were  also  discussed.  However,  it  should 
he  noted  that  if  the  system  is  subjected  to  non-stat i onary  random 
excitations  and  has  positive  damping  the  stability  question  does  not 
ar i se . 

The  dynamic  stability  of  elastic  frames  subjected  to  an  earthquake 
Gaussian  white  noise  was  considered  by  Abdel-Rahman  and  Ahmadi  [65].  In 
this  work  different  necessary  and  sufficient  conditions  for  the  mean- 
square  stability  of  equilibrium  were  developed.  Computed  results  for 
SDOF  and  MDOF  structures  were  compared  with  those  obtained  by  digital 
simulation  technique  and  the  existing  almost  sure  stability  criteria.  It 
was  concluded  that  the  simulation  results  suggested  that  the  mean-square 
stability  was  more  reliable  when  compared  with  the  almost  sure  stability. 
Lin  and  associates  [19,  66-68]  investigated  various  concepts  of 
Stochastic  stability  in  rotor  dynamics.  Phillis  r69]  studied  the  entropy 
stability  of  continuous  dynamic  systems.  Potapov  [70]  considered  the 
stability  of  structural  elements  subjected  to  stationary  loads.  Semenov 
and  Smirnov  [71]  investigated  the  stability  of  linear  stochastic  systems 
with  periodically  non-stati onary  parametric  excitation.  Narayanan  [72] 
examined  the  stocnastic  stability  cf  fluid  cnpvryi "o  t„L?s  Watt  and 
Barr  [73]  investigated  the  stability  boundary  for  pseudo-random 


parametric  excitation  of  a  linear  oscillator. 

Recently,  as  pointed  out  in  the  last  section,  stability  conditions 
of  Hill's  equation  excited  by  Ornstein-Uhlenbeck  noise  were  obtained  by 
Kapitaniak  [51].  An  earlier  and  similar  problem  was  investigated  by 
Kliemann  and  Rumelin  [74],  Here  similar  means  that  the  parametric 
excitation  is  the  Ornstein-Uhlenbeck  Gaussian  process.  As  noted  in  [5J, 
further  clarification  of  the  result  in  [74]  would  be  desirable. 

In  a  recent  article  Wiens  and  Sinha  [75]  applied  the  Lyapunov  direct 
method  to  discrete  systems.  They  presented  a  method  for  constructing  the 
Lyapunov  function  that  is  specially  suitable  for  the  study  of  the  almost 
sure  asymptotic  stability  of  the  systems. 

Finally  the  excellent  work  on  the  exact  stability  region  of  systems 
with  jump  process  coefficients  by  Loparo  and  Blankenship  [76]  should  be 
included  here. 


7 .  CONCLUDING  REMARKS 

Over  a  period  of  7  years  some  60  papers  have  appeared  in  the  open 
literature.  Ihis  reflects  a  great  interest  in  systems  disturbed  by 
random  parametric  excitations.  However,  more  remains  to  be  studied  for 
MDOF  non-linear  systems  excited  by  parametric  non-stati onary  processes. 

About  95%  of  the  publications  are  based  on  Markovian  properties  of 
the  excitation  processes.  From  the  practical  standpoint  non-Markovi an 
excitation  processes  such  as  the  Ornstein-Uhlenbeck  process  are  likely  to 
receive  more  attention  in  the  future.  The  lack  of  reliable  experimental 
and  digital  computer  simulation  data  will  certainly  motivate  researchers 
to  provide  them  in  the  near  future.  Moreover,  computer  sympohc 
manipulation  software  packages,  such  as  Macsyma  are  likely  to  play  a  role 
in  promoting  the  area  of  vibration  of  linear  and  weakly  nonlinearly 
systems  excited  by  random  parametric  disturbances. 

Finally,  it  should  be  remarked  that  bifurcation  problems  of 
nonlinear  systems  to  random  parametric  excitations  have  recently  been 
investigated  [77-78]. 
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1.  INTRODUCTION 


Multi-degree-of-freedom.  weakly  nonlinear  systems  with  parametric  excitation  have 
been  studied  quite  extensively  in  the  literature  fl-9].  It  is  well  known  that  interesting  and 
complex  dynamical  responses  arise  in  case  of  primary,  secondary  and  combination 
resonances.  Traditionally,  asymptotic  m  'thods  such  as  the  method  of  multiple  time  scales 
and  the  method  of  averaging  have  been  used  to  reduce  the  system  equations  to  an 
autonomous  system  in  amplitude  and  phase  variables.  The  averaged  equations  depend  on 
the  external  parameters  such  as  the  amplitude  and  the  frequency  of  parametric  excitation, 
as  well  as  on  the  nature  of  the  relationship  between  the  linear  frequencies  of  the  system. 
These  equations,  being  highly  nonlinear,  have  mostly  been  studied  for  their  constant 
solutions.  It  has  been  found  that  the  steady  stale  response  can  be  multivalued, 
representing  stable  and  unstable  periodic  response. 

In  some  2- DOF  systems  with  specific  internal  and  parametric  resonances,  it  has  been 
observed  that,  there  may  be  a  range  of  excitation  frequency  over  which  all  the  nonzero 
solutions  are  unstabl'’.  Some  studies  .it.  t  have  attempted  to  understand  the  dynamics  of 
the  averaged  equations  ovc  this  frequency  interval.  They  clearly  show  by  numerical 
integration  that  the  averaged  equations  tan  possess  complex  dynamical  behavior  including 
period-doubling  bifurcations  and  chant  ir  motions.  The  period-doubling  bifurcations  arise 
in  limit  cycle  solutions  resulting  from  the  llopf  bifurcation  of  the  steady  state  response. 
I’lie  solutions  of  the  original  system  are  then  expected  to  be  amplitude-modulated  motion. 


In  this  work  we  study  the  effect  m  parametric  combination  resonance  on  2- DOE 
systems  governed  by 


z  t  U 2 ?.  i  (  |c(z,  •  7..,)  ■  (k  i  n  co-  ' ’t  )(/.,  •  z2)  •  <*(/.,  ■  z2)2 
where  U2  diag  (  ,  o'2),  and  z  |z,  .  z2|T  . 


0  , 


t  I 


The  parameter  c  represents  a  linear  damning  coefficient,  k  represents  a  stiffness  detuning 
parameter,  n  and  U  are  the  amplitude  and  frequency,  respectively,  of  (.he  parametric  exci¬ 
tation,  ci  is  the  strength  of  the  quadrate  nonlinearity,  o',  and  v2  are  the  natural  frequen¬ 
cies  of  the  unforced,  undamped  system  and  i)  is  a  constant  coupling  parameter.  The  small 
motion  parameter,  c,  is  used  in  developing  an  asymptotic  expansion  around  the  zero  solu 
tion  of  (l)  such  that  as  <  — *  0,  the  expansion  will  represent  the  linear  differential  equation- 
of  a  stationary  conservative  system.  Thc-e  equations  describe  the  modal  response  of  flexi 
ble  mechanical  systems  such  as  oscillating  machinery  mounted  on  an  isolation  pad  and  ori¬ 
ginated  from  a  study  of  flexible  robotic  manipulators  jlOj. 
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Combinat  ion  resonances  of  l, ho  typo  12  !  m2  and  m,  --=  2cc'2  are  considered  in  t  his 

study.  The  method  of  multiple  lime  scales  is  used  to  obtain  an  autonomous  fourth  order 
system  representing  the  amplitude  and  the  phase  dynamics  on  a  slow  time  scale.  In  addi¬ 
tion  to  steady -state  constant,  solutions,  periodic  as  well  as  u  ore  complex  and  chaotic 
motions  are  shown  to  exist.  The  original  equations  (I)  are  then  n  tmerically  studied  to 
investigate  the  correspondence  between  the  solutions  of  the  original  system  and  those  of 
the  amplitude  equations. 


2.  ANALYSIS 

The  method  of  multiple  time  scales  is  used  to  obtain  approximate  solutions  to  (1).  The 
solutions  can  be  written  in  terms  of  a  uniform  expansion  in  < 

/,  /<°>  •  t  <2zj2)  ■  .  .  .  (2) 

Additionally,  for  the  first  order  approximation  sought,  two  time  scales  T^  l  ("fast  time'  ) 
and  T,  <t  ("slow  time")  are  used.  The  time  derivatives  can  be  written  with  respect  to 
the  two  scales  as 

~  *  <  n,  1  •  • ~  '>«  1  <  2D0I>.  1  •  •  •  w 

dt  dt/ 

where  I),  <7/(7Tj.  Substituting  (2)  and  (3)  into  (I),  retaining  through  0(  c )  terms  and 

equating  like  power  terms  gives  the  following  two  sets  of  equations: 

rH  terms:  D2  zlm  ■  L'V’1  U  .  (  t ) 

«'  terms:  i>2^"  •  L'2z'"  2  IW.'0'  lcl)0(/.|01  • 

Ik  •  <1  cos  lit  )(z{0)  i  zl0)|  I  nfz,11”  I  zjc,)*l  I  '/2  j  .  (5) 

The  general  solut  imt  of  equal  ions  (  I )  ca  n  be  writ  ten  as: 

z,'°>  -  AJ(T))e1'jT»  t  cc  (6) 

where  cc"  represents  the  complex  conjugate  of  the  previous  expressions.  Substituting  ( t> ) 
into  (a)  results  in  the  equation 


d2  *«'»  i  ijy>  -  2 


A'  *  .  1  !l  2  t  o 

2 1 e  cc 


('(Ajiu.',!'1  |T°  cc  !  A2iu.'2e'  ?T“  cc) 


4  (k  i  o  cos  irr0)(A1e,u',T°  I  cc  ‘  A2ei“'*T° 


1  /  .  it*',  Tn  .  I'l  o  I  •  .  O  I  1 

C.c)  t  n(A|C  I  cc  |  Ate  ‘  t  ec)2J|  2 


where  (  )'  I),)  ). 


810 


» 


The  solvability  equations  for  A,  and  A2  of  (G)  are  found  by  the  removal  of  secular 
terms  (terms  leading  to  resonance)  in  (7)  As  discussed  in  1()|,  eight  relations  between 
U.’2,  and  \1  can  lead  to  such  resonances  in  this  problem.  Of  these  eight,  the  combination 

resonance  of  U-  £  2 ,  U-*2  I  and  SI  u‘t  u.',  is  the  one  investigated  here.  For  this  case, 

the  removal  of  secular  tennis  on  the  right  side  of  (7)  produces  the  complex  differential 
equations: 

1  i  A ,  *  Tic  A  (  i-  k  A  ,  f  0.5  o  A2  I  <>A2  —  0  ,  ( H ) 

2iA2  '  ( i c- A 2  l  k  A2  0.5  n  A,  t  2«  A  ,  A2)i/2  -  0  ,  (9) 

where  A2  is  the  complex  conjugate  of  A., 

Equations  (8)  and  (9).  referred  to  as  I  lie  amplitude  equations,  represent  solvabilit  y  con¬ 
ditions  Tor  A 1  and  A2  in  (I  >).  These  equal  ions  can  be  transformed  to  a  more  convenient 
form  bv  defining: 

A,  (T,)  0.5  a,  ('I  | )  e’  ||T,,1  A2(T,)  0.5  a2  (T, )  e'  fT,).  (I0| 

Substituting  (10)  into  (8)  and  (9)  and  separating  the  real  and  the  imaginary  parts  results 
in  four,  first  order  differential  equations  in  terms  of  the  amplitude  ami  the  phase  variables: 


2  a,l~,2  -  2  -,j)  •  0.5  k 

a,  *  0.25  <7  a,  cos  4  0.25  n  a2  cos  */2  0  , 

(M) 

2  a,  1  c  a,  0.25  n  a., 

si.i  0.25  o  a2  sin  2  0  , 

(121 

a2('/2  ~/ 1 )  ’  (0.5  k  a 2 

1  0.25  a  a,  cos  'i,  i  0.5  ft  a,a2  cos  ^  )  i/2  ()  ( 

(■•■») 

a2  •  (0.5  c  a.,  i  0.25  n 

a,  sin  1  0.5  n  a,a2  sin  '/2)  //“  0  , 

(It) 

where  .1,  i>2  and  ■).,  I,  2 

It  should  be  noted  that  constant  solutions  to  (II)  -  (II)  represent  periodic,  first  order 
approximations  lor  z , ( t. )  and  z2(t).  Since  these  equations  are  homogeneous,  the  zero  solo 
tion  (aj  -  a2  0)  ahvavs  exists.  The  stability  of  these  zero  solutions  will  he  discussed  in 
the  next,  sect  ion. 


Non-zero  constant  solutions  to  (II)-  I  :  t )  can  he  shown  to  he 
a2  :  -1.  V |k2(l  2  I)2  t  c:(l  2  *  :>/'■’  ,  a,  -  ”  , 


with 

sin 


'>’2  ,  .  -k  n  2 


(I2  I  I)  •  -os-,,  ‘R-(l2  2), 

a  I  cr 


2  c(  1 2  i  2)  :>  k  ( i  r2) 

sm  - -1 - L  ,  cos  ~,2  - L 

I  ci  a2  I  o  a2 


wlicre 


(15) 


(16) 
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2 


I  (i  :  Y  id2 


(17) 


•»«*): 


am! 

I  Nc  ' _  (0.5  n)*  Tlkl A 

2(k"  t  c-)  ’  1  '  I  k'2  !  c2) 

Tin-  existence  <>r  these  amplitude  solutions  requires  that  I  lie  rndicand  in  (17)  he  non- 
negative,  i.e.,  <1*  (e  (I.  t  he  maximum  value  (c  x)  ol'  damping  constant  r  for  which 
solutions  exist  is  I  hercfore  found  by  enforcing  the  condition  d‘  le  0  and  solving  for  e. 
This  maximum  value  ol  e  for  k  (I  can  he  readily  found  to  be 

*  max  |fT/V32"u-'l  “2  |  "/*  •  d»l 


l£±l 


'The  amplitudes  of  response  a,  and  a.,  at  this  maximum  value  of  r  reduce  to  a,  and  a; 
which  are  given  by  the  simple  expressions: 

|  a,  |  :!rr/8o  ,  |  aj  |  iin/l  .  .  (10) 

It  is  easy  to  see  that  the  qualitative  nature  of  the  constant  amplitude  solutions  (la)- 
(l(j)  is  unalfeeled  In  a  change  in  the  value  of  coupling  parameter  i/.  ('hangos  in  coupling 
parameter  eflecl  only  a  simple  ->ealing  ol  those  solutions.  The  stability  of  those  solutions, 
however,  depends  signilieant  ly  <>n  'lie  value  of  coupling  parameter  //. 


3.  STABILITY  ANALYSIS 

The  stahilily  of  a  constant  solution  w  „  t  o  a  se<  of  Y  lirst  order,  autonomous  nonlinear 
didereti tint  equations 

w  '  IT,  I  I  (w(T, ))  (20) 


is  del  ermined  from 


where 


linen  rized  equn I  ions 

w.n  1 1  j  tv  (T,j 


w  (T,i  M  (T|)  W()  - 


c7w. 


J 


(21) 


(22) 


For  l  his  work,  (20)  will  correspond  to  either  the  complex  amplitude  equations  (8)  and  (0)  or 
the  amp)  it  aide-phase  eqna  I  ions  |  I  I )-(  It  |. 

Let  Ij  I,  2.  ...  N)  represent  the  eigenvalues  of  the  .Licohian  matrix  1.  If  ileal  (Xj) 
0  for  .ill  j,  tlnui  the  constant  solution  vv((  is  stable,  and  if  Real  (Xj)  •  0  for  any  j,  the 
constant  solution  wn  is  unstable.  If  any  Real  (Xk)  0  with  the  remaining  Real  ( X^ )  0  (j 

k),  then  the  stability  of  w„  must  he  delirmined  by  nonlinear  means. 

(  onsidering  the  zero  solution  \y  „  (Cl,  0) 1  of  (8)  and  (It),  the  Jacobian  matrix  can  be 
w  rit  ten  as: 

0.25(ik 
i  0.2a  ci 


i  0. 1  2a  (T 

0.a(ik  c)  i)‘ 


(23) 


I’lu'  eigenvalues  of  J  are: 
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1 


ik  (//“ 


)  r i-r  1  I) 


l)“  k2(//2 


i  r  l<  ( 2  // 2  I )(-/"'  I)1  . 

Il,  can  be  shown  from  (2  1)  that  a  I  least  one  root,  sa>  X,,  has  a  nonposieivo  real  pari.  If 
tile  remaining  root.  has  a  positive  real  pari,  then  the  zero  solution  is  unstable.  In  lad, 
it  can  be  shown  that  lor  the  coupled  oscillators  ( //  /  (I)  and  for  nonzero  damping  (c  (I), 
the  zero  solution  of  (8)  and  ('.))  is  always  asy  mpt  otically  stable. 

The  stability  of  the  no  i-zero  constant  solutions  given  by  (la)  -  (Hi)  is  best  understood 
through  the  1  x  1  Jacobian  matrix  obtained  from  the  amplitude  equal  ions  ( I  I )-( 1  t).  fills 
Jacobian  matrix  and  its  corr  •sponding  eigenvalues  will  not  lx-  presented  here,  but  will  be 
evaluated  numerically  for  the  special  cases  discussed  in  the  next  section. 


4.  DISCUSSION  OK  RESULTS 

for  (his  investigation,  I  lie  amplitude  of  parametru  excitation  is  set  to  a  U2/X  and 
the  coellicient  of  quadratic  nonlinear  term  is  set  to  n  l  ‘/I  where  l  -  O.dhJXOa.  The 
damping  c  is  varietl  from  II  to  c.lli(  0.(1 1  f>(>2'>  t  \  In  addition,  the  detuning  k  is  varied 
from  -0.2  l:-  to  0.21".  Many  uillerent  values  of  coupling  paramel.er  r/  hitve  been  sludii'd. 
However  results  lor  only  one  -mse  of  //  -l.01)7(>28  are  presented  here. 

file  amplitude  curve-  a>.  a  function  of  detuning  k  for  three  diflerent  damping  c  are 
shown  in  figures  1-2.  Solid  line--  indicate  stable  constant  solutions  whereas  dashed  lines 
indicate  unstable  constant  solutions.  The  zero  solution  (a  , .  a  , )  (0.  0)  is  always  asymp- 

loticaHv  stable  exi  ept  lor  the  point'  K  O.Oti'Ja  I  "  loi  c  0.  fltcse  two  points 

correspond  to  where  unstable  sol  u  t  ion  brain  lies  a  ,  and  a touch  I  lie  k-a  xis  (figure  I  ).  As  c 
is  increased,  the  nonzero  solution  branches  lift  oil  the  zero  axis.  As  r  — *  ct]l;ix,  stable  and 
unstable  branches  collapse  around  the  nonzero  solution  ,q  and  a.,  at  k  II. 

figure.-,  l-d  show  that  there  is  an  interval  in  detuning  k  where  I  lie  upper  solution 
branch  is  unstable.  This  occurs  at  1  k [ j  and  is  due  to  a  llopf  bifurcation  where  the  eigen¬ 
values  of  J.  the  Jacobian  niatrx.  cross  the  imaginary  axis  with  nonzero  imaginary  part. 
As  c  increases,  l  lie  response  turves  shrink  but  the  unstable  portion  persists  until  the  solu- 
t  ions  t  hcmsleves  cease  i  o  exist  . 

It  was  seen  ill  the  last  section  that  the  response  amplitudes  are  independent  of  the  con 
pling  parameter  //  whereas  I  lie’ll  -labililv  certainly  depends  on  it.  By  changing  //,  the  por 
t  ion  ol  the  response  curve  that  i-  unstable  due  to  1 1  op  I  lulurcation  can  be  completely  or 
partly  stabilized.  More  details  can  be  found  in  II  . 

Il  i  s  very  interesting  to  investigate  the  dynamic  response  ol  I  he  amplitude  equations 
where  the  constant  solutions  are  unstable  by  llopf  bifurcation,  figure  2  shows  (he 
response  curves  for  c  0.012  U2  with  llopf  bifurcation  points  at  •  k ( f .  Note  from  eijiia- 
I  ions  (II)  -  (11)  that  the  amplil-ude  solution  ami  I  lie  corresponding  stability  is  symmetric 
about  file  k  0  axis  and  therefore,  only  the  region  Irom  k  k|t  to  k  0  need  he  con¬ 
sidered.  When  k  k||  stable  const  ant  solutions  are  observed.  Tor  kj|  k  0,  all 

nonzero  constant  solutions  are  unstable.  As  iliseussed  in  tin-  last  section  the'  zero  solution 
is  stable,  for  this  range  <d  k,  the  system  response  ha-  been  inve'st  igat  eel  mime  ricallv. 
lap  la  I  ions  (I  |  )  -  (It)  have'  been  ;  lit  eg  ra  I  eel  using  I  lie  I  M's  I ,  alb  ,i  nil  (it  li  Order  R  unga  Kill  I  a 
routine.  Results  of  I  fee-  ml  egi  a!  lolls  are’  show  II  in  figure's  1  and  a  where 


HI  1 


>  I  1 1 

v,  a,  cos  (  /(  — )  and  V a,  in  ( '/2  ~)- 

Figure  -l  clearly  shows  the  period-doubling  sequence  starting  Irnm  a  limit,  cycle  close  to  kt, 
-O.OtOllfi  l'2.  The  response  for  k  l). (.130.3  l'2  is  chaotic.  Further  increase  in  k 

results  in  an  abrupt  appearance  of  regular  hut  period  3  motion  which  again  undergoes 
period-doubling  into  chaos. 

The  results  of  the  amplitude  equal '"us  discussed  here  show  that,  these  equations  may 
have  periodic  as  well  as  chaotic  motions.  Because  of  the  averaging  or  asymptotic  analysis 
performed,  we  expect  that  at  least  for  small  enough  (,  there  is  ;.  one-to-one  correspondence 
between  these  solutions  of  the  averaged  equations  and  the  solutions  of  the  original  coupled 
system  (I).  Thus,  the  constant  and  periodic  solutions  of  the  amplitude  equations 
correspond  respectively  to  periodic  and  amplitude  modulated  solutions  of  (1).  To  verify 
these  results,  we  set  <  0.1  and  then  numerically  integrate  equation  (1)  using  initial  con- 

dit  ions  obtained  from 

Z,(t)  -  a,  COs(2/,  •  wjt),  Z2(t)  .1  COs(  ,  'l2  t  w\,t  ) 

where  a,, a.,,  a,  and  are  determined  h\  (lb)  -  (Hi).  The  periodic  solutions  and  the  bifur¬ 
cations  can  ho  characterized  by  lime  response  as  well  as  by  the  Poincare  section  which 
shows  the  section  of  the  steady  stale  umlion.  I  or  a  periodic  solution  of  period  ?  rt I  lie 
section  has  onlv  one  point,  for  motion  -m  a  2-torus,  t  he  section  should  consist  of  a  set  of 
points  forming  a  closed  curve.  A  dense  -i  '■  of  points  indieales  almost  periodic  motion  with 
two  noncommensnrat  e  frequencies.  \  huiie  number  of  pom's  indicates  a  pliase-loi  ked. 
<  losed  or  periodic  motion  on  i  lie  2-toru:.  \s  a  system  parameter  is  varied  the  mot  ion  on 
the  torus  may  get  unstable  and  lead  ic  >>me  other  motion,  f  igure  (3  sliows  the  I’oinrare 
sections  projected  onto  I  lie  jz,  i„)  plain-.  Transient  motions  leading  to  a  fixed  point  are 
shown  for  k  -0.017  I".  Thus,  tin-  DOF  system  has  ,,  p.  riodic  motion  whereas  I, he 
asymptotic  analysis  predict  almosi  , ..  n.dic  or  modulated  response.  The  section  of  the 
steady  state  motion  lor  k  -O.oih  I  •  :  a  closed  eur\r  indicating  that  the  motion  is  on  a 
2-torus.  Further  increase  in  k  leads  to  ‘he  2-torus  losing  stability  and  the  section  for  k 
-0.0  I  I  d  I  '  represents  a  '  onis-d.uibled  sn'iitjon.  This  phenomenon  is  railed  torus-doubling 
bifurcation  12.  The  process  of  torus-doubling  can  ultimately  lead  to  the  destruction  of 
smooth  torus  surface  and  the  onset  of  chaotic  behavior.  It  is  interesting  to  note  that  the 
detuning  intervals  for  the  original  system  are  slightly  shifted  compared  to  those  predicted 
by  the  asymptotic  analysis.  Also  the  I’nnuare  sections  are  qu.te  similar  to  the  continuous 
solutions  of  the  amplitude  equations.  I  m  |S  to  he  expelled  at  least  for  small  enough  < 
since  the  vrclorlield  of  the  awragid  or  mplitude  equations  then  approximates  the  Poin¬ 
care  map  of  llie  original  system  in  stand  d  form  lit  . 

5.  CONCLUDING  REMARKS 

In  this  work,  a  t  wo-dcgrcc-ol-frcedom  ystem  is  analyzed  for  its  response  when  driven 
parametrically  near  a  romhinalion  resonance.  The  method  of  multiple  time  scales  is  used 
to  show  that  stable  limit  cycle  periodic  response  coexists  wi'h  stable  zero  equilibrium. 
Thus,  the  motion  is  highly  dependent  on  initial  conditions. 

for  a  particular  coupling  parameter  value,  the  constant,  solutions  of  the  amplitude 
equations  become  unstable  by  a  llopf  bifurcation  result  ing  in  limit,  cycle  solutions.  As  I  lie 
detuning  is  varied,  these  limit  cycle  mediations  destabilize  by  period-doubling,  leading 
eventually  to  chaotic  motions  in  the  amplitude  equations.  This  implies  that  the  original 
system  has  periodic  solutions  which  become  unstable  and  bifurcate  into  amplitude 
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modulated  motion.  The  amplitude  modulations  themselves  undergo  period-doubling  lead¬ 
ing  to  chaotic  amplitude  modulations. 

The  original  coupled  oscillators  are  then  numerically  integrated  lor  <  0.1.  I  he 

asymptotic  analysis  results  are  found  to  he  qualitatively  consistent  except  for  a  small  shift 
in  (he  detuning  interval  over  which  the  corresponding  motions  exist  and  are  stable. 
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COMBINATION  RESONANCES  OF  PARAMETR I CAI  L Y -EXC I  TED 
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1 .  I NTRODUCT I  ON 

It  has  been  known  that  when  a  rectangular  plate  sustains  an  in-plane 
load  o'  the  form  N (  t  )  =  N0  +  N(  cos  X t .  where  cos  Xt  is  a  harmonic  function 
of  time,  the  plate  may  become  laterally  unstable  over  certain  regions  of  the 
(N0.Nt.X)  parameter  space.  This  phenomenon  is  referred  to  as  dynamic  cr 
parame  trie  instability 

When  the  natural  frequencies  of  the  system  are  distinct,  and  in  the  ab¬ 
sence  of  internal  resonances  and  combination  resonances,  the  periodic  in- 
plane  load  can  excite  only  one  normal  mode  at  a  time.  Then,  at  the  princi¬ 
pal  parametric  resoiance,  the  exciting  frequency  X  lies  near  twice  the  natu¬ 
ral  frequency  or  in  other  words,  the  frequency  of  the  lateral  (parametric) 
vibration  is  half  the  ioad  frequency  X.  In  contrast  with  this  simple  reso¬ 
nance.  parametric  combination  resonances  may  also  occur.  This  kind  of  reso¬ 
nance  is  characterised  by  the  fact  that  the  system  in  question  resonates  si¬ 
multaneously  in  more  than  one  normal  mode  and  all  resonant  modes  are  direct¬ 
ly  excited  by  the  parametric  excitation. 

Parametric  instability  of  elastic  structures  has  been  investigated  by  a 
number  of  authors:  a  comprehensive  analysis  of  this  kind  of  problem,  togeth¬ 
er  with  numerous  references,  can  be  found  in  j  1  -  3  j .  Parametric  resonance  of 
rectangular  plates  under  periodic  in-plane  forces  has  been  studied  previous¬ 
ly  and  its  instability  behavior  has  been  considerably  clarified  |4],  Howev¬ 
er.  a  survey  j5;  of  the  literature  reveals  that  work  on  the  dynamic  stabil¬ 
ity  of  thin  elastic  plates  under  periodic  in-plane  loads  has  been  often  lim¬ 
ited  to  the  investigation  of  principal  parametric  resonances.  Studies  of 
parametric  combinat'on  resonances  have  not  been  too  numerous  and  confined 
mainly  to  square  plates  | 6  -  8  J  or  almost  square  plates  | 9  ]  .  Furthermore,  in 
1 6 1  and  ■ 9 1  no  result  associated  with  combination  resonance  was  shown,  and 
in  { 7  |  and  [8;  a  linear  theory  was  used  to  investigate  the  mechanical  mode  I 
It  is  well  known  that  the  linear  theory  can  only  predict  the  frequencies  at 
which  lateral  vibrations  would  occur,  and  determining  the  amplitude  of  vi¬ 
bration  requires  a  nonlinear  formulation. 

The  present  work  deals  primarily  with  the  problem  of  the  occurrence  of 
parametric  combination  resonances  and  covers  an  existing  gap  in  our  under¬ 
standing  of  the  combination  resonance  phenomena  of  structures.  The  rectan¬ 
gular  plate  under  investigation  is  acted  upon  by  periodic  rn-plane  forces 
uniformly  distributed  along  two  opposite  clamped  edges:  the  other  two  edges 
are  simply  supported  an„1  stress-free.  The  analysis  is  based  on  the  dynamic 
analog  of  the  von  Karman  s  I  a r ge -de f I ec t i on  theory  and  the  governing  equa¬ 
tions  are  satisf'ed  using  the  orthogonality  properties  of  the  assumed  func¬ 
tions.  The  temporal  response  of  the  damped  system  is  determined  by  the  gen¬ 
eralized  asymptotic  method,  and  only  combination  resonances  are  considered 
and  investigated  in  this  work.  General  rectangular  plates  are  used,  the  as¬ 
pect  ratio  of  the  plate  being  regarded  as  an  additional  parameter  of  the 
system.  The  effects  of  various  system  parameters  on  a  combination  resonance 
are  also  evaluated 


819 


9 


2  FORMULATION  OF  THE  PROBLEM 

2 . 1  S t  a  t cmen t  ot  the  Problem 

The  specific  conceptual  model 
under  investigation  is  a  rectangular 
plate  subjected  to  the  action  ot  peri¬ 
odic  in -plane  forces  uniformly  distrib¬ 
uted  along  two  opposite  edges.  The 
geometry  of  the  plate  and  the  load  con¬ 
figuration  are  shown  in  Fig,  1.  The 
plate  is  referred  to  the  r i gh t - handed 
cartesian  system  of  coordinates.  the 
x-y  plane  being  in  the  middle  surface 
of  the  plate  and  the  or  gin  at  its  low¬ 
er  left  corner. 

The  plate  is  initially  flat,  of 
uniform  thickness,  elastic,  homogeneous 
and  isotropic.  It  is  also  assumed  that 
the  plate  thickness  h  and  the  resulting 
displacements  are  small  compared  with 
the  wavelength  of  lateral  vibrations. 

This  restriction  allows  us  to  use  a 
thin  plate  theory.  As  a  consequence, 
we  can  assume  that  the  loading  frequen¬ 
cies  over  which  lateral  ( ou t -of -p I ane 
or  parametric!  vibrations  occur  are 
considerably  below  the  natural  frequen¬ 
cies  of  longitudinal  (m-plane)  vibra¬ 
tions.  and  in-plane  inertia  forces  can 
be  neglected 

2 . 2  Basic  Equal i ons 

The  plate  theory  used  in  this  analysis  may  be  described  as  the  dynamic 
analog  of  the  von  Karman's  I ai ge-def I ec t i on  theory  and  is  derived  in  terms 
of  the  stress  function  f  and  the  lateral  displacement  w.  The  differential 
equations  governing  the  nonlinear  flexural  vibrations  of  the  plate  can  be 
written  in  the  non -d i mens i ona I  form 

W-cc"-™]  M> 

-  R4W.rr]  (2) 

in  which  a  comma  denotes  partial  differentiation  with  respect  to  the  corres¬ 
ponding  coordinates  and  where 


R4F  .  . . . . 

N  V  s  \ 

p 

+  2FTF, 

<<*)’/  +  F 

•  VVVrl 

r  'w  .  c  i; . . 

+  2R2W. 

1  rlTiTlr> 

c[R2(F.r,„W.c,  -  +  F.,.W.r/r,) 


FIG  1  Plate  and  load  configuration 


s  =  x  '  a  .  r;  =  y  /  b .  W  =  w  /  h  .  R  =  b  /  a  . 

( 3 ) 

F  =  f  /Eh2 .  r  =-  t|Eh2/pa4!1/2.  c  =  \2(\-v2). 

The  non  -  d  i  mens  i  ona  I  in-plane  loading.  N^fr)  =  Nr;0  +  N^T  cos  Ar  .  com¬ 
bined  with  the  stretching  of  the  middle  surface  owing  to  large  deflections 
of  the  plate,  gives  rise  to  the  dimensionless  membrane  forces  which  are  then 
related  to  the  non-dimensional  stress  function  F  by 
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(N-.  N^'N^)  -  (F.^/R  ,  F,ff,  -  F  ,  -  r(  /  R  ) 


where  (Nf,  N„.  Nf„)  =  i a2/Eh3 ] (Nx ,  Ny .  NxyJ 


in  which  Nx .  Ny  and  Nxy  are  membrane  forces.  The  in-plane  loading,  acting  on 
the  boundary,  is  taken  into  account  in  the  boundary  conditions. 

2 . 3  Boundary  Conditions 

The  boundary  condi t  ons  are  related  to  both  the  lateral  displacement  W 
and  the  stress  function  F.  The  stress  conditions  assumed  in  this  analysis 
are  as  follows:  stress-free  (unloaded)  edges  and  uniformly  stressed  (loaded) 
edges.  Thus,  these  stiess  conditions  may  be  expressed  in  the  dimensionless 
form  as 


^  ■  tiii  F  •  o  »j  0 


F  •  s  s  ~  _Nr/  *  r  >  •  F  •  cr;  0 


at  c  -  0.  1 


at  ti  -  0 .  1 . 


In  this  work,  the  two  unloaded  edges  of  the  plate  are  assumed  to  be 
simply  supported  and  the  other  two  loaded  edges  clamped.  The  supporting 
conditions  in  this  case  are  written  as 


w  =  R  "  •  s-  c  ♦  .Vr,  *  o 


at  c  =  0.  1 


W  -  '*i.n  -  0 


at  t)  =  0 .  1 . 


The  problem  consists  in  determining  functions  F  and  W  which  satisfy  the 
governing  equations,  together  with  the  boundary  conditions. 


3.  METHOD  OF  SOLUTION 

A  solution  of  equations  (1)  and  (2)  is  sought  in  the  form  of  double  se- 

r  i  es 

FU.r/.n  -  ~ c2Nr;<7)  ♦  jffi  Fmn(r)Xm(aYn(,J)  (8) 

WU.r/.r)  =  Wpq(r)<}>p(?)<lrq(r?)  (9) 

where  Xm.  Yn.  4>p  and  'J'q  are  beam  eigenfunctions  given  by 

v/v  I  .  COSh  om  -  COS  om  .  , 

xm(c)  -  cosh  am-  -  cos  ams  -  (smh  .  sm  ^Hsmh  Qmf  -  sin  omf ) 

(  10) 

v  /  ,  ,  ,cosh  On  -  cos  On  ,  , 

'  n  (  r)  )  -  cosh  onr;  -  COS  ant]  -  ( - u - u)(Sinh  onr;  -  Sin  onr?  )  : 

s  i  nh  Op  -  sin  an 

^pU  )  -  Sin  prrf 

(ID 

,  .  _  s  i  nh  on  -  sin 

“  (cosh  oq  -  cos  oq)(cosh  "q*  '  cos  +  sinh  aqr)  '  s,n  "q*  • 


These  beam  functions  satisfy  the  relevant  boundary  conditions.  In  equations 
(8)  and  (9).  Fmn  and  Wpq  are  undetermined  functions  of  the  non-dimensional 
time  r. 
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Applying  the  approach  of  general  i  zed  double  Hour  lei  series  ;10).  using 
the  orthogonality  properties  of  the  assumed  functions,  solving  for  the  coef¬ 
ficients  Emn  in  terms  of  Wpq ■  omitting  all  indices  associated  with  the  spa¬ 
tial  mode  in  the  c  direction  (p=1i  lead  to  a  system  of  nonlinear  ordinary 
differential  equations  tor  the  time  functions  as  follows: 

W'v  +  ij  .  Nr/  PSWS  r  ^  My -1SW ,  WqWs  =  0  (12) 

By  finding  the  eigenvalues  and  eigenvectors  of  the  linear  part  of  equa¬ 
tion  (12),  the  latter  can  be  written  in  terms  of  no  ma I  coordinates  such 
that  the  linear  part  of  the  resulting  equation  is  uncoupled  and  introducing 
linear  viscous  damping  in  fhe  final  results,  we  obtain 

'<  *  +  -  2cos9  M$>n2wn  +  ^  < 1  k" , "  j  "k  =  0  (13) 
whe  r  e 

*tti  ~  m  1  "^r/o  ^m !  2-  Pm  "  ^r/r  2  ( Nm  -N,;() 1  (14) 

in  which  Nm  represents  fhe  static  critical  load  according  to  linear  theory. 
In  equation  M3>.  is  the  free  vibration  circular  frequency  of  the  rec¬ 
tangular  plate  loaded  by  a  constant  component  of  the  in-plane  force.  ^  is 
the  load  parameter,  Cm  is  the  coefficient  of  viscous  damping  and  6(r)  is 
fhe  tofal  phase  angle  of  harmonic  excitation. 

Taking  the  first  thiee  terms  in  the  expansion  ior  the  lateral  displace¬ 
ment.  the  continuous  system  is  reduced  to  a  three-degree-of - f reedom  system 
and  we  have  the  following  set  of  temporal  equations  of  motion: 


w'l 

■  2C  -|W  i 

•  ?cc)svi,i]i’12W1 

+  u  t22W 9  ‘  (<9^32^3  ) 

t!  n" 

I3  •  1  1,>W1:>W2  ’ 

i  nW/W3  -  1  -4W1W22  *  r15w1w32 

-  1  low?' 

3  -  r1;w?2w3  *  r 

18W2W32  +  1  19w3?  *  1  1 1 0W 1 W2W3  > 

*  st22w? 

-  ?C2W o 

*  Pcosv  (  .  fio  .  . 

1  -  (  1  2  -  1 

*3 

*  s!32w3  - 

-  PC3W3 

*  2cos5  (  .  .  .  // 3  .  . 

.  )  -  (  •  •  .1  3  ,  . 

(  15) 

The  above 

set  of 

equa  t  1 ons  cons  t 

itute  the  final  form  assumed 

by  the 

equations  of  motion.  They  represent  a  system  of  second-order  nonlinear  dif¬ 
ferential  equations  with  periodic  coefficients,  which  may  be  considered  as 
extensions  of  the  standard  Mathieu-Hill  equation 

4.  SOLUTION  OF  THE7  TEMPORAL  EQUATIONS  OF  MOTION 

The  method  of  asymptotic  expansion  In  powers  of  a  small  parameter  i. 
developed  by  Mitropolskii  [11]  and  generalized  by  Agraval  and  Evan  -  I wanowsk i 
[12|.  is  used  to  solve  the  previous  set  ot  equations  of  motion.  Assuming 
that  the  present  system  is  weakly  nonlinear  and  that  the  instantaneous  fre¬ 
quency  of  excitation  and  the  load  parameter  vary  slowly  with  time,  the  tem¬ 
poral  equation  ot  motion  (13)  can  be  written  in  the  following  asymptotic 
form: 

"m  +  ^?wm  =  '-[-2C  mWm  +  2cos0  E  ,/£nn2Wn  -  M^  i  kW  j  W  j  Wk]  (16) 
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Confining  ourselves  to  the  first  order  of  approximation  in  t,  we  seek  a 
solution  of  equal. on  (16;  in  the  following  form: 

wm  =  am(T>  cos  >  (  17  ) 

where  T  =  r  r  represents  the  "slow''  time,  and  where  am  and  are  functions 
of  time  defined  by  the  system  of  differential  equations 


ff1  =  am  =  t  A1^  ( T  .  0  .  a .  v- ) 

^  =  4  =  1WT>  +  (ff?(T.fi.a.v) 


(  18) 


and  dfl(r),dr  =  A ( T )  is  the  instantaneous  frequency  of  the  external  in-plane 
excitation  Functions  Af  ( T  .  8 .  a  .  il<)  and  Bf( T . 0 . a . v)  are  selected  in  such  a 
way  that  equation  (17)  will,  after  replacing  am  and  vm  by  the  functions  de¬ 
fined  in  equations  (18).  represent  a  solution  of  equation  (16). 


Following  the  general  scheme  of  constructing  asymptotic  solutions  and 
considering  an  additive  combination  resonance  involving  only  two  spatial 
forms  of  vibration,  which  is  the  case  of  the  present  analysis,  then  after 
some  tedious  transformations  and  manipulations,  we  can  arrive  finally  at  a 
system  of  equations  describing  the  nonstationary  response  of  the  discretized 
system . 


5.  STATIONARY  RESPONSE 

The  region  of  parametric  combination  instability  and  the  stationary 
response  associated  with  the  combination  additive  resonance  A  =  Hi  +  113  may 
be  calculated  as  a  soecial  case  of  the  nonstationary  motions  in  the  resonant 
reyime  described  previously. 

Stationary  values  for  the  specified  parametric  combination  resonance 
are  given  by 

2 

3l  = - - - — — - — - - -  x 

3r  1 1  r  14  I32  31 36  Ci/i5iii2(  a+h1 -n3 )  1 ;  2 

-  + - + - +  -  - - - 

«i  %  2%  [  C3^n32(A-n1+n3)  J 

£n  i ! 2  1^31 1  / 2~J  f"  F^niW 

+kT,J  ( a+ji, -n3) (A-n1+n3)  "  ClC3 


"  C  lyuim  2  ( A+TTi -ii3  )  1  1/2 

a3  r  a  1  -  (20) 

C3/j1n32<  A-m+n3) 

In  equation  (19),  of  which  the  amplitude  of  vibration  associated  with  the 
first  mode  is  evaluated,  only  positive  real  values  for  the  amplitude  are  ad¬ 
mitted  and  the  *  sign  indicates  the  possibility  of  two  solutions:  the  larg¬ 
er  of  the  two  solutions  is  stable  while  the  lower  solution  is  unstable  and 
physically  unrealizable.  The  steady-state  amplitude  associated  with  the 
third  spatial  form  of  vibration  is  then  calculated  in  using  equation  (20) 


Near  the  resonance  that  is  A  -  1 2 ^  -  t2g,  the  frequency  relationships  in  the 
radical  of  equation  (20  j  can  be  modified  as  follows:  A  +  S  2  -]  -  t23  2f  2  ^  and 
A  -  121  +  123  a  2Uj  Since  the  damping  coefficients  and  the  loaded  natural 
frequencies  appearing  in  the  a f or emen t 1 oned  equation  are  strictly  positive, 
it  follows  that  one  of  the  conditions  lor  (tie  occurrence  of  this  kind  of 
combination  resonance  is 


s  1  gn 


2*3 


S  I  gn 


(21  , 


We  now  consider  the  complete  equation  (19/  for  the  amplitude  of  the 
response.  Here  again,  however  .  it  is  necessary  that  the  last  inner  radical 
be  nonimaginary  in  order  that  the  physical  amplitude  of  the  response  be 
real.  This  places  a  condition  on  the  relationship  between  the  product  of 
loading  parameters  and  the  product  ot  damping  coefficients.  The  required 
cond 1  t 1  on  is 


C 1C3  ■  A+ltl  - f ?3  )  (  A  -!2l  +U3  i 

- -  -  {22) 

1 2 1 2t  23  2 

This  condition  simply  means  ’hat  the  produi  *  ot  loadiny  parameters  must  be 
strong  enough  to  overcome  f  •'-•••  e '  ‘  t-  t  of  the  damping  forces  acting  on  the 

plate.  Otherwise,  a  phys  u,i;  !  ,  •  e.r  '  1  /  at’ 1  e  so  1 1.1 1  1  on  doer  not  exist. 

The  base  width  o!  the  stationary  response  is  the  only  region  in  which 
vibrations  may  norm.i 1  1  y  •  n  ■  t  •  t  o  By  Md  1  inn  a  1  -  0  in  equation  (19)  and 

introducing  the  decrement  of  viscous  damping  2-Cm  .  we  obtain 

\J  -  ?(t!ra3)\9  -  ah ph-  ia  -  it,,  \  .  ?.!.>1+ji3)(nrn3)2A 

•  t  1  5  23  . - 1 2 1  f  23  .  =  0  (  23  1 

I  tie  foregoing  equal  o”  makes  :  *  p-..s:  1 !.- 1  r  to  locate  in  ;  he  (//.  A)  pa  1  ameter 
space  the  boundaries  ot  the  region  u<  ns  lability  associated  with  the  speci¬ 
fied  combination  resonance  ot  the  summed  type. 


6.  NUMERICAL  RESULTS  AND  DISCUSSION 

In  order  to  get  more  insight  into  various  aspects  of  the  problem  and  tc 
highlight  the  influence  ot  various  system  parameters  on  the  stability  char¬ 
acteristics  and  the  response  of  rectangular  plates  associated  with  combina¬ 
tion  resonances.  numerical  evaluation  ot  the  solution  was  performed  for  a 
wide  variety  of  rases  and  the  results  shown  ,n  tigs.  2  through  8  are  typical 
of  those  obtained.  The  specified  va'nes  of  the  p.ate  parameters  and  material 
constants  used  tor  the  numerical  ca ' c u I  a t I oes  are  given  in  Table  1. 

Based  on  the  conditions  (21)  and  (22)  tor  the  occurrence  of  combination 
resonances  in  the  general  case,  t fie  numerical  evaluation  of  the  specimens 
considered  reveals  that.  for  t tie  first  three  modes  of  vibration,  only  a 
combination  resonance  of  the  summed  1 ype  involving  the  first  and  the  third 
spatial  form  of  vibration  is  possible  Hence,  only  the  resonance  relation¬ 
ship  A  -  f21  +  !2g  is  used  throughout  the  present  analysis. 


FABLE  1  Specifications  of  plate  parameters 


Spec i men 

Dimensions  (mm) 
a  x  b  x  h 

Aspec  t  Ratio 

R 

P  .  1 

293  x  508  x 

1 

1  .  734 

P.2 

254  x  508  x 

1 

2 

P.3 

200  x  508  x 

1 

2.54 

Modu 1  us 

of  Elasticity: 

E 

=  2.385  GPa 

Po  i  sson  '  sr  Ratio: 

=  0.45 

Dens i t  y :  p  =  1200 

kg/m^ 

Fiyure  2  snows  the'  region  of  in¬ 
stability  associated  with  the  speci¬ 
fied  combination  resonance,  and  at  the 
same  time  the  effect  of  varying  lin¬ 
ear  damping  on  this  instability  zone. 

As  can  be  seen.  an  me, ease  in  A  has 
t ! ,  e  beneficial  affect  of  increasing 
the  amount  of  withdrawal  ot  the  insta¬ 
bility  region  from  the  frequency  ordi¬ 
nate  A  (!li  -  tig).  A  moderate  amount 
ot  damping  can  also  preclude  the  pos¬ 
sibility  of  combination  resonance, 
even  for  large  excitation  amplitudes. 

The  results  shown  in  Fig.  3  in¬ 
dicate  that  the  aspect  ratio  R  can 
play  a  certain  role  in  determining  the 
combined  stability  characteristics  of 
rectangular  plates  with  this  particu¬ 
lar  case  of  boundary  conditions.  Ret- 
erence  to  this  figure  shows  that  an 
increase  of  the  aspect  ratio  does  de¬ 
crease  the  length  of  the  combination 
instability  zone,  where  the  computed 
data  cor  respond i ng  to  the  upper  limits 
of  the  boundaries  of  this  combined  re¬ 
gion  are  associated  with  a  given  value  ot  the  dynamic  component  of  the  m- 
plane  load.  This  implies  that.  considering  only  the  occurrence  of  the 
aforementioned  combination  resonance,  an  increase  in  R  has  a  somewhat  sta¬ 
bilizing  effect  on  the  system. 

In  contrast  with  the  previous  system  parameters,  an  increase  of  the 
static  ( Ny0 |  or  dynam.c  (Ny|)  component  of  the  in-plane  load  is  usually  de¬ 
stabilizing  for  the  system  under  study.  As  is  known,  an  increase  in  Ny0 
lowers  the  natural  frequencies  of  the  system  and.  consequently,  shifts  I  he 
instability  region  associated  with  a  combination  resonance  to  lower  load 
frequencies  as  shown  in  Fig.  4  This  means  that  a  variation  of  the  static 
component  of  the  in-plane  load  may  render  a  stable  plate  unstable.  Simul¬ 
taneously.  an  increase  m  the  static  or  dynamic  component  of  the  in-plane 
load  lengthens.  or  widens.  the  combination  instability  zone.  This  implies 
that  the  occurrence  of  this  combination  resonance  augments  with  an  increase 
of  the  periodic  load  amplitudes. 


FREQUENCY  PARAMETER,  A/(Si+Si() 

FIG. _ ?  Region  of  instability  asso¬ 

ciated  with  any  combination 
additive  resonance  involving 
two  modes  of  vibration 
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Typical  stationary  f r equency - response  curves  associated  w  th  the  speci¬ 
fied  combination  resonance  are  illustrated  in  Fig.  5.  AM  o.  the  response 
curves  exhibit  a  right-hand  overhang  which  is  typical  of  a  "hard  spring"  ef¬ 
fect.  The  results  also  indicate  the  domination  of  the  lower  mode  over  the 
stationary  response  when  two  mode  shapes  are  involved  in  a  combination  addi¬ 
tive  resonance  Fig.  5  also  shows  the  beneficial  effect  of  linear  viscous 
damping  on  the  combination  resonance  response.  An  undamped  system  response 
exhibits  neverending  steady-state  amplitudes.  Nevertheless,  an  increase  in 
linear  damping  narrows  the  instability  zone  and  reduces  the  maximum  values 


of  the  overhangs  . 

The  f requency- response  curves  as¬ 
sociated  with  the  resonance  A  =  iii+Hg 
for  two  different  values  of  the  aspect 
ratio  are  shown  in  Fig.  6.  The  re¬ 
sults  illustrate  once  again  the  stab¬ 
ilizing  influence  of  increasing  R.  as 
mentioned  previously 

Figures  7  and  8  show  the  effects 
of  varying  the  static  and  dynamic  com¬ 
ponents  of  t  fie  in -plane  load  on  the 
combination  resonance  response  of  a 
rectangular  plate.  It  stands  to  rea¬ 
son  that.  for  the  system  investigat¬ 
ed  an  increase  in  Ny0  or  Ny(  should 
always  be  destabilizing.  This  destab¬ 
ilizing  effect  manifests  itself  in  two 
typically  contrasting  fashions  First¬ 
ly.  an  increase  in  Ny0  moves  the  com¬ 
bination  instability  zone  to  lower 
load  frequencies.  Secondly,  an  ampli¬ 
tude  increase  of  any  component  of  the 
periodic  in -plane  load  widens  the  com¬ 
bination  instability  zone  and  aug¬ 
ments  the  maximum  values  of  the  cor¬ 
responding  overhangs 


FUG  6  Elfect  of  varying  the  aspect 
ratio  on  the  combination 
resonance  response  curves 


7  CONCLUDING  REMARKS 

Rectangular  plates  subjected  to  the  action  of  periodic  in-plane  forces 
uniformly  distributed  along  two  opposite  edges  are  theoretically  analyzed 
under  the  assumpt ion  that  the  two  loaded  edges  of  a  plate  are  clamped  and 
the  other  two  unloaded  edges  are  simply  supported  and  stress-free.  The  so¬ 
lution  for  this  Kind  ot  boundary  conditions  indicates,  besides  the  possibil¬ 
ity  of  principal  parametric  resonances  and  simultaneous  resonances  (exter¬ 
nal  resonance  coinciding  with  an  internal  resonance),  the  presence  of  para¬ 
metric.  combination  resonances.  Moreover,  only  combination  additive  reso¬ 
nances  involving  either  two  odd  or  two  even  spatial  modes  of  vibration  are 
possihle  | 5  ]  .  a  combination  resonance  involving  the  first  and  third  mode 
shapes  being  considered  in  this  work. 

The  results  of  the  present  investigation  show  that  damping  has  a  stabi¬ 
lizing  influence  on  the  system  under  a  condition  of  combination  resonance. 
An  increase  in  the  aspect  ratio  ot  I  he  plate  also  has  a  somewhat  stabiliz¬ 
ing  effect  on  the  stability  characteristics  and  system  response.  On  the 
contrary,  an  increase  of  the  static  or  dynamic  component  ot  the  in-plane 


to 
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Effect  of  varying  static  in-plane  FIG  8  Effect  of  varying  dynamic  in-plam 
load  Ny0  on  the  combination  reso-  load  Nyj  on  the  combination  reso 
nance  response  curves  nance  response  curves 


load  is  usually  des t abi I i z i ng  for  the  system  investigated  The  graphical 
results  also  show  that  the  response  associated  with  the  combination  additive 
resonance  under  study  exhibits  small  amplitudes  ot  vibration  where  the  lower 
mode  shape  dominates  the  response. 
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DEFINITION  OF  SYMBOLS 

R  -  b/a  :  Plate  aspect  ratio 

* 

Pcr  -  Ny q / N  :  Ratio  of  static  over  critial  loading 
* 

Dcr  =  Nyj/N  :  Ratio  of  dynamic  over  critial  loading 
* 

N  Lowest  critical  load 
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11.  STRUCTURAL/ 
ACOUSTIC  INTERACTION 


FLUID  VIBRATION  IN  PIPING  SYSTEMS  -  A  STRUCTURAL  MECHANICS  APPROACH 

A.  Frid 

Division  of  Solid  Mechanics 
Chalmers  University  of  Technology 
S-41296  Gothenburg,  Sweden 


1.  INTRODUCTION 

Fluid  vibrations  in  piping  systems  are  often  classified  as  being  either 
transient  or  stationary-  An  important  subgroup  of  the  latter  are  the  har¬ 
monic  vibrations  (forced  and  free).  Ibis  paper  presents  a  'Structural 
Mechanics  Approach'  to  the  linear  analysis  of  uniaxial  vibrations  of  com¬ 
pressible  fluids.  All  the  categories  mentioned  above  will  be  dealt  with. 

The  present  approach  sets  out  from  the  differential  equation  for  a  bar 
in  tensile  vibration  and  ands  with  a  systematized  matrix  method,  suitable 
for  computer  implementation.  The  fluid  motion  in  each  pipe  is  assumed  to  be 
uniaxial  and  no  fluid-structure  interaction  is  considered  except  for  a 
reduction  in  longitudinal  wave  speed  as  caused  by  the  radial  flexibility  of 
pipe  walls.  Distributed  damping  is  included. 

A  mobility  matrix  method  :s  used  in  the  study  of  harmonic  vibration.  It 
is  analogous  to  the  stiffness  method  in  structural  mechanics  [l] .  The 
behaviour  of  each  member  (finite  element)  is  represented  by  an  exact 
frequency-dependent  lxl  or  2x2  member  mobility  matrix  (complex-valued) .  The 
member  matrices  are  assembled  into  a  structure  mobility  matrix  following  the 
standard  assembly  procedure  of  the  stiffness  method.  Six  types  of  members 
are  incorporated  as  shown  in  Figure  1. 

The  2x2  mobility  matrix  for  the  finite  fluid  column  member  is  a  refor¬ 
mulation  of  the  well-known  four  pole  matrix  of  the  transfer  matrix  method, 
eg  [2]  ,  used  in  the  traditional  'Acoustical  Approach'  to  harmonic 
vibration.  The  use  of  the  transfer  method  is  easy  and  straightforward  for 
simple  systems  but  is  complicated  for  large  systems  containing  several 
branches  and  loops.  An  analysis  by  the  the  mobility  method,  however,  is 
practically  insensitive  to  the  system  topology  and  thus  should  be  especially 
attractive  to  use  for  complex  piping  systems. 

In  the  mobility  matrix  formulation,  undamped  eigenf requencies  can  be 
calculated  by  use  of  the  algorithm  of  Wittrick  and  Williams  13]. 


Figure  I.  Piping  system  composed  of  J=6  joints  and  K=9  members.  Relative 
size  of  cavity  spring  member  has  been  exaggerated.  No  modal  body  is  shown 


C  TO 


When  eigenf requencies,  eigenmodes  and  medal  masses  are  known  for  a  systan, 
transient  responses  can  be  calculated  by  the  method  of  modal  superposition 
which  is  a  standard  technique  in  solid  body  structural  mechanics.  The  total 
transient  response  is  then  formed  as  a  weighted  sun  of  contributions  from 
eigenmodes.  Applications  of  modal  superposition  have  so  far  been  rare  in  the 
field  of  fluid  vibration.  However,  the  bond  graph  technique  was  extended  to 
modal  analysis  of  piping  systems  by  Lebrun  [4].  Acoustical  approaches,  like 
the  method  of  characteristics  and  similar  wave  propagation  methods  [5],  eg 
Boucher  and  Kitsios  [6] ,  have  been  more  common  in  the  analysis  of  transient 
vibration. 

At  the  end  of  this  paper,  the  structural  mechanics  method  will  be 
applied  to  some  simple  piping  geometries  where  the  correctness  of  the 
results  can  be  checked.  The  present  method  has  been  implemented  in  the 
computer  program  SFVIBAT-DAMP  [7]  which  was  used  in  the  numerical  examples. 


2.  NOMENCLATURE 

Appropriate  Si-units  are  given  for  the  quantities.  Some  locally  used 
symbols  are  explained  where  introduced  and  are  not  listed  below. 


n 


A 

a(t) 

c 

cn 

l 
K 

* 

% 

e* 

p. 

p 

qn(t) 

uv 


V 

X 

Y* 

K 

P 

0) 


Cross-sectional  area  of  inlet  pipes  and  fluid  column  members  m2 

m/s2 
m/s 


fluj^acceleration 


Inward  inlet  pipe 
Wave  speed  =  <K/p) 

Modal  damping  number  n 
Imaginary  unit 

Compressive  stiffness  of  fluid  (bulk  modulus) 

Modal  stiffness  number  n 
Length  of  member  fluid  column 
Modal  mass  number  n 

Member  (element)  pressure  amplitude  column  matrix  (2x1) 
Structure  pressure  amplitude  column  matrix  (Jxl) 

Modal  displacement  number  n 

Modal  load  number  n 

Inward  inlet  pipe  fluid  displacement 

Time  coordinate 

Member  (element)  volume  velocity  amplitude  column 
matrix  (2x1) 

Structure  volume  velocity  amplitude  column  matrix  (Jxl) 
Length  coordinate 

Member  (element)  mobility  matrix  (m3/s)/Pa 

Structure  mobility  matrix  (JxJ) 

Dynamic  viscosity  of  fluid  Pa/ (1/s) 

Wave  number  =  w/c 

Density  of  fluid 

Radian  frequency  =  2nf 


Ns/m 

Pa 

N/m 

m 

kg 

Pa 

Pa 

m 

N 

m 

s 

m3/s 
m3  /  s 
m 

m5/Ns 

m5/Ns 

Ns/m2 

1/m 

kg/m3 

1/s 


Indices 


e 

r 


(  ) 

(  )' 
C) 


Current  index  of  structural  joints  (j  =  1,2, 
Current  index  of  members  (k  =  1,2,...,K) 

Current  index  of  modes  (n  =  1,2 . N) 

Subscript  for  damping 
Superscript  for  member  (element) 

Subscript  for  reduced 
Superscript  indicating  complex  quantity 
Derivative  d/dx  or  d/dx 
Derivative  d/dt  or  a/ at 


,J) 
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3. 


MEMBER  ANALYSIS 


The  member  (or  element)  matrices  Ye*(w)  will  be  given  for  the  fluid 
members.  These  matrices  relate  end  volume  velocity  amplitudes  to  end 
pressure  amplitudes  at  a  certain  radian  frequency  <j.  Generally,  one  has 

ye*pe*  =  ve*  (1 

No  mean  flow  will  be  considered  in  the  member  analysis.  For  a  nonzero 
mean  velocity  this  will  be  an  acceptable  approximation  provided  that 

vmean^c  <<:  1*  r^ie  s^x  types  of  members  incorporated  are  introduced  below. 


3.1  Fluid  Column  Members 


The  uniform  fluid  columns  12  and  l®  in  Figure  2  perform  uniaxial 
harmonic  vibration  at  radian  frequency  u>.  The  member  mobility  matrices 
^  for  these  members  are  [8],  respectively, 


Y6*  =  (iAe/pc*)  |"-l/tanic*L  l/simc*L 
L  l/sinK*L  -l/tan<*L 


=  Ae/pc*  (2a, b) 


The  so-called  frequency  parameter  is  **L  =  i»/ (K*/pL2)1^2.  Radial  flexi¬ 
bility  of  the  pipe  wal?  can  be  included  through  a  reduced  compressive 
stiffness  Kr.  For  a  circular  pipe  one  has  =  K/(l+2Kr/Eh)  where  r 
is  the  inner  radius.  E  the  Young  modulus  ana  h  the^wall  thickness.  Damping 
is  accounted  for  through  the  complex  wave  number  k  =K-ia  where  the 
attenuation  constant  a  can  be  expressed  as,  eg  [2],  a  =  (uni/2p)1/2/cr. 


Figure  2.  a)  Finite  uniform  fluid  column  12  of  length  L,  cross-sectional 
area  Ae,  density  p  and  compressive  stiffness  K  (or  Kr).  b)  Semi- inf inite 
fluid  column  member  1®.  Chosen  positive  directions  for  volume  velocities 


3 . 2  Discrete  Mass-Soring-Damper  Member 


This  member  (abbreviated  as  msd-member)  can  be  either  one-  or  two- 
terminal  as  shewn  in  figure  3.  The  boundary  msd-member  can  be  seen  as  an 
intermediate  msd-member  having  zero  pressure  on  the  outer  piston  face,  thus 
reducing  to  a  one-terminal  member.  The  member  mobility  matrix  for  these  two 
msd-members  are  [8] 


/e*  = 


Cl/(i(oM04C0+S0/iw)] 


Ai 


je*  _ 


[l/<i(oM0+C0+s0/io>)J  A2 


(3a) 


(3b) 
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e* 
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* 

1  *•! 


A. 


— WV-f 

«0 

/ 

-  cn  ' 

Figure  3.  a)  Intermediate  msd-member  with  mass  Mg,  stiffness  S0.  damping  C0. 
and  piston  areas  Ax  and  A^.  b)  boundary  msd-member  with  piston  area  Ax 


3.3  Cavity  Soring  Member 

Hie  one-terminal  cavity  spring  member  represents  a  volume  in  which  the 
pressure  is  equal  at  all  positions.  It  thus  acts  as  a  pure  spring  stiffness 
(or  capacitance).  This  approximation  requires  that  the  wavelength  in  the 
adjoining  fluid  columns  is  much  greater  than  the  diameters  of  the  cavity. 
The  member  mobility  matrix  for  a  cavity  spring  member  is  [8] 


Figure  4..  TVo  equivalent  cavities  at  joint  j=l  with  volume  VQ  and  com¬ 
pressive  stiffness  KQ  (where  K0  may  account  for  flexibility  of  cavity  walls) 


3 . 4  Modal  Body  Member 

This  multi-terminal  member  can  be  used  to  model  a  cavity  when  its 
diameters  are  not  small  as  compared  to  the  wavelengths  considered.  The  modal 
properties  (eigenf requeue ies,  modal  masses  and  eigenmode  displacements  at 
connecting  joints)  of  the  cavity  must  £hen  be  known  for  all  modes 

n=l .2 . N  considered.  The  elements  Y. .  in  the  member  mobility 

matrix  are  [8]  J 


r 


I 


ft 


*ij  -  iwAiAj  ^Pin,Pjn,/lV«n-w2)1  (5 

J  n=i  J 

The  modal  parameters  may  have  been  found  from  a  physical  experiment  or 
a  separate  standard  finite  element  calculation  (three-dimensional).  Modal 
damping  may  be  added  in  the  denominators  in  (5). 
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4.  STRUCTURE  ANALYSIS 

At  each  joint  j  (j=l,2 . J)  of  the  piping  system, ^a  so-called  inlet 

pipe  (see  Figure  1)  is  connected  where  either  pressure  p-  or  volume 
velocity  v*  must  be  prescribed.  These  inlet  pipes  may  not  physically  exist 
at  all  joints  but  are  helpful  in  clarifying  computational  procedures.  At 
an  open  inlet  p*=o,  and  at  a  closed  inlet  v%0.  A  harmonic  excitation  source 
can  be  located  sit  the  inlet  pipe  of  a  joint^j  by  prescribing  a  nonzero 
value  for  either  p*  or  v^. 

The  JxJ  structure  mobility  matrix  Y*(u>)  is  the  coefficient  matrix  of 
a  system  of  J  scalar  equations.  It  is  formed  by  adding  all  member  mobility 
matrices,  equation  (6b;,  into  their  correct  positions. 

Y*(w)p*  =  v*  Y*  =  2  Y^*  (6a, b) 

The  assembly  of  member  matrices  into  a  structure  matrix  is  based  on  two 
assumptions:  At  each  structural  joint  l)  the  pressures  are  the  same  for  all 
connecting  member  ends  and  2)  the  sun  of  volune  flews  into  the  connecting 
member  ends  equals  the  applied  volume  flew  through  the  joint  inlet  pipe. 
Since  analogous  conditions  prevail  at  the  joints  of  a  bean  structure,  the 
assembly  of  the  structure  mobility  matrix  for  fluid  vibration  in  a  piping 
system  [8]  is  identical  to  the  assembly  of  the  stiffness  matrix  for  a  frame 
structure  (a  simplifying  fact  is  that  no  coordinate  transformations  between 
the  members  and  the  structure  are  needed  here  since  only  scalar  quantities 
are  dealt  with) . 


5.  E IGENFR EEJUENC I ES  AND  MODAL  PROPERTIES 

Eigenf requencies  u>  and  eigenmodes  p(n)  of  an  undamped  piping  system 
without  mean  flow  satisfy  the  equation 

Y*(u>)p*  =  0  (7) 

Here  the  matrix  Y*'w)  will  be  symmetric.  For  an  undamped  structure 
without  semi- inf inite  members,  every  non- zero  element  in  the  structure 
mobility  matrix  Y  (w)  is  pure  imaginary  and  real  eigenvalues  and 
eigenmodes  are  obtained.  The  mobility  matrix  can  be  condensed  through 
deletion  of  the  rows  and  columns  belonging  to  joints  having  zero  pressure. 
The  eigenvalue  problem  then  is  to  find  the  roots  of  the  determinantal 
equation 

| Y*o°nd (w) / i |  =  o  (8) 

For  a  structure  including  continuous  members  (as  in  our  case)  the 
equation  is  transcendent  comprising  trigonometric  functions.  The  Wittrick- 
Williams  algorithm  (31.  accounting  also  for  dofs  'between  joints' ,  is 
preferably  used  for  such  systems.  When  an  eigenf requency  <«n  has  been 
determined,  the  associated  eigenmode  p  n'  is  obtained  by  solving  (7) 
with  w=wn  inserted. 

5.1  Resonance 

Resonance  of  a  harmonically  excited  undamped  structure  occurs  when  the 
forcing  frequency  w  is  equal  to  (or  close  to)  one  of  the  eigenf requencies 
t»n  given  by  (8).  Since  we  are  dealing  with  real  amplitudes  for  the 
undamped  case,  asterisks  (•)  indicating  complex  quantities  will  be  droj^ped 
in  the  following.  When  determining  the  relevant  eigenf  requencies  *i»n  and 
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eigenmodes  p(n),  the  appropriate  boundary  condition  (either  Pj=o  or  v^=0) 
to  be  used  at  the  inlet  pipe  of  a  typical  joint  j  depends  on  the  type J of 
excitation: 

o  A  joint  j  where  a  prescribed  volume  flow  v.e1“t  acts  should  be  closed 
(v-=o)  in  the  eigenvalue  analysis.  Resonance  in  eigenmode  number  n  will 
then  be  excited  at  «=«n  by  Vj*0  if  p^Vo. 

o  A  joint  j  where  a  prescribed  pressure  p.elwt  acts  should  be  open  (p-=o) 
in  the  eigenvalue  analysis.  Resonance  in  eigenmode  number  n  will  th4n 
be  excited  at  <o=«n  by  pjjto  if  VjVo. 

l 

6.  METHOD  OF  MODAL  SUPERPOSITION 

In  the  method  of  modal  superposition,  an  N  degree-of-freedom  (Ndof) 
system  is  decoupled  into  N  single  degree-of-freedom  (ldof)  systems,  from 
which  the  total  response  is  superposed.  Each  of  these  ldof  systems 
represents  an  eigenmode  of  the  structure.  For  a  continuous  structure 
(infinitely  many  degrees-of-f reedom) .  an  infinite  number  of  ldof-systems 
must  be  substituted  in  order  to  give  an  exact  result.  Practically,  however, 
it  is  often  sufficient  to  include  relatively  few  modes  and  still  get  an 
accurate  response. 


For  a  piping  system  the  modal  parameters  in  Figure  5  are  [ l ] , [91 

mn  =  I/Aep[u(n)(x')]2dx'  +  2Mg[u(n)  (Xq)  ]2  kn  =  m^2  (9a.  b> 

Cn  =  ^ncn,crit  cn,crit  =  2mn“n  (9c.d) 

Q^t)  =  I/U(x'.t)u(n)(x')dx'  +  2F0(t)u(n)(x0)  ( 9e) 

In  equations  (9a-e).  u(n)(x')  is  the  particle  displacement  in  eigennode 
number  n.  MQ  the  mass  of  a  rigid  body,  U(x',t)  the  distributed  load  along 
a  member.,  and  FQ(t)  the  concentrated  load  at  a  joint. 


Figure  5.  Single  degree-of-freedom  system  representing  eigenmode  nunber  n, 
characterized  by  modal  mass  rru,  modal  stiffness  kn  and  modal  damping  cn. 
System  is  subjected  to  a  modal  load  (^(t)  causing  a  modal  displacement  qn(t) 


So-called  proportional  (or  Rayleigh)  damping  has  been  assumed.  The 
modal  displacement  qn(t)  is  calculated  from  the  equation  of  motion  for 
the  ldof-system. 


mn  %(t)  +  cn^n(t)  +  Mn(t)  =  Qn<t)  (10) 

Initial  conditions  on  qn(t)  are  required  and  can  be  found  in  a  standard 
wa^  from  the  initial  conditions  on  u(x,t).  Transient  responses  are 
superposed  by  contributions  from  each  retained  eigenmode. 
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(lla. b) 


V 


P-j(t)  =  £  qn(t)p<n) 
Sj(t)  =  £  qn(t)s^n) 
Vj(t)/Aj  =  £  qn(t,s^n) 
aj(t)  =  £  qn(t)s-n) 


pi(t)  =  £  Vt)pi<n) 

s|(t)  =  £  qn(t)sf(n) 
vf(t)/Ae  =  £  qn(t)sf(n) 

al(t)  =  £  %(t)sl<n> 


(12a. b) 
(13a, b) 
(14a, b) 


6.1  Transient  Force  Excitation 

Transient  pressures  may  be  applied  to  joints  that  were  open  (p-=o) 
in  the  eigenvalue  analysis  of  the  structure.  The  modal  load  from  a  number  of 
transient  joint  pressures  is  Qn(t)  =  £pj(t)AjS^n^ •  Eigermode  displacements 
qn(t)  as  caused  by  Q^t)  are  now  calculable  rrom  equation  (10). 


6.2  Transient  Volume  Acceleration  Excitation 


No  intermediate  msd-members  and  no  modal  body  members  (see  Figures  l 
and  3a)  are  considered  for  the  piping  systems  studied  here  (these  members 
will  call  for  a  special  formulation). 

Transient  volume  accelerations  may  be  applied  to  joints  j  that  were 
closed  (v.=0)  in  the  eigenvalue  analysis  of  the  structure.  For  excitation 
at  a  typical  joint  j,  -.he  solution  now  consists  of  contributions  from  two 
loading  cases  [ 9] : 

1.  Volume  acceleration  A-a-(t)  in  inlet  pipe  number  j  as  applied  to  an 
imagined  massless  stricture  (quasistatic  part  of  solution). 

2.  Distributed  'inertia'  loads  U(x, t)=-m(x)a(x, t)  and  concentrated  inertia 
loads  F0(t)=-M0a(x0)  as  applied  to  a  structure  in  which  the  inlet  pipe 
at  the  excited  joint  is  closed  (v-= 0)  and  where  the  acceleration  a(x.t) 
along  the  fluid  members  and  the  acceleration  a(x0)  of  each  rigid  body 
are  determined  from  loading  case  1.  The  part  of  the  solution  from  this 
loading  case  2  can  be  calculated  by  modal  superposition. 

If  the  system  has  two  or  more  open  joints  in  excess  of  the  excited 
joint  j,  the  quasistatic  solution  is  not  unique.  The  present  study 
does  not  consider  this  case. 

If  the  system  has  one  such  open  joint,  the  fluid  between  the  excited 
joint  and  the  open  joint  performs  a  rigid  body  motion  while  the  fluid  and 
the  boundary  msd-members  in  all  branches  remain  still-  For  'moving'  fluid 
members  k,  one  has  a,  (x.t)  =  (l/Au)Ajaj(t)  and  for  members  k  in  the  branches, 
one  has  a^(x,t)=0.  The  pressure  p(x,t)Jis  zero  for  all  members. 

If  the  system  has  no  open  joints  in  excess  of  the  excited  joint  j,  the 
pressure  can  be  calculated  from  the  compression  of  all  fluid  column  members 
k,  cavity  spring  members  1,  and  boundary  msd-members  m, 

p(t)  =  AjSj(t>  /  [  £(V^/Kk)  +  £( Vq/Kq)  +  ZcaJ/Sq)  1  (15) 

■■  ro 

The  quasistatic  acceleration  ae(t)  is  now  calculable  from  the  compression 
of  each  member  starting  with  the  members  in  the  branches.  Oie  finds 
AVk(t)=( V^/K^ipct) .  The  quasistatic  acceleration  along  each  member 
in  this  case  varies  linearly  as  a(x,t)  =  a^t)  -  [a1(t)+a2(t)]x/L. 
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7. 


NUMERICAL  EXAMPLES 


Four  numerical  examples  are  studied  below.  The  computer  program 
SFVI BAT-DAMP  [7]  is  applied. 


7.1  Example  l  -  Harmonic  Pressure  Excitation 


The  simple  system  in  Figure  6  will  be  used  to  verify  the  correctness  of 
the  harmonic  analysis.  The  pressure  amplitude  at  joint  7  will  be  calculated 
for  different  values  of  SQ<  Mq  and  C0  when  the  pressure  is  prescribed  at 
joint  1.  The  system  consists  of  two  structural  joints  (j=l,2)  and  one  finite 
fluid  column  member  with  (see  Figure  2)  L=1000  m,  p=iOOO  kg/m3.  K=l  GPa. 
Ae=0. 03142  nr  (pipe  radius  100  mm)  and  tj=l0-6  Ns/nr.  and  one  msd -member 
with  Ax =0.03142  m-  Parameters  Sfl  and  C0  are  varied. 


a) 


b)  S  varied: 
0 

closed  end 
lqooooo  N/m 
iqoqoo_N/m 
10000  N/m 


c)  C  varied: 
0 

100000  Ns/m 
50000_  Ns/m 
31420  Ns/rn 
loooo  Ns/m 
1000  Ns/m 


Figure  6.  a)  Piping  system  subjected  to  a  harmonic  unit  pressure  excitation 
(p^D.  Calculated  pressure  amplitude  at  joint  2  when  b)  S0  is  varied 
while  M0=o=Cq,  c)  Cq  is  varied  while  Sq=0=Mq 


7 -2  Example  2  -  Eiaenf reauencies 

Eigenf requencies  are  calailated  for  the  system  in  Figure  7a  for 
different  values  of  Mp.  To  U0]  calculated  resonance  frequencies  of  the 
system  in  Figure  7  with  ie  a  blocked  end  at  ioint  3.  Figure  7b 

shows  how  the  eigenfrequencies  f  to  f,  are  influenced  by  S0  and 
how  they  ultimately  approach  To's  values  as  Sq  goes  to  infinity.  Fixed 
parameters  for  the  system  are  L.=i.062  m.  L7?3.8327  m.  L,=0.2540  m, 

A  -0.06998  nr .  and  c=354.70  m/s  (p=99.7  kg/m 3).  No  damping  is  considered. 
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Figure  7.  a)  Branched  system  with  four  joints  (j=l,2,3,4),  three  ffc-members 
and  one  msd-member  (with  M„=o).  b)  Calculated  lowest  three  eigenf requencies 
as  functions  of  spring  stiffness  SQ 


Example  3  -  Transient 


ire  Excitation 


The  system  in  Figure  7a  with  a  blocked  end  at  joint  3  (SQ->=.)  will 
be  studied.  The  pressure  variation  in  Figure  8a  may  represent  a  sudden 
rupture  at  a  joint  in  a  pressurized  system.  An  accurate  representation  of  a 
propagating  step  pressure  wave  as  in  Figure  8  may  demand  contributions  from 
relatively  high-frequent  modes.  The  highest  mode  (N=60)  used  in  the  present 
modal  superposition  has  the  period  0.456  ms. 


Figure  8.  a)  Applied  transient  step  pressure  of  magnitude  -1  kPa  at  time 
t=0  at  joint  1  of  system  in  Figure  7 .  Calculated  pressure  versus  time  at 
b)  joint  2,  c)  joint  3.  and  d)  joint  4 
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7 -4  Example  4  -  Transient  Acceleration  in  Open  System 

The  system  in  Figure  9  was  analysed  by  Lebrun  [4]  wno  used  the  bond 
graph  method  to  calculate  transient  pressures  caused  by  valve  operations. 
Parameters  are  c=600  m/s  (p=950  kg/nr).  U=o.77  m,  1^=0. 40  m.  L3=0.77  m, 
L.=1.00  m,  A?=Af=Af=70.9  mm2.  A®=49i  mm2-  Modal  damping  is  considered. 

Fluid  properties  were  emitted  by  Lebrun,  so  the  present  results  cannot  be 
compared  with  his  results  in  detail.  The  valve  opening  is  prescribed  through 
the  fluid  acceleration  (velocity  change)  at  joint  l  shewn  in  Figure  10a.  The 
resulting  pressure  changes  are  plotted  in  Figure  10b. 


ja^t) 


Figure  9.  Piping  system  consisting  of  five  joints  and  four  ffc-members 


Figure  10.  a)  Transient  acceleration  applied  at  joint  1  of  system  in  Figure 
9.  b)  Calculated  pressures  at  joints  1  and  2.  Ten  modes  are  considered,  each 
with  relative  modal  damping  ;n=o.i.  Static  pressure  at  time  t=0  is  20  MPa 


8 .  CONCLUDING  REMARKS 

A  method  suitable  for  a  general  and  computerized  analysis  of  linear 
uniaxial  fluid  vibration  in  piping  systems  has  been  developed.  In  both 
harmonic  and  transient  vibration  problems,  the  attractive  features  of  this 
method  become  evident  when  large  and  complicated  piping  systems  need  be 
analysed.  Branches  and  loops  introduce  no  difficulties. 

In  harmonic  vibration,  the  assembly  of  mobility  matrices  is  by  far  a 
simpler  procedure  than  the  use  of  transfer  matrices.  Also  eigenf requencies 
(resonance  frequencies)  and  eigermodes  of  complicated  systems  are  readily 
calculated  when  the  present  mobility  matrix  formulation  is  applied. 

In  transient  vibration,  the  standard  method  of  characteristics  involves 
a  time-stepping  from  the  initial  state,  keeping  track  of  transmitted  and 
reflected  waves.  The  present  method  of  modal  superposition  calculates 
transient  responses  sinply  as  weighted  suns  of  contributions  from  a  selected 
number  of  inodes  at  any  requested  instant  of  time.  Damping  can  easily  be 
included. 
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One  disadvantage  of  the  present  method  ( in  contrast  to  time-stepping 
techniques)  is  that  nonlinear  members  cannot  be  considered.  Another 
disadvantage  is  that  an  accurate  modal  superposition  may  require  a  very 
large  number  of  modes  when  the  piping  system  is  large  and  complicated  and 
when  the  transient  excitation  is  steep  (loading  of  impulse  and  step  types). 

Further  details  and  numerical  examples  are  given  in  the  full-length 
report  [8] . 
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APPLICATION  OF  STATISTICAL  ENERGY  ANALYSIS  TO 
HELICOPTER  CABIN  TYPE  STRUCTURES 

J  .  S . Pol  lard  * 

Anthony  Best  Dynamics  Ltd. 

1  .  INTRODUCTION 

Statistical  Energy  Analysis  modelling  is  becoming  more 
widely  adopted  in  a  number  of  acoustic  fields  for  the  analysis  of 
structure  borne  noise  paths.  Helicopter  cabin  structures,  with 
high  modal  densities  and  excited  by  mid  frequency  gear  noise,  are 
better  suited  tc  SEA  modelling  than  its  low  rrequency  FEA 
counterpart.  To  assist  the  helicopter  studies,  a  purpose  built 
cabin  box  was  developed  at  Westland  Helicopters  Ltd  and  subjected 
to  experimental  and  theoretical  modelling  programmes. 

The  cabin  box,  of  approximate  dimensions  1.8m  x  1.5m  x  1.2m 
high,  incorporateci  an  aluminium  framework  and  three  alternative 
sets  of  typical  helicopter  panels  (plain  aluminium  sheeting, 
stiffened  skin/ stringer  aluminium  panels  and  fibrelam  composite 
panels)  bolted  externally  to  the  framework.  Excitation  with 
known  input  force  and  power  levels  was  applied  via  an 
electrodynamic  shaker  and  drive  rod  to  one  bolted  pa ne  1  ,/f r ame 
member  and  resuxtinq  energy  levels  around  the  structure  were 
measured  (by  WHL)  wit.n  fraine  and  panel  accelerometers  and  cavity 
microphones. 

This  paper  describes  the  results  of  firstly  applying  an  SEA 
model  to  the  box  with  only  bending  waves  considered  and  with 
simple  textbook  formulae  for  the  beam  to  beam  coupling  loss 
factors,  etc.  A  more  sophisticated  model  was  then  developed  for 
the  framework  alone,  with  the  panels  removed.  This  incorporated 
additional  effects  of  beam  acoustic  radiation,  longitudinal  and 
torsional  wave  transmission,  and  required  assumptions  regarding 
the  suitability  of  Literature  coupling  loss  factor  theory  to 
junctions  between  L  and  T  section  cross  section  beams.  With  the 
beam  only'  model  completed  it  was  then  only  a  short  step  to  re¬ 
introduce  the  panels  and  complete  the  overall  prediction  model. 

Although  the  three  panel  types  were  fitted  to  the  box 
framework  in  turn,  only  the  plain  panel  results  are  presented 
here  for  reasons  of  lack  of  space. 

The  study  was  intended  mainly  as  a  demonstration  of  the 
application  of  existing  SEA  knowledge  to  a  cabin  type  structure 
rather  than  any  fundamental  development  of  new  SEA  theory. 
Nevertheless  the  investigation  highlights  the  problem  areas  of 
tackling  such  a  complicated  structure  and  points  the  way  forward 
for  future  work. 

2.  DAMPING  DEFINITION 

Panel  damning  in  this  paper  refers  to  damping  ratio  (  half 
loss  factor)  and  the  total  damping  of  a  panel  is  given  by 

Ipt  -  Ip  +-  Ipfii 

where  '’Ip  =  structural  damping,  =  acoustic  damping. 

Structural  damping  nas  been  set  at  1%  damping  ratio  for  both 
beams  and  panels  with  no  frequency  variation  (in  line  with 
generally  accepted  literature  values). 

3.  SIMPLIFIED  BEAM  AND  PANEL  MODEL 

The  cabin  box  structure  (fig.l)  was  initially  modelled  with 
22  beam  elements,  6  panel  elements  and  one  cavity  element  (the 
SEA  numbering  system  is  shown  in  figure  1).  The  beams  of  L  and  T 
section  cross  section  (fig. 2)  were  modelled  as  rectangular  beams 
and  were  assumed  to  act  only  as  energy  carriers  rather  than 
energy  storaqe/dissipati ve  elements.  Hence  beam  structural  and 
acoustic  dampinq  values  were  assumed  to  be  zero.  L,  T  and  X 
junctions  between  beams  (fig. 3)  were  given  simple  text  book 
coupling  loss  factor  values  of  l/2,  2/9  etc,  independent  of 

frequency.  Beam  to  panel  coupling  loss  factor  theory,  based  on 
line  junction  excitation,  was  developed  in  a  previous  SEA  study 
by  WHL  (1).  Pane  1  to  panel  coup  ling  loss  factors  were  given  zero 
*  previously  at  Westland  Helicopters  Ltd 


values,  since  the  panels  were  structurally  connected  to  the 
frames  but  not  to  each  other,  and  panel  to  cavity  coupling  was 
obtained  from  known  radiation  efficiency  values  for  the  plain 
panels. 


With  only  bending  waves  considered  and  with  the  input 
energy  equally  divided  between  beam  1/  and  panel  23  (see  fig  la), 
SR A  oredictions  were  performed  for  panel  acceleration  levels  and 
cavity  noise  levels.  A  small  selection  of  results  corrected  to  1 
watt  input  power  is  shown  in  figure  4  (for  panel  elements  23,24 
and  25  and  cavity  element  29).  At  low  and  mid  frequencies  up  to 
1250  Hz  the  acceleration  level  agreement  is  good  tor  all  three 
panels,  but  at  high  frequencies  the  agreement  deteriorates  the 
further  the  panel  is  located  away  from  the  drive  point.  For 
example  panel  element  25  is  15  dB  overpredicted  at  3150  Hz.  The 
noise  level  agreement  is  good  throughout  the  frequency  range. 


Two  aspects  of  the  measured  data  to  be  noted  and  discussed 
later  are  the  general  decrease  in  acceleration  levels  away  from 
the  drive  panel,  particularly  at  high  frequencies,  and  the 
characteristic  frequency  response  trough  at  about  3.15  KHz  on  the 
panel  data  (and  later  beam  data). 


4.  'BEAM  ONLY'  MODEL 

With  the  panels  removed,  the  framework  provided  the 
opportunity  to  perform  a  'beam  only'  SEA  model  and  permit  a 
closer  assessment  of  beam  acoustic  radiation  and  beam  to  beam 
coupling  loss  factors.  As  shown  in  figure  2  the  beams  were 
constructed  of  single  and  double  thickness  L  and  T  section  with 
their  principal  axes  XX  and  YY  displaced.  Likewise  the  beam 
junctions  (fig. 3)  were  complicated  L,  T  and  X  constructions, 
making  modelling  extremely  difficult. 

As  a  starting  point,  however,  the  simplified  SEA  model  was 
reconstituted  with  22  beam  elements,  no  panel  elements,  no  beam 
acoustic  radiation  and  only  bending  wave  transmission.  With  1% 
beam  structural  damping,  the  beam  acceleration  levels  were 
overpredicted  by  10-20  dB  at  this  stage,  and  the  shape  of  the 
curves,  with  a  steadily  rising  frequency  characteristic,  was  also 
incorrect.  Modifications  were,  therefore,  required. 

4 . 1  Inclusion  of  Beam  Acoustic  Loss  Factors 

Johnston  and  Barr  (2)  initiated  studies  of  beam  acoustic 
radiation  by  measuring  beam  total  damping  in  air  and  in  vacuo, 
thereby  separating  out  structural  damping  and  acoustic  radiation. 
They  also  modelled  circular  cross  section  beams  as  circular 
cylinders  vibrating  in  flexural  motion  and  rectangular  beams  as 
elliptical  cylinders,  giving  good  agreement  with  measured  data 
(fig.5). 

Richards  et  al  (3)  in  a  study  of  ringing  noise  from 
machinery  components  took  Johnston's  work  a  stage  further  by 
examining  "the  radiation  efficiencies  of  a  family  of  elliptical 
cylinders  whose  eccentricities  are  such  as  to  allow  them  to 
represent  a  series  of  beams  which,  on  the  one  hand,  approximate 
t<?  flat  plates  of  finite  width  or,  on  the  other  hand,  are 
circular  or  elliptical  with  major  axis  along  the  direction  of 
vibration".  They  derived  a  series  of  curves  of  acoustic  loss 
factor  \  rad  (versus  semi  axis  wave  number  kj a)  for  elliptical 
shaped  pipes  of  varying  aspect  ratio  a/b. 

Jeyapalan  and  Richards  (4)  then  generalised  these  curves  by 
using  the  parameter  *1  r£.d*(b/a ) ,  which  is  independent  of  ellipse 
eccentricity,  and  the  acoustic  path  length  given  by  the  cross 
section  circumference.  The  result  was  a  universal  curve  of  loss 
factor  versus  k<j  x  circumference  ( kj  =  modified  wave  number) 
reproduced  in  figure  6.  The  measured  data  relates  to  the 
experiments  performed  by  Johnston  and  Barr  (2).  Reference  4  then 
proceeded  to  use  this  curve  for  beams  of  arbitrary  cross 
sectional  shape  to  determine  the  acoustic  loss  factor*]  rad  and 
the  radiation  efficiency  of  any  vibrating  beam  in  flexural  motion. 
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The  shape  of  this  curve  is  similar  to  tie  results  for  thin 
plates  but  with  the  important  difference  that  the  peak  occurs  at 
a  frequency  well  above  the  beam  coincidence  frequency  and 
dependent  on  the  number  of  wavelengths  in  the  beam  cross  section 
circumference. 

Richards  et  al  appl  iea  the  theory  to  I  section  beams  by 
assuming  that  the  I  beam  radiation  efficiency  is  the  same  as  that 
from  a  completely  enclosed  circular,  square  or  elliptical  beam, 
providing  that  the  same  bending  wave  speed  and  the  same 
'circumferential  lengths  are  used.  The  elliptical  models  tended 
to  give  the  best  agreement  with  measured  data. 

Proceeding  along  the  same  lines,  the  cabin  box  L  section 
beams  were  modelled  by  treating  each  leg  of  the  beam  by  an 
elliptical  model  just  enclosing  the  leq  cross  section  and 
doubling  the  resulting  acoustic  loss  factor  to  account  for  both 
lags.  The  bending  wave  speed  was  that  of  the  whole  beam, 
however,  and  the  circumference  related  to  the  cross  section  of 
one  leg.  Similar  procedures  were  adopted  for  the  1'  section 
beams,  with  appropriate  changes  in  bending  wave  speed  etc. 

The  results  of  applying  acoustic  radiation  to  the  beam 

model  are  shown  in  figure  7  {---  initial  predictions, -  revised 

predictions).  The  mu  and  high  frequency  content  of  the  beam 
acceleration  levels  a  re  red  iced,  .jivin':  .1  much  flatter  frequency 
response  curve,  more  akin  'a  t.h  _>  measured  data  with  a  dip 
occurring  at  about  3.15  Klin.  ?•  :  ;  . v  1  .  t  corresponds  to  maximum 

(Const  ic  radiation  and.  occurs  wn._ ;.  the  wavelength  of  the  radiated 
sound  is  one  circumference  of  the  L  section  leg  and  provides  an 
explanation  for  the  previously  noted  high  frequency 
characteristics  of  the  measured  data.  The  coincidence  frequency 
of  the  L  section  Dean  is  about  185  iiz.  For  a  beam  damping  of  ]  % 
the  predictions  are  now  about  5-10  db  adrift  from  the  measured 
i  a ; .  a  . 

4..  T nclusion  of  Other  Wave  Types 

Whilst  bending  waves  are  the  prime  source  of  acoustic 
radiation  from  the  structure,  longitudinal  and  torsional  waves 
ict  as  energy  distributors  as  we  1  1  and  there  wi 1  1  be  cases  where 
longitudinal  or  torsional  wave  incident  on  a  beam  junction 
produces  a  flexural  wave  out  of  the  junction  and  vice  versa, 
thus,  in  analysing  the  coupling  loss  factors  at  each  beam 
pmction,  it  is  necessary  to  include  all  three  wave  types  arid 
Doth  in-plane  and.  out-of-plane  bending  motion. 

Taking  a  simple  L  junction  of  two  rectangular  beams,  Crew..-: 
(5)  and  Sablik  (6  &  7)  reduced  the  oossible  36  wave  combinat  ioi.s 
at  the  junction  to  8  permitted  combinations 

Incident  wave  Transmitted  wave  Ti atiomission  coeff: 


flexural  in  plane  flexural  in  plane  T  FF 
flexural  in  plane  longitudinal  t  FI. 
longitudinal  flexural  in  plane  T LF 
longitudinal  longitudinal  L  LI. 
flexural  out  of  p! ane  flexural  out  of  plane  Iff 
flexural  out  of  plane  torsional  Ttt 
torsional  flexural  out  of  plane  rtf 
torsional  torsional  Ttt 


They  then  derived  the  respective  transmission  coeficients 
by  solving  the  wave  equations  for  the  boundary  conditions  at  the 
junctions.  Cremer  (5)  covered  the  in-plane  combinations  and 
Sablik  (  6  &  7 )  the  out-  of-  plane  derivations.  Each  derivation 
involved  4-6  simultaneous  complex  numbered  equations  in  4-6 
unknowns  and  can  either  be  solved  by  1  eng th y  algebra  or 
numerically  by  matrix  methods. 

For  example,  in  the  case  of  torsional  wave  in  beam  1 
transformed  to  a  flexural  out  of  plane  wave  in  beam  2,  the  six 


equations  are:- 
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where**,P,2f  are  beam  parameters  dependent  on  mass  (m)  bending 
stiffness  (B),  polar  moment  of  inertia  (H),  wave  number  k  etc. 
In  this  particular  case  the  equations  are  solved  to  give  t  and 
the  transmission  coefficient  is:- 

Zti  =  (2Ce4  mj  Ct  H,  K*  )  |  tf  |* 

for  bending  wave  speed  Cg  and  torsional  wave  speedCt  .  Similar 
relationships  are  derived  for  other  wave  combinations.  It  is  then 
a  simple  matter  to  convert  the  transmission  coefficients  to 
coupling  loss  factors  using  relationships  of  the  form 


T]u  e  Cti-  Tpl  etC  • 
L  L 


The  application  of  these  L  junction  formulae  to  the  cabin 
box  becomes  extremely  complicated  because  the  beams  are  L  and  T 
section  cross  section  ana  not  rectangular.  For  the  L  section, 
bending  waves  are  no  longer  in  plane  or  out  of  plane  due  to  the 
positions  of  the  principal  axes  XX  ar.  d  YY  (fig. 2)  and  the 
torsional  wave  axis  runs  parallel  to  the  beam's  lengthwise  axis. 
In  the  absence  of  any  theoretical  models  specifically  developed 
for  this  situation  and  with  the  need  to  progress  further  with  the 
SEA  model,  it  was  decided  to  assume  that  the  rectangular  cross 
section  theory  was  applicable  to  the  L  section  cross  section  and 
that  the  combinations  of  incident/ transmitted  waves  occuring  at 
an  L  junction  of  L  section  beams  was  the  same  as  for  an  L 
junction  of  rectangular  beams.  It  was,  therefore,  necessary  to 
calculate  the  bending  wave  speeds  and  torsional  wave  speeds 
relative  to  the  principal  axes  for  an  L  cross  section  and  apoiy 
them  to  the  formulae  discussed  in  the  previous  paragraphs  for 
rectangular  beams. 


For  the  T  section  cross  section  beams  the  in -  p 1  a  n  e 
principal  axes  are  perpendicular  to  the  arms  of  the  T  (fig. 2). 
These  constitute  the  two  bending  wave  axes  with  the  torsional 
axis  running  along  the  beam.  The  analysis  was,  therefore,  opt 
quite  so  complicated  as  for  an  L  section  cross-section  but  it 
was  still  necessary  to  assume  that  the  wave  type  transmission 
combinations  to  the  next  beam  through  an  b-junction  are  the  same 
as  for  a  rectangular  cross-section. 

In  the  calculation  of  the  bending  wave  speed  Cg,  'thick 
beam'  bending  was  allowed  for,  i.e.  rather  than  assume  that  the 
bending  wavelength  was  large  compared  to  the  dimensions  of  the 
beam,  wnich  is  only  true  at  low  and  mid  frequencies,  corrections 
were  made  at  high  frequencies  to  account  for  rotational  motion 
and  shear  deformation  of  the  beam  during  pending.  In  fact,  the 
difference  between  thin  and  thick  beam  bending  was  found  to  be 
negligible  in  these  beam  studies. 


The  summarised  transmission  coefficients  for  an  L  junction 
of  the  two  L  section  beams  (fig. 8)  show  very  small  contributions 
from  the  torsional  waves,  but  large  contributions  from  the 
bending  waves  and  the  longitudinal  waves,  particularly  at  high 
frequency.  When  these  are  converted  to  coupling  loss  factors, 
the  presence  of  the  frequency  term  in  the  formula  reverses  the 
dominance  of  the  high  frequency  contribution  (fig  9).  In  other 
words  the  beams  only  couple  well  at  low  frequencies,  whereas  at 
high  frequencies  the  beams  retain  their  energy.  The  longitudinal 
to  flexural  wave  transmission  dominates,  throughout  virtually  the 
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whole  frequency  range.  V'ne  two  i  « x  u  r  a  1  t.  .1  1 i  ox  n  a  * 

transmissions  are  very  similar  whilst  r  >.<■>  tv  j.uiidl  co.-.t  r  xnu  • 
is  negligible  in  comoarison.  When,  tv  -at  er,  the  mou.i  ;  leiiir. 
of  the  different  wave  t vpes  a  .  ikon  into  account  in 

"e  1  a t ion  =  h ip  =  ;u  T1/d  (  for  the  otter  ha  t  f  >r  the 

energy  flow  mode?)  tr.<r  dominance  )  £  the  torsional  wave  .to 
density  helps  to  offset  its  low  .-curling  loss  factor. 

In  order  to  proceed  v.’ith  the  rev  i  red  SEA  model  l  nc  A  ud 
the  four  different  wave  typer,  *  t  v a s  :  t-cessary  to  us  ore  * 
each  junction  of  the  >  .  iu ;  -ex  £  r  .»  stra-.:'  u  re  .  ;  u 

-.presented  by  L  j  uricl  i  ot=s.  .  or;  is  c  !wlv  nor  the 
practice  as  L,  T  arid  X  junctions  axis-  iu  ii  f  feront  formats, 
manner  in  which  the  teams  wore  .  vi-.ied  up  for  the  SKA  mob 
however,  results  in  any  two  Pc.  a  a  -/ays  bo i rig  at  right  ji,.i  l , 
■ich  other  (fiq.i).  For  e  x  t .  •  •  n-.l  1  w ;a  ati-i  as  -m,?  i 

beam  and  not  split  into  t.h  *  •••.  t  :.  tf  A, us  to  s  imp  i  ify  •  t_e 
each  junction  was  r-vv  •-.eg-  ;  -  :  -1  unc t  one.  -  o  i 

4  .nether,  with  the  .  ’  • .  • .  Act  r  ..  • 

c.t  T  cu  lotions.  'this  :  i  •  •$  r.  •  r  ,s  ;  u  t  o 
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For  comparison  w\~  n  the  me  a  si.- fed  aa^a,  the  hen<i  i  r  .:  w 
contributions  are  assumed  to  d?  the  meat  important.  Since  iu 
cise  of  the  1.  section  cross  sea  ion,  both  bending  waves  - 
contribute,  it  was  assumed  that  th~  two  waves  were  i ndependent 
each  other  and  of  random  phase,  this  permitting  their  m*i‘ 
on  a  root  mean  square  basis.  1 1  c'>..!'i  fp  a  rnue-i  that  i  >r  t  *•> 
section  beams  there  may  be  a  tv  sic.il  w-a  contribution  \  > 
measured  data,  in  addition  to  t>.»  ■  v-o  resolved  oend  im  wav 
Such  contributions  were  not  considered  however, 

The  predicted  levels  a  re  compared  with  tlm  measure  i  lata 
fig.  10  for  beams  1-4  and  n  -  8  respect.  n-,-i  v.  Three  nred  i  ct 
curves  are  shown  on  each  Ciouro  consisting  of  two  seuerati-  L  - 
r-  r  the  longitudinal  arid  hjrst.in.il  ...  ves  and  one  t  me  j'ol 
•ombined  bending  wave  contributions. 
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The  general  shape  of  the  predicted  curves  with  frequency  is 
rather  disappointing.  Whereas,  previously,  the  inclusion  of  the 
beam  acoustic  radiation  values  had  produced  a  dip  at  3.15  kHz, 
this  dip  is  now  hardly  noticeable  and  the  predictions  no  longer 
follow  the  measured  curves.  It  is  not  entirely  clear  why  this 
change  has  occurred  but  it  may  be  due  to  the  fact  that  the 
increased  structural  damping  of  T%  to  each  wave  type  has  swamped 
the  acoustic  damping  term,  certainly  the  prediction  is  now  lower 
in  level  than  previously,  which  means  that  agreement  with  the 
measured  data  is  better,  but  to  the  detriment  of  the  general 
shape  of  the  curves. 

Taking  the  wave  types  in  turn,  the  combined  bending  wave 
(which  is  the  wave  type  most  likely  to  be  representative  of  the 
measured  data)  is  showing  good  agreement  throughout  the  frequency 
range  for  L  section  beams  1-4  .  Beams  5-8  show  equally  good 
agreement  at  low  frequencies  but  are  overpredicted  at  mid  and 
high  frequencies.  Similar  differences  were  obtained  for  the  T 
section  beams. 

Suprisingly  the  longitudinal  wave  (in  terms  of  junction 
transmission  effects)  produces  the  largest  contribution  of  all 
the  wave  types  and  can  certainly  not  be  ignored  in  any  SEA 
prediction  model  of  this  type  of  structure.  The  torsional  wave 
contribution  for  the  L  section  beams  is  generally  5-15  dB  below 
the  other  two  wave  types  but  is  still  nevertheless  an  agent  for 
transporting  energy  around  the  structure.  Changing  the 
distribution  of  input  energy  on  the  drive  point  beam  17  between 
the  different  wave  types  in  "the  calculation  procedure  had  only  a 
marginal  effect  on  the  agreement  with  measured  data. 

One  disconcerting  factor  of  the  whole  prediction  process, 
and  the  reason  why  the  agreement  with  measured  data  at  high 
frequencies  is  poor,  is  the  similarity  in  predicted  levels 
throughout  the  cabin  box  beam  structure.  In  other  words  there  is 
almost  equipartition  of  energy  across  the  structure  according  to 
the  prediction  model.  This  is  not  true  in  practice  since  the 
measured  levels  generally  decrease  with  increasing  distance  from 
the  drive  point.  In  fact,  across  the  whole  stiucture  there  is  a 
variation  m  measured  level  of  15  dB  at  low  frequencies  and  25  dB 
at  high  frequencies,  compared  with  5  dB  and  10  dB  respectively 
for  the  predicted  bending  waves.  An  increase  in  predicted 
structural  damping  level,  particularly  at  high  frequencies, 
would,  however,  improve  the  situation. 


5.  REVISED  BEAM  AND  PANEL  MODEL 

The  improved  beam  model  was  inserted  beck  into  the  original 
SEA  model  to  see  what  benefits  might  accrue  to  the  predicted 
panel  acceleration  and  cavity  noise  levels.  This  time, 
absorption  effects  of  the  cavity  were  included  by  modifying  the 
cavity  loss  factor  in  accordance  with  measured  reverberation  time 
measurements.  An  extra  element  representing  the  external 
receiving  space  (reverberation  room)  was  also  inserted,  making  a 
96  x  96  SEA  matrix. 

The  results  are  presented  in  figure  11  for  the  same  panel 
elements  23-  25  and  cavity  element  29  as  before.  Compared  with 
the  previous  results  of  figure  4,  the  revised  predictions 
surprisingly  show  no  improvement  in  panel  acceleration  level 
agreement.  Marginally  better  agreement  for  panel  23  is  offset  by 
a  deterioration  in  nigh  frequency  agreement  of  panel  25.  The 
cavity  noise  level  is'aiso  slightly  worse  at  mid  frequencies. 
This  is  probably  due  to  the  inclusion  of  the  beam  acoustic 
radiation  and  a  reduced  contribution  from  this  source  in  the 
predictions  would  improve  matters.  The  cavity  absorbtion  effects 
nave  helped  to  reduce  the  high  frequency  discrepancies. 

Similar  results  and  conclusions  were  obtained  for  the 
sandwich  panels  (although  not  shown  ),  but  the  equipartition  of 
energy  problem  previously  highlighted  for  the  acceleration  level 
distribution  still  exists,  however,  on  both  sets  of  panels. 
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6.  CONCLUDING  remarks 

The  development  of  an  SEA  model  for  a  cabin  box  structure 
tis  given  promi >inq  agreement  with  measured  data  for  1% 
s: ;  .ctural  camping  particularly  at  low  and  mid  frequencies.  At 
iLj.i  frequencies  the  agreement  is  poor  with  the  model 
over  predicting  toy  up  to  lOcIB. 

Por  a  ‘beam  only'model  it  is  necessary  to  allow  for 
Lut  i  .  s ma  1  and  torsional  wave  transmission,  and  include  beam 
-an  .1 c  radiation.  Despite  the  assumptions  made  regarding  beam 
junction  modelling,  the  agreement  on  a  flexural  wave  comparison 
ls  again  quite  good ,  particularly  at  low,/  mid  frequencies  and 
cur:  •  ;  1  ar  1  y  for  the  outer  lengthwise  beam  members. 

. t  is  questionable,  however,  whether  the  sophistication  of 
•urate iy  modelling  beams  and  beam  junctions  etc.  is  necessary 
rge  panelled  structures  since  to  a  first  approximation 
i  o. !  .-U'liai)  J  e  results  have  been  obtained  with  simple  beam  junction 
m-  •  s,  particularly  for  the  cavity  noise  level. 

/.■.fortunately,  the  one  area  of  disappointment  is  the 
.  - for  the  predicted  acceleration  data  to  show  almost 
•  ....art  it  ion  of  energy  around  the  structure.  The  model  is 

i.Aub^.  y  not  functioning  correctly  yet  for  either  beam  or  panel 
■  to  ail  'is  an  area  requiring  further  research. 
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1  .  INTRODUCTION 

The  introduction  of  light-weight  materials  in  automobiles  and  aircraft 
lias  created  an  interest  in  predicting  sound  pressure  levels  and  displace¬ 
ment  fields  in  these  type  of  vehicles  to  ensure  passenger  comfort.  For  small 
fluid  volumes,  measured  in  acouftic  wavelengths,  enclosed  in  thin  flexible 
structures  the  s ti uc ture-acous t i c  interaction  becomes  significant  and  hence 
the  two  physically  separated  system  has  to  be  considered  coupled  in  the 
anti  lysis.  Various  methods  are  used  to  treat  this  problem  such  as  the 
Green’s  Function  Method. the  Modal  Analysis  Approach.  Statistical  Energy 
Analvsis,  ihe  Boundary  Element  Method  (HEM)  and  the  Finite  Element  Method 
(H-M). 


This  paper  is  concerned  with  the  '-'inite  Element  Modelling  of  this 
coupled  structure  acoustic  system  under  various  typos  of  loadings.  The 
coupling  between  the  structural  motion  and  the  fluid  variable  is  done  by 
direct  integration  on  the  element  level.  Special  interest  is  put  on 
different  formulations  of  t.hc  coupled  differential  equations  lending  to  a 
symmetrical  or  non- symmetrical  set  of  discrete  equations  due  to  different 
choice  of  primary  variables  in  the  fluid  domain.  Although,  the  coupled 
system  is  physically  conservative  (ignoring  fluid  and  structural  damping) 
i'.on-symme  t  r  ical  systems  of  equations  are  achieved  for  certain  choice  of 
pr i mar y  vat iables . 

A  symmetric  formulation  is  preferable  because  symmetric,  equation  solvers 
and  eigenvalue  solvers  are  more  highly  developed  and  also  require  less 
computer  storage.  A  physical  formulation  introduced  by  Sandberg  [1]  oased 
on  the  displacement  potential  function  leading  to  symmetrical  equations  is 
presen t  cd . 

Acoustic  elements  liave  been  implemented  for  small  amp1 l fide  coupled 
vibrations.  Numerical  results  are  given  lor  harmonic  a  a  transient 
excitation  of  one-  and  two-dimensional  models.  Test  runs  are  also  made  with 
commercial  FE -codes  emptying  acoustic  elements  like  ABAQUS  and  ASKA . 

A  laboratory  setup  of  a  three  dimensional  idealized  automobile 
compartment  done  by  SAAB  Gar  Industry  is  presented.  Acoustic  field  and 
vibration  characteristics  of  this  structure-acoustic  system  received  from 
measurements  is  p.anned  to  he  available  in  March  19SS  for  comparison  to 
name  t  i  <  a  1  rest)  Its. 

Numerical  calculations  are  carried  out  on  an  IBM  dO'K)  vector  computer 
arid  results  visualized  on  a  graphical  device  by  the  CARDS  software  package . 
Gieat  effort  ir  done  on  working  out  routines  for  acoustic  visualization  of 
harmonic  and  transient  loadings  and  example  of  this  is  shown  on  slides. 


2.  FINITE  ELEMENT  FORMULATION  OF  GOVERNING  EQUATIONS 
2 . 1  Mathematical  description 

The  structural  motion  is  governed  by 

L(us)  =  Fs(r.t)  (1) 

where  L  is  a  partial  differential  operator  with  respect  to  time  and  space, 
is  the  structural  displacement  field,  which  depend  on  the  material  point 

co-ordinate  r  and  time  t.  and  Fg  is  an  external  time  dependent  load.  At  the 

wet  surface,  i.e.  the  fluid-structure  interface  the  boundary  condition  is 
described  by 

Ff(r,t)  =  p(r.t)n  (2) 

where  p  is  the  ambient  fluid  pressure  and  n  is  the  outward  unit  normal 
vector  to  the  fluid  domain. 

The  fluid  is  assumed  to  be  compressible,  but  irrotational  and 
inviscid.  Further,  we  assume  the  fluid  velocity  to  be  considerably  smaller 
than  the  speed  of  sound.  Conservation  of  mass  and  linear  momentum  then 
yields 


p  +  ps  v-v  =  q  (3) 

. 

Ps  v  +  v p  =  0  (4) 

where  p  and  p^  is  the  ambient  and  static  fluid  density  respectively,  v  is 

the  fluid  velocity  field,  q  is  the  added  fluid  mass  per  unit  volume  and 

time,  p  is  the  total  fluid  pressure  and  v  is  the  del  operator.  (Partial 
time  derivatives  are  denoted  by  dots). 

Equations  (3)  and  (4)  together  with  the  equation  of  state,  assuming 
fluid  motion  to  be  independent  of  temperature. 


p  =  p(ps+p)  (5) 

constitute  a  mathematical  model  for  a  linearized  flow.  The  equation  of 
state  can  be  expressed  as 

P  =  Ps  +  P  ~  ps  +  c2p  (6) 

where  p  and  p^  is  the  ambient  and  static  fluid  density  respectively  and  c 
is  the  speed  of  sound. 


By  combining  (3).  (4)  and  (5)  we  can  establish  the  wave  equation  with 


source  terms  like 


r 


P  =  cVp  ♦  q  (7) 

or  in  terms  of  pressure 
2  2  2* 

p  =  cvp  +  cq  (8) 

Applying  the  gradient  to  (3)  and  the  partial  time  derivative  to  (4)  we  get 
the  wave  equation  in  terms  of  the  velocity  field 


••  2  2  c2 

v  =  c  V  v  -  —  cq 

ps 


O) 


Integrating  (9)  with  respect  to  time  gives  in  terms  of  the  fluid 
displacement  field  u^. 

'  2 
2  2  c  _ 

uf  =  c  v  uf  -  —  vQ  (10) 

t 

where  Q  =  /  qdt 

o 


Introducing  the  displacement  potential  ^  defined  by 

(11) 

we  can  rewrite  (10)  to 

2 

••  2  2  c 

*  =  cV>  -  --  Q  (12) 

Ps 

Thus,  we  have  derived  five  alternative  formulations  of  the  wave  equation 
with  respect  to  the  choice  of  primary  variable. 

We  treat  the  fluid  close  to  the  boundary  as  a  continuum  and  assume 
that  the  displacement  field  at  any  time  must  be  a  continuous  mapping  of  the 
initial  state.  Hereby,  the  displacement  of  the  structure  and  the  normal 
component  of  the  fluid  motion  coincide 

us*n  =  V'p'D  =  uf*n  =  usf  (13) 

where  u^  is  the  structural  displacement  component  perpendicular  to  the 

fluid  boundary.  The  fluid  boundary  condition  is  in  this  paper  concerned 
about  the  fluid-structure  interface  even  though  other  boundary  conditions 
could  be  incorporated,  see  [l]. 


2 . 2  Finite  Element  Formulation 

The  aim  of  this  section  is  to  show  how  the  choice  of  primary  variable 
effects  the  symmetry  of  the  discretized  coupled  system  of  equations.  The 


H  r>  9 

f 

» 


derivation  of  the  finite  element  formulation  in  the  fluid  domain  Is  based 
on  the  weak  formulation  of  the  governing  equations  and  on  the  Galerkin 
procedure . 

Choosing  the  pressure  variable  to  be  the  independent  variable, 
equation  (8)  can  be  rewritten  by  multiplication  by  a  test  function  w=w(r). 
integrated  over  the  total  fluid  domain  and  using  Green  s  first  formula  to 
get 


/w  p  dV  +  c2/(vw)*(vp)  dV  =  c2/w  q  dV  +  c2/w  vp*n  dS  (H) 

V,  V  VS 


where  In  the  last  term  we  can  use  (4)  noting  that  vp  =  vp  since  vpg  =  0  and 

the  last  equivalence  in  (13).  The  discretized  form  of  (14)  can  be 
established  by  the  expansion 

p(r.t)  =  2  Nj(r)P  (t)  (15) 

J  J 

where  Nf  is  the  shape  function  in  the  fluid  domain  and  Pj(t)  is  the 
time-dependent  pressure  at  the  associated  nodal  point. 

Using  the  standard  Galerkin  procedure  and  letting  w  e  {Nf}  we  get 


M.  P  +  Kf  P  =  -L  +  L 
f  f  s  q 

where  P  is  the  unknown  nodal  pressure  column  matrix  and 


(16) 


(Hf>u  =  l  "j  "r  dV 

(17) 

<Kf>u  - c2  { K>  • 

(vNjj)  dV 

(18) 

(Ls'l  -  c\  l  "sf 

dS 

(19) 

(Lq)i  -  c2  /  N|  q  dV 

(20) 

A  discretized  formulation  of  the  structure  is  based  on  the  expansion 
of  the  structural  displacement  as 

u  =  2  NJ  UJ  (21) 

S  J  s  s 

where  is  the  discrete  value  of  the  structural  displacement  at  point  j. 
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For  an  undamped  structure,  for  short,  we  get 


MU  +  K  U  =  L  +  Lf 
s  s  s  s  s  f 


where  M  and  K  are  the  symmetric  mass  and  stiffness  matrices.  L  is  the 
s  s  s 

structural  load  vector  due  to  the  external  loads  and  L^.  is  the  fluid  load 
vector  due  the  coupling  effects.  Using  the  shape  function  set  in  the 
structural  domain  gives 

(L  )i  =  /  N  -n  p  dS  (23) 

S 

Thus,  we  have  established  two  system  of  matrices  (16)  and  (22),  one 
for  each  domain,  linked  together  by  the  coupling  matrices  and  L^. . 

Comparing  (13).  (19),  (2')  and  (23),  we  may  write 

LS  =  MCUS  ^ 


where 


(M  ) .  .  =  c2p  /  N*  Nj-n  ds 
c'ij  Ks  i  f  s 


L.  =  K  P 
f  c 


where 


(KJjj  -  /  Ng-n  Njj  dS  (27) 

5 

Thus,  shifting  and  L^.  to  the  left  hand  side,  we  finally  get  an 
unsymmetric  system  of  equations  of  the  form 


M  0  U  +  K  -K  U  =  L 

s  s  s  c  s  s 

M  Mf  P  0  Kf  P  L 

c  f  f  J  qj 


This  system  can  be  rewritten  to  a  symmetric  form  in  the  harmonic  case  since 
2  T 

Mc=c  Ps^c-  This  approach  is  used  in  ABAQUS  Version  4.6  thus  excluding  the 
possibility  of  transient  analysis. 

Another  choice  of  independent  variable  may  be  the  displacement 
potential  function  '(/.  Using  the  expansion 


*(r.t)  =  2  N^(r)  *j(t) 


(29)  ' 
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the  corresponding  derivation  from  (12)  will  end  up  with  the  unsymmetric 
system 


where  K  .  K.  and  K  is  defined  above  and 
c  f  c 


(30) 


(31) 


However,  a  symmetric  formulation  can  be  achieved  by  combining  the 
pressure  and  the  displacement  potential  formulation.  To  do  this  from  a 
physical  point  of  view  we  have  to  start  from  (3)  and  (-1).  We  substitute 
(11)  in  (3)  and  (11)  and  (6)  in  (4)  to  get 


1*  •  2*  1  • 

-  p  +  V  *  =  —  q 

psc 


(32) 


vp  +  psv^‘  =  0  (33) 

Integration  of  (32)  with  respect  to  time,  assuming  the  system  to  be 
initially  at  rest,  and  using  w  as  a  test  function  yields  the  following 
integral  equation 

■p  /  wp  dV  -  /  vw  •  V'/'dV  +  /  w v*P  •  ndS  =  —  (  wQdV  (34) 

P  c  V  V  S  ps  V 

s 

By  using  vw  as  test  function  we  find  the  weak  form  of  (33)  to  be 

/vw-vpdV+p  /vw-v^dV=0  (35) 

V  s  V 

Expanding  p  and  +  in  different  shape  functions  set  (N  }  and  (N  ),  and 
running  w  over  (Np)  in  (34)  and  over  {N^}  in  (35)  results  in 


-^-5-  M  P  -  BT*  +  MT  U  =  L 
pc2  P  esq 

s 

(36) 

BP  +  p  K.  t  =  0 

s  f 

(37) 
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(38) 


3.  NUMERICAL  EXAMPLES 


3. 1  One  dimensional  example  with  frequency  separation 

To  illustrate  a  coupled  problem  where  an  exact  analytical  solution  can  be 
obtained  we  consider  a  tube  of  length  L  and  unit  cross  sectional  area  A. 
terminated  by  a  rigid,  moveable  plug  of  mass  m  and  supported  by  a  spring 
with  stiffness  k  as  shown  in  Fig.  3.1.  The  tube  is  filled  with  water. 


L 


Fig.  3.1  Tube  filled  with  water  and  with  an  elastically  mounted  termination 
plug,  c  =  1500  m/s,  p  =  1000  kg/m3,  L  =  3  m,  A  =  1  m2 ,  m  =  200  kg, 
k  =  493-48  MN/m 


The  eigenfrequencies  of  this  system  can  be  analytically  determined  by 


2 

w 


n 


V: 

m 


cot 


w  L 

(-T-) 


(J 

n 


(45) 


with  notations  from  Fig.  3.1 


In  the  finite  element  analysis  the  fluid  domain,  is  discretized  by  three 
one -dimensional  quadratic  fluid  elements  and  the  result  is  shown  in  Table 
3.1  for  the  three  lowest  modes. 


Pipe 


Analvtial 


Uncoupled 

Coupled 

EE 

Uncoupled 

Coupled 


250.0  500.0 

144.0  362.4 


250.2  505.4 

143.2  363.5 


Mass-Spring 


594 . 1 


250.0 


601.8 


250.0 


Table  3.1  Uncoupled  and  coupled  eigenfrequencies  by  use  of  three  fluid 
elements 
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In  Table  3.1  we  see  the  result  of  a  typical  frequency-separation  in  a 
hard-coupled  system.  Further  the  agreement  between  the  analytical  and  the 
finite  element  solution  is  good. 


3 . 2  Two  dimensional  example  of  transient  structuial  exitntion 

A  two  dimensional  fluid  domain  enclosed  by  rigid  walls  and  divided 
into  two  parts  by  a  thin  structural  member  is  analized  for  a  transient 
structural  load.  The  model  with  the  fluid  element  mesh  indicated  is  shown 
in  Fig.  3.2.  Fluid  element  used  is  a  four  node  quadrilateral  element  made 
up  of  four  triangular  elements  where  the  midnode  is  regarded  as  a  slave 
node.  The  structural  member  is  simply  supported  at  both  ends  and  is 
modelled  by  two  node  beam  elements  having  a  third  degree  polynomial 
approximation. 


Fig.  3.2  The  fluid  mesh  and  the  intersecting  beam.  The  beam  elements 
(L  =  24  cm)  are  given  data  corresponding  to  a  2  mm  steel  sheet 

with  E  =  200.0  Gpa,  v  =  0.0.  p  =  7830.0  kg/m3. 

This  system  is  analized  for  two  cases;  a  simple  non-interacting 
structure,  and  the  room  filled  with  air  (pg  =  1.29  kg/m3  and  c  =  340  m/s). 

In  each  domain  the  numerical  resolution  is  linked  to  the  physical 
wavelength  and  oil..;  I.c  coupling  .out  ines  lock  a  cei  tain  number  of 
structural  elements  to  a  certain  number  of  fluid  elements,  it  is  only  at  a 
fixed  frequency  that  the  coupling  routines  produces  numerical  resolution  of 
the  same  quality  in  both  the  structural  and  fluid  domains.  In  harmonic 
analysis,  the  element  size  in  the  structural  and  fluid  domains,  can  be 
adjusted  to  get  the  appropriate  accuracy  in  the  frequency  range  of 
interest.  In  a  transient  analysis,  the  element  size  puts  a  limit  to  the 
possibility  of  detecting  the  high  frequency  content,  and  because  the 
decrease  of  wavelength  in  the  fluid  is  faster  than  in  the  structure  as  the 
frequency  increases,  the  fluid  element  size  define  this  upper  limit. 

The  element  coupling  and  the  corresponding  shape  functions  at  the 
fluid-structure  interface  used  in  this  example  are  shown  in  Fig.  3.3.  Thus, 
along  the  boundary  of  the  flexible  structure  each  beam  element  couples  to 
three  fluid  elements. 


Unit  slope 

a )  b) 


Fig.  3.3  The  fluid-structure  element  coupling  (top).  Shape  functions  at 
the  fluid-structure  interface  (bottom)  for  a)  beam  b)  fluid. 

A  vertical  transient  point  load  is  applied  at  the  centre  of  the 
structure  with  the  corresponding  load  vector 

L*  =  [0  ...  -1  ...  0]T  f(t)  (46) 

where 

2.0  t  (kN)  0  <  t  <  1  ms 

f(t)  =  • 

2.0  (kN)  t  M  ms 
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The  calculations  were  performed  using  a  Newmark- type  implicit 
algorithm,  see  [l].  The  structural  displacement  at  the  locations  I,  II  and 
III  is  shown  in  Fig.  3.4. 


Fig.  3.4  The  displacement  time  history  for  a  non-interacting  beam  (left) 
and  an  interacting  beam  (right). 

We  note  the  dramatical  decrease  in  the  displacement  amplitude  due  to 
the  coupling  effects.  We  may  also  note  the  high-frequency  content  in  the 
solution  for  the  interacting  beam  and  that,  while  the  centre  node  (III) 
vibrates  below  its  unloaded  position,  node  (I)  vibrates  above  that 
posi tion. 


4. 


LABORATORY  MODEL  OF  AN  IDEALIZED  AUTOMOBILE  COMPARTMENT 


A  laboratory  setup  of  an  Idealized  automobile  compartment  is  built  by 
SAAB  Car  Industry.  The  shape  of  the  car  model  is  illustrated  in  Fig.  4.1 
and  its  major  dimensions  are  3.0  x  1.6  x  1.0  (m;.  Ail  walls  are  made  of 
1  mm  steel  exept  the  front  and  rear  "windows"  that  are  made  of  2  mm  steel. 
The  two  longer  side  walls  and  the  roof  are  slightly  curved  while  the  other 
panels  are  flat.  All  edges  are  considered  to  be  stiff. 


Fig.  4.1  Three  dimensional  idealized  laboratory  setup  of  an  automobile 
compartment . 
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ANALYSIS  OF  Tin"  TRANSMISSION  OF  SOUND  INTO  THE  PASSENGER  COMPARTMENT 
OF  A  PROPELLER  AIRCRAFT  USING  THE  FINITE  ELEMENT  METHOD 


Peter  Goransson 

FFA,  The  Aeronautical  Research  Institute  of  Sweden 


1.  INTRODUCTION 

The  ever  increasing  interest  in  propeller  driven  aircraft  poses  dif¬ 
ficult  problems  in  the  struggle  to  obtain  sound  pressure  levels  which  com¬ 
pare  favourably  with  tiose  found  in  modern  jet  aircraft.  Not  only  is  the 
propeller  a  hardly  understood  source  of  noise,  but  its  spectrum  is  of  an 
extremely  cumbersome  nature.  The  distinct  peaks  at  low  frequencies,  starting 
with  the  first  blade  passage  frequency  and  continuing  with  the  harmonics, 
forces  the  acoustician  to  control  pure  tones  which  have  acoustic  wave 
lengths  in  comparison  with  the  dimensions  of  the  aircraft  itself.  The  re¬ 
sponse  of  the  aircraft  structure  and  interior  is  mainly  governed  by  global 
modes,  some  of  which  couple  the  structure  to  the  acoustic  field  strongly. 

In  this  state  of  complexity  the  finite  element  method  has  been  used  quite 
extensively  resulting  in  a  wider  understandi ng  of  these  difficult  matters, 

[  1  ]. 

In  this  paper,  acoustic  finite  elements  are  used  to  analyse  the  trans¬ 
mission  of  sound  through  the  double  shell  represented  by  the  fuselage  skin 
and  the  composite  trim  panels.  In  particular  the  scope  is  to  show  the  rela¬ 
tive  effects  of  changes  in  the  trim  panels  material  data  and  installation. 
Similar  work  has  been  published  recently  by  Pope  et  al  [ 1  ].  In  that  paper  an 
aircraft  interior  ncise  prediction  model  was  discussed.  The  fundamental 
difference  in  approach  between  Ref.  [1]  and  the  current  paper  is  that  here 
the  transmission  analysis  is  based  upon  a  coupled  acousti c-structure  FE 
formulation,  [2],  while  in  the  former  the  uncoupled  modes  are  used.  Earlier 
analyses  have  shown  that  this  coupling  is  sometimes  very  strong,  thus 
causing  large  frequency  shifts  compared  to  the  in  vacuo  resonance  frequen¬ 
cies  for  the  structure,  [2,  3]. 

The  analyses  are  performed  with  the  FE  system  ASKA-Acousti cs,  [3], 
which  is  a  joint  development  project  between  FFA  and  Saaba-Scania  AB. 


2.  IDEALISATION  OF  AIRCRAFT  FUSELAGE 

In  the  analyses  performed  in  this  paper  the  behaviour  of  the  fuselage 
wall  and  the  trim  oanel  is  simplified  to  a  plane,  two  dimensional  dynamic 
fluid-structure  model.  The  aircraft  is  modelled  as  a  true  double  shell  with 
isolated  air  cavities  in  the  interior  and  in  the  double  wall  space.  This  is 
to  some  extent  a  crude  model  since  in  the  aircraft  the  trim  panels  are 
mounted  to  the  frames  of  the  fuselage.  Of  course  such  a  three  dimensional 
attachment  is  not  possible  to  cover  in  a  plane  model,  but  this  will  be 
simulated  by  means  of  mechanical  connections  between  the  fuselage  and  the 
trim  panel . 


Hfv» 


The  fuselage  structure  and  the  trim  panel  are  modelled  with  beams 
which  have  been  given  section  properties  equivalent  to  a  slice  of  the  real 
aircraft.  Hence,  in,  e.g.,  the  moment  of  inertia  of  the  fuselage  beams,  mass 
and  stiffness  from  the  skin  and  the  longerons  are  included.  For  the  trim 
panel  the  stiffness  and  the  mass  are  given  values  according  to  manufacturers 
and  measurements  that  have  been  performed. 

The  material  data  used  for  the  beam  section  properties  of  the  trim 
panel  are  shown  in  table  i,  for  the  four  different  design  cases  studied  in 
this  paper.  It  should  be  pointed  out  that  the  mechanical  connections  are 
comparatively  stiff  and  so  are  the  floor  part  of  the  trim  shell  which 
supports  seats,  etc. 


Trim  panel 

properties 

Mechanical 

wal  1 

floor 

coupl i ng 

Case 

E 

I 

p 

E 

I 

P 

[N/m2] 

[m4! 

[kg/m3] 

[N/m2] 

[*4] 

[kg/m3  ] 

m 

12  *  10  9 

1.9- 

10-9  767 

7  *10  1 0 

11  -10-7 

280C 

yes 

■  i 

II 

II 

278 

ll 

ll 

it 

yes 

■  i 

ll 

II 

767 

ll 

ll 

ll 

no 

Hi 

II 

II 

278 

ll 

li 

ll 

no 

Table  1.  Properties  for  trim  panel  in  the  different  cases  studied 

The  first  case,  case  1,  in  the  analysis  is  to  be  considered  as  the 
basic  design.  Here  the  fuselage  and  the  trim  panel  are  in  mechanical  contact 
and  the  density  of  the  trim  panel  is  high.  This  case  will  serve  as  the 
reference  for  comparisons.  Case  2  is  similar  to  case  1,  the  difference  being 
a  lighter  trim  panel.  However,  case  3  is  of  a  quite  different  type  since 
here  the  trim  panels  are  uncoupled  to  the  fuselage  except  for  the  fluid- 
structure  interaction.  This  represents  some  kind  of  ideal  mechanical  vi¬ 
bration  isolation  and  is  of  an  extreme  design.  The  last  case,  case  4,  dif¬ 
fers  from  case  3  in  the  density  of  the  trim  panel  which  is  the  same  as  in 
case  2. 

These  four  cases  were  analysed  for  eigen  frequencies  and  eigen  modes, 
in  the  range  80-110  Hz.  For  the  same  cases  a  response  calculation  was  per¬ 
formed  with  a  pressure  field  having  a  maximum  pressure  of  130  dB  SPL  at  90 
Hz,  see  figure  3a.  This  frequency  corresponds  to  the  fundamental  tone  of  a 
four  bladed  propeller  at  cruising  conditions.  The  pressure  field  is  purely 
real,  i.e.,  effects  of  propeller  phasing  are  not  included. 

It  is  believed  that  this  ideal  model  will  serve  as  a  reliable  tool  for 
the  study  of  mechanisms  and  qualitative  effects  on  the  sound  transmission  at 
low  frequencies. 
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EIGENVALUE  analysis 


The  eigen  frequencies  for  the  four  different  cases  in  table  i  are 
shown  in  table  2. 


Case 

Eigen  frequencies 

1 

81  85  87  95  109 

2 

86  102  104 

3 

92  94  105 

4 

81  95  100 

wi thout 

38  110 

trim  panel 

Table  2  Calculated  eigen  frequencies 

In  this  table  the  results  of  an  analysis  of  the  fuselage  without  the 
trim  panels  are  included  for  comparison.  As  may  be  seen  chere  are  more  modes 
in  the  interesting  reg;on  when  the  trim  is  taken  into  account.  A  change  in 
the  density  of  the  trim  panels  shifts  the  frequencies  of  the  modes  dominated 
by  the  inner  shell  quite  a  lot  as  expected.  The  eigen  modes  around  90  Hz  for 
the  two  extremes,  i.e.,  case  1  and  4,  are  showr  in  figure  I  and  2  re¬ 
spectively.  The  lower  f-equencies,  87  Hz  for  case  1  and  8i  Hz  for  case  4, 
have  similarities  in  the  pressure  field  while  the  structure  in  case  i  does 
not  move  as  much  as  in  case  4.  However,  for  the  frequencies  above  90  Hz, 
i.e.,  95  Hz  for  both  cases  the  pressure  patterns  are  different  due  to 
differences  in  vibration  shapes  of  the  trim  panel.  In  fact,  as  may  be  seen 
in  figures  la  and  2a,  the  air  is  viorating  in  two  different  modes.  The  nodal 
line  (zero  pressure)  goes  from  wall  to  wall  in  case  1  ana  from  top  to  floor 
in  case  4.  Similar  changes  in  modal  patterns  for  the  fluid  due  to  changes  in 
the  coupling  to  the  structure  might  also  be  observed  for  the  other  cases  in 
tab  1  r1  2. 


4  RESPONSE  ANA YSTS  FOR  UNDAMPED  AIRCRAFT 

The  pressure  field  discussed  above  was  applied  to  the  outside  of  the 
fuselage  for  the  four  different  cases,  without  damping  in  the  system.  The 
primary  objective  is  to  study  the  transmission  through  the  double  wall 
system  into  the  passenger  compartment  inside  the  trim  panel.  Hence,  the 
results  discussed  in  this  chapter  might  be  seen  as  effects  of  different 
approaches  to  the  design  problem.  The  focus  will  be  on  the  obtained  SPL  in 
the  interior  and  to  some  extent  vibrations  of  the  structures. 


4. 1  Case  1 . 

The  maximum  pressure  level  in  the  interior  is  about  122  dB  and  the 
presssure  field  resembles  the  modal  pattern  in  figure  lb,  as  may  be  seen  in 
figure  3a.  The  structural  vibration,  though  seems  to  be  a  mix  between  the 
modes  below  and  above  90  Hz,  The  fuselage  has  a  smaller  amplitude  than  the 
lighter,  stiffer  trim  panel  which  excits  the  air. 


4.2  Case  2 


Decreasing  the  weight  of  the  trim  panel  is  advantageous  as  m^y  be  seen 
in  figure  3b.  The  maximum  pressure  is  119  dB,  a  decrease  mainly  due  to  the 
shift  in  ei genfrequencies.  The  pressure  pattern  is  very  different  in  nature 
as  compared  to  case  1. 


4.3  Case  3 

Removing  the  mechanical  contact  between  the  fuselage  and  the  trim 
panel  moves  one  eigen  frequency  closer  to  the  excitation,  see  table  2.  This 
results  in  an  increase  for  the  maximum  pressure  level  up  to  123  dB  compared 
to  case  1  where  the  maximum  was  122  dB.  Despite  tne  prevention  of  trans¬ 
mission  of  energy  through  mechanical  components  the  levels  go  up,  a  rather 
astonishing  fact.  In  this  case  the  trim  panel  is  vibrating  in  a  shape  which 
is  similar  to  the  92  Hz  mode,  and  also  the  acoustic  modal  pattern  at  this 
frequency  is  seen,  see  figure  4a. 


4.4  Case  4 

A  decrease  in  the  density  from  the  above  case  results  in  a  drastic 
lowering  of  the  maximum  pressure  level  down  to  117  dB  The  vibration  levels 
in  this  case  are  also  small  over  a  large  portion  of  the  trim  panel.  It  is 
also  interesting  to  see  that  the  pressure  pattern  is  different  from  the  one 
observed  in  case  3.  As  may  be  seen  from  figure  4b,  the  nodal  line  is  trans¬ 
verse  from  wall  to  wall  and  more  complex  in  nature. 


4.5  Discussion 


Through  a  variation  of  mechanical  contact  conditions  and  the  density 
of  the  trim  panel,  large  changes  in  the  SPL  in  the  interior  of  the  aircraft 
are  seen  from  the  calculations  performed.  The  best  configuration  seems  to  be 
an  ideally  isolated  trim  panel  with  rather  low  density.  Quite  contrary  to 
common  practice  the  high  density  panel  seems  to  be  the  worst  of  the  studied 
cases.  Of  course  the  background  of  these  results  is  found  in  the  location  of 
the  eigen  frequencies  of  the  different  cases  that  have  been  studied. 


5.  RESPONSE  ANALYSIS  INCLUDING  THERMAL  INSULATION 

To  investigate  the  effect,  if  any,  of  the  thermal  insulation,  an 
analysis  was  performed  for  the  best  design,  i.e.,  case  4.  The  space  between 
the  fuselage  and  the  trim  was  filled  with  a  porous  absorbent,  the  effects  of 
which,  were  included  in  the  analysis.  Previous  calculations  and  experiments 
have  shown  the  possible  existence  of  low  frequency  resorance  effects  of  a 
porous  material,  [ 3  ] .  The  effects,  which  are  dependent  on  the  mass  density 
of  the  material,  have  a  narrow  bandwidth.  This  analysis  was  therefore 
intended  to  show  whether  there  is  any  significant  influence  in  such  a 
complex  situation  as  discussed  in  this  paper.  The  material  choosen  have  a 
mass  density  of  19  kg/m-  and  a  flow  resistance  of  2  *  1 0 u  Ns/m3.  The  density 
have  been  choosen  to  provide  an  optimal  effect  at  90  Hz  and  from  figure  5  it 
may  be  seen  that  indeed,  the  pressure  levels  are  generally  lower  by  about  3 
dB.  As  may  be  seen  from  figure  5  the  pattern  of  the  pressure  field  has  not 
changed  as  compared  to  figure  4b.  The  real  and  imaginary  parts  of  the  dis¬ 
placement  are  also  shown  in  figure  5.  Most  of  the  structural  response  is  in 
phase  with  the  excitation. 


6. 


CONCLUDING  REMARKS 


The  analyses  of  an  aircraft  cross  section  discussed  in  this  paper  show 
that  the  transmission  of  low  frequency  sound  is  strongly  dependent  on  the 
dynamics  of  the  fuselage-air-trim-air  system.  The  maximum  SPL  may  vary  from 
123  down  to  118  dB  in  the  extreme  cases  where  only  attachment  and  density  of 
the  trim  panel  are  changed.  The  results  also  show  that  a  porous  absorbent  in 
the  air  space  may  give  an  additional  decrease  down  to  a  maximum  of  114  dB  by 
carefully  tuning  the  mass  density  of  the  porous  material. 


7  ACKNOWLEDGEMENTS 

This  work  was  sponsored  by  the  Swedish  Boara  for  Technological 
Development.  The  author  is  indebted  to  Mr  Urban  Emborg,  Saab-Scania  Aircraft 
Division,  for  inspiring  discussions  about  problems  in  double  wall 
transmi ss i on . 


8  REFERENCES 

1  *-•  i' •  P0I>i->  •CLdY  and  J.f.  L/ILdY  198/,  J.  Sound  and  Vibration 

118(3),  449-461.  Propeller  aircraft  interior  noise  moael  ,  Part  1: 
Analytical  model. 

2  G.  SAKDBKRG  arc  P.  corassso'C  1988,  To  appear  in  J.  Sound  and 
Vibration.  A  symmetric  finite  element  formulation  for  acoustic  fluid- 
structure  interaction  analysis. 

3  P.  >;0RA.\J30o  aid  i  .  jav ijsjon  1986,  The  Aeronautical  Research 
Institute  of  Sweden,  FFA  TN  1986-70.  Eigenvalue  analysis  of  2D 
aircraft  fuselage  beam  model  and  fuselage  air  cavity  using  a  symmetric 
fluid-structure  interaction  finite  element  formulation. 

4  ’•  'jORAXSSoX  1986,  Saab-Scama  Aircraf  Division,  Sweden. 

TKH  R-3608  ASKA-Acoustics .  Overview  of  capabilities. 

5  BVrtOP.'.’  1987,  Saab-Scania  Aircraft  Division,  Sweden.  TKME-87.49. 
Measurement  of  double  wall  transmission  in  Saab  Car  Division  Acoustic 
Laboratory,  (in  Swedish). 


Hi  5 


CONTOUR  ixvas 

A  -l.lbRfEtjr 

B  -0.6G4F+O1 

C  -  b .  7  44n  +  0 1 

U  ~Z.e?4C+Q\ 

£  S.51RF-G1 

f  3.Cl5fc*0J 

6  5.934C*01 

H  a.854f*0l 

i  1.1776*0 2 

J  1. 4696+02 

MIN  -l.5l?f>02  X 

MAX  1.0266*0?  ./ 


\ 


.B  — 


\ 

P 


Figure  2 


Eigen  modes  around  90  Hz  for  case  2 
a)  81  Hz,  b)  95  Hz 


MAX  1.218E+C? 


CONTOUR  LEVELS 
A  9 . OOOE+Ol 

B  9 . 300E+0 1 

C  9.6DCE*0} 

D  9.800E*Ol 

E  1 . 020E+C2 

F  ! . 050E+02 

G  1  O0OF*O? 


MAX  t.lB6E*C2 


Frequency  response  at  90  Hz.  Loading  in  response  cases 
a)  case  1 ,  b)  case  2 


Figure  3. 


Figure  4 


Frequency  response  at  90  Hz 
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MODELING  OF  LATTICED  STRUCTURES  FOR  DYNAMIC  ANALYSES 
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1.  INTRODUCTION 

The  dynamic  behavior  of  large  periodic  structures  is  often  analyzed 
using  finite  element  methods  for  a  direct  approach  or  by  replacing  the 
structure  with  an  equivalent  continuum  in  order  to  predict  global  effects 
with  simple  efficient  models.  By  studying  the  propagation  of  harmonic 
waves,  it  is  shown  on  an  example,  that  the  continuum  models  provide  a  low 
frequency  -  long  wavelength  approximation  to  the  behavior  of  the  structure. 
Discrete  structures  exhibit  a  filtering  effect  and  expressions  are  given  to 
determine  the  limits  of  the  pass -band  for  each  mode,  long  wavelength  approx¬ 
imations  to  the  dispersion  curves  are  presented  and  matching  long  wave¬ 
length  behavior  of  the  equivalent  model  to  that  of  the  discrete  structure 
provides  expressions  for  the  equivalent  properties. 

2 .  HARMONIC  WAVE  PROPAGATION  IN  PERIODIC  STRUCTURES 

Propagation  of  harmonic  waves  in  periodic  structures  can  be  studied  bv 
studying  a  single  ceil  [1],  A  typical  cell  is  isolated  and  its  equations  of 
motion  are  written  as 

Mq  +  Kq  =  F  (1) 

The  displacement  and  force  vectors  are  partitioned  as 

q  -  iqL’  qi-  qR>T 

t  (2) 

f  -  {FL,  f1(  fr)t 

where  the  subscripts  L,  i,  and  R  denote  degrees  of  freedom  to  the  left, 
inside,  and  to  the  right  of  the  typical  cell,  respectively.  The  stiffness  and 
mass  matrices  K  and  M  are  partitioned  accordingly. 

The  dispersion  relations  are  obtained  by  solving  the  eigenvalue  problem 

|K(m)  -  u.2M(/i)|  -  0  (3) 

with 

KLL  +  *'RR  +  eMKLR  +  e’^KRL  I  KLi  +  e'^KRi 

KiL  +  e^KiR  |  KU 

r\ 

where  p  -  ikL,  i  —  -1,  k  being  the  wave  number  (2?r/wavelength)  and  L  the 
length  of  the  typical  cell.  The  M  matrix  is  evaluated  in  a  similar  fash¬ 
ion,  the  K  is  being  replaced  by  M’s  in  the  expression  for  K. 
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Propagation  of  harmonic  waves  in  the  plane  truss  of  Figure  1  can  be  stu¬ 
died  using  several  finite  element  models.  Each  member  is  modeled  by  one  ele¬ 
ment,  motion  is  described  by  two  degrees  of  freedom  at  each  node.  In  every 
case  K  and  M  will  be  4x4  matrices  and  solving  the  equation: 

((a  -  b) (d  +  e)  +  c2]  [(a  +  b)(d  -  e)  +  c2]  -  0  (4) 

the  dispersion  relations  are  obtained. 

2 . 1  Discrete  Model  with  Consistent  Mass  Matrices 

Each  member  is  modeled  using  one  classical  frame  finite  element  with 
zero  moment  of  inertia.  Each  element  matrix  will  reduce  to  a  4  x  4,  the 
stiffness  matrix  being  to  that  of  a  2D  truss  element,  but  the  mass  matrix 
now  accounts  for  both  axial  and  transverse  inertias. 

L2  0  78  8  H2 

a  -  kj^Cl-cos  kL)  +  kd  —  -  o2  [Ml(2+cos  kL)  +  —  My  +  (2  +  —  — — )  Md] 

D 2  35  35  pi 


1/  o  27  8  H2 

b  -  -kd  —  cos  kL  -  u>2  [ —  My  +  (1  -  —  — )  Md  cos  «cL] 


c  -  i 


LH 


'35 


[kd  '  « 2  —  Mdl  sin  kL 


55  d2 


(5) 


d  -  lCy  +  kd  —  -  (J2  [ML 


78  +  27  cos  kL 


35 


8  L2 

+  2  My  +  (2  +  -  -)  Md 
55  d2 


H2 


8  L2 


e  -  -(ky  +  kd  —  cos  kL)  -  u/  [My  +  (1  -  - )  Md  cos  kL] 

D2  ^5  D2 

where  kL  -  EAl/L,  ky  -  EAy/2H,  kd  -  EAd/D,  ML  -  ph£  L/6>  Mv  -  p Ay  H/12, 
and  Md  —  pAd  D/6 . 

Since  there  are  4  degrees  of  freedom  in  this  problem  there  will  be  4 
wavemodes  and  4  dispersion  curves  as  shown  in  Figure  1.  Equation  (4)  can 
be  written  as 

+  G«2W2  +03  —  0  (6) 

with  coefficients  of  the  form 

a<  -  +  a^2  cos  kb  +  an  cos2  kL 


li3 


The  coefficients  are  periodic  with  period  kL  -  2x,  so  it  is 
sufficient  to  study  a  2x  interval.  But  since 

w^(kL)  -  w^(-kL)  i  -  1,4 


(7) 


only  the  [0,x]  interval  needs  to  be  considered.  For  the  example  considered 
the  cross-section  areas  were  taken  as  A^  _  go  x  10'^m2,  Ad  ”  ^  x  10‘^m2, 


H 

A 
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Ay  —  60  x  10‘^m^,  Young's  Modulus  E  -  7.17  x  10^  N/m^  and  the  density 
P  -  2768  kg/m3.  The  cell  dimensions  L  -  7.5  m  and  H  -  5  m.  The  dispersion 
curves  plotted  in  Figure  1  exhibit  filtering  effect,  that  is,  for  each 
mode,  the  wave  can  propagate  only  in  a  certain  range  of  frequencies  called 
a  pass-band.  For  very  long  wavelengths  (k  -*  0)  the  structure  behaves  as  a 
beam  or  a  rod  depending  on  the  type  of  motion  being  considered.  This  is 
why  equivalent  continuum  models  have  been  developed  and  are  used  success¬ 
fully  for  analyzing  the  static  and  dynamic  behavior  of  latticed  structures. 

Using  a  Taylor  series  expansion  for  the  sine  and  cosine  functions  in 
equation  5  we  obtain  the  following  long  wavelength  approximations 


W1 


2  _ 


EA 


Z  Y / 


2  Mi 


?pAd  2 


(8a) 


u>2 


2  _  . 


EAd 

2  [EA*  +  0  L3/D3 


2PAZ  +  pAv  ^  +  2Md  2 


(8b) 


<w3 


2  _ 


2  EAd  LH2/D3 


2  _ 


H2  PAZ  +4^r  pXv  U  1  ^  (1  +  li2 

2  140  "  L  6  a  L  35  ^2 

EAy  +  2EAd  H3/D3 

H|_[6  pA2  i  +  pAy  +  2pAd  2  (1  +  ii  ^2_) 


)] 


[  1  +  7  ] 


(8c) 


(8d) 


^d  H3 

where  p  -  1  +  2  - - -  anc.  the  coefficients  c*  and  7  are  not  reproduced  he^e 

EAy  d3 

for  the  sake  of  brevity. 

The  coefficients  ot  and  y  in  equations  (8a)  and  (8c)  are  different  where 
as  they  are  equal  for  a  Timoshenko  beam  as  we  will  show. 

Figure  2  shows  the  4  wavemodes  for  very  long  wavelengths  and  for  the 
case  when  the  wavelength  is  equal  to  the  cell  length. 

For  short  wavelengths  the  behavior  of  the  truss  differs  markedly  from  that 
of  a  continuum.  For  kL  -  x  we  find 


(n')2  - 


12  EAd  H3/D3 


«2 


(9a) 
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9 


(w2 '  > 2  ~ 


6EAy 


H [ 3  pAdD  +  1  pAy  H  +  pAi  L] 


(9b) 


^2  - 


(«3'> 


(w4 1 ) 2  - 


12  EAi 


l2  I Mi  +  to  pAv  l  +  3  Md  l  J 

12(EAL  +  EAd  L3/D3) 

L2  [pAi  +  J  pAy  H  +  PAd  2  (1  +  If  H2  ) 
^  L  L  jj  n<<- 


(9c) 


(9d) 


Equations  8,  9  allow  to  study  the  influence  of  the  various  parameters 
on  the  dynamic  behavior  of  the  structure.  For  example,  when  Ay  -  0 ,  o>^'  - 
0  and  in  this  case  a  breathing  mode  can  propagate  at  a  low  frequency.  This 
situation,  which  cannot  be  handled  by  simple  continuum  models,  was  consid¬ 
ered  in  [ 3  ]  . 

2 ■ 2  Discrete  Model  with  Lumped  Mass  Matrices 

Using  lumped  mass  matrices  the  global  mass  matrix  becomes  diagonal 
which  results  in  substantial  memory  space  savings.  Here  the  element  mass 
matrices  are  evaluated  by  assigning  half  the  mass  of  each  element  to  each 
node.  For  free  harmonic  wave  propagation,  the  dispersion  curves  are 
obtained  by  solving  Eq.  (4)  with 

a  -  kL(l-cos  kL)  +  kd  L2/D2  -  3  w2  (ML  +  My  +  Md) 


b  -  -kd  —  cos  kL, 
D2 

H2 


LH 

c  -  i  kd  —  sin  ku 


(10) 


-  ky  +  kd  —  -  3  <w2  (ML  +  My  +  Md) 


e  -  -(kd  —  cos  kL  +  kv) 

D2 

Long  wavelengths  approximations  to  the  dispersion  relations  for  the 
lumped  mass  matrix  model  are 


w!2  ~ 


2 


2pA2  +  pAy  -  +  2  pAd  2 
L  L 


V*  [1  ‘  (7  + 


1  1  EAi  D3 


4  EA, 


-)  kzL 


2t  2  i 


d  L2 


(11a) 


EAd  i3 
2EAi  +  f>  EH 


—  k2 
2pA^  +  pAy  2  +  2pAd  2 


(lib) 
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2  EAd  L2H/D3 


(11c) 


J  l2PAi  +  pAv  £  +  2Md 


1  EAi  D3  „ 

1  +  - - kz] 

4  EAd  L 


w4 


2  _ 


EAV  +  2  EAd  H3/D3 
^  [2pA£  +  pAv  &  +  pAd 


(lid) 


When  kL  -  it  the  lumped  mass  model  gives: 

.2 


8  EAd  H3/D3 


(w2 '  ) 2  - 
(w3' )2  - 

(^')2  ~ 


HL(2pAi 

+ 

pAv 

H 

L 

+ 

2PAd 

s> 

4 

EAV 

HL(2pAi 

+ 

PAy 

H 

L 

+ 

2PAd 

8 

EAi 

L2(2pA2 

+ 

H 

L 

+ 

2pAd 

8(EAl 

EAd 

L3 

l/D 

>3) 

L2 (2pA^ 

+ 

PAv 

H 

L 

+ 

2pAd 

(12a) 


(12b) 


(12c) 


(12d) 


Comparison  of  results  of  the  consistent  and  lumped  mass  matrices  in 
Figure  1  indicates  that  for  low  frequencies  and  long  wavelengths  the  lumped 
mass  approximation  is  adequate  for  the  axial  and  bending  modes.  For  the 
thickness  -  shear  and  breathing  modes  the  lumped  mass  model  is  inadequate 
even  for  very  long  wavelengths. 

3.  EQUIVALENT  CONTINUUM  MODELS 

The  analysis  of  large  repetitive  structures  is  simplified  when  the  actual 
discrete  structure  is  replaced  by  an  equivalent  continuum.  This  method  has 
been  used  extensively  because  it  allows  to  determine  the  overall  behavior 
of  the  structure  without  considering  its  internal  details.  This  results  in 
substantial  simplification,  computer  time  and  memory  space  savings.  The 
behavior  of  the  continuum  model  is  expected  to  approximation  behavior  of 
the  discrete  structure  at  low  frequencies. 

For  studying  the  bending  of  beam- like  trusses  and  frames  the  Bernoulli  - 
Euler  and  Timoshenko  beams  are  commonly  used  as  equivalent  models.  The  Ber- 
noul 11- Euler  beam  model  [2]  leads  to  the  dispersion  relation 

co  -  (EI/pA)1/2  k2  v  13) 

For  the  Timoshenko  beam  model,  the  dispersion  relations  are  obtained  by 
solving  the  equation 
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A)4(pA  •  pi)  -  w2[pl  • 

GA  k2  + 

(GA  + 

k2EI ) pA ] 

+  GA  •  EI  k4  -  0 

(14) 

For  long  wavelengths  results 

from  equation 

(14) 

can 

be  approximated  by 

2 

EI  A 

pi 

EI 

“’bending 

- k4 

pA 

[1  - 

(—  + 
pA 

k2] 

(15) 

2 

GA 

Pi 

EI 

an<3  “’shear  “ 

-  [1  + 
pi 

/-s 
'O  1  ‘ 
>  1 

+ 

ax’ 

k2] 

(16) 

For  small  values  of  k,  the  Timoshenko  beam  solution  tends  to  the  Ber 
noulli-Euler  beam  solution. 


For  short  wavelengths  (k  -»  ®)  , 

2  9  2  9 
“’bending  “  (GA/pA)k2  and  wshear  “  (EI/pI)k2  (17) 

which  indicates  that  contrary  to  what  happens  with  discrete  structures,  bend¬ 
ing  and  shear  waves  can  propagate  freely  in  the  continuum  model  at  very 
high  frequencies. 

For  axial  deformation,  the  equation  of  motion  for  a  rod  is  the  classical 
wave  equation  and  the  dispersion  relation  is 

u  -  (EA/pA)1/2  k  (18) 


3 . 1  Equivalent  Properties 


Equivalent  properties  can  be  determined  by  comparing  the  dispersion 
relations  for  the  discrete  and  continuum  models.  For  example,  comparing 
Eq.  (8a)  and  (13)  and  noticing  that  the  denominator  in  equation  (8a)  repre¬ 
sents  the  mass  of  the  truss  per  unit  length,  we  obtain  the  equivalent  prop¬ 
erties 

HI  -  i  EAi  H2  (19a) 


pA  -  2pA^  +  pAv  H  +  2pAd  2 

1>  1. 


(19b) 


Similar  considerations  for  the  axial  and  shear  modes  lead  to 


EA, 


EAd  H3 


EA  -  2[pA_g  +  -  +  L3/D3]  ,  with  /3  -  1  +  2 

/5  EAv  d3 


GA  -  2  EAd  L  H?/D3 


(19c) 

(19d) 


(19e) 


where  pi  has  been  chcsen  so  that  the  thickness  -  shear  mode  cut-off  frequency 
k  of  the  equivalent  Timoshenko  beam  will  match  that  of  the  truss  given  by 

Eqn.  (8c).  The  dispersion  curves  of  the  equivalent  Timoshenko  beam  model 
are  compared  with  those  of  the  discrete  structure  in  Figure  3.  Figure  3 
shows  the  variation  of  phase  velocities  with  wavelength  for  all  4  models 
for  bending  waves. 
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3.2 


Finite  Element  Modeling  of  the  Equivalent  Continuum 


In  many  instances  the  equivalent  model  of  a  discrete  structure  is  itself 
discretized  using  the  Finite  Element  Method.  With  this  approach  complex  sys¬ 
tems  and  boundary  conditions  can  be  handled  with  a  much  smaller  number  of 
degrees  of  freedom  than  for  the  direct  finite  element  analysis  of  the  original 
structure.  Then  a  practical  question  arises:  what  should  be  the  ratio  of  the 
length  of  the  equivalent  finite  element  model  to  the  length  of  one  typical 
cell  of  the  original  structure. 


For  our  example  the  equivalent  continuum  model  is  discretized  using  the 
classical  4  degrees  of  freedom  cubic  beam  element.  For  this  element  we  can 
show  that  the  dispersion  relations  are  obtained  by  solving  the  equation 


aw>4 

-  bo2  +  c  -  0 

(20) 

(pA 

•  $/ 420;2 

(455  -  252 

cos  ki 

+  7 

cos2  ki) 

(pa. 

•  EI/420) 

(828  -  444 

cos  ki 

-  12 

cos2  ki) 

12 

(EI/i)2  (1 

-  2  cos  ki 

2 

+  cos‘ 

ki) 

Using  Taylor  series  expansion,  the  long  wavelengths  approximation  for  the 
bending  mode  is 

or2  -  (El/ pA)  k4  +  0(k8)  (21) 

The  phase  velocity  varies  almost  linearly  with  the  wave  number  k  for  values  of 
ki  between  0  and  w.  For  ki  -  r ,  the  maximum  frequencv  at  which  a  bending  wave 
can  propagate  freely  is 

“max  “  (EI/pA)1/2  (*/i)2  (22) 

9o  that  the  finite  element  model  is  valid  for  frequencies  up  to  ^max .  If 
it  is  determined  that  the  Bernoulli -Euler  beam  model  is  valid  up  to  a 
irequency  w* ,  then  the  finite  element  discretization  will  not  introduce 
additional  errors  provided  that  ^max  remains  larger  than  u* .  Equation  (22'' 
indicates  that  if  2  -  nl ,  then  wmax  is  inversely  proportional  to  the  number 
■1  cells  represented  by  the  beam  finite  element.  The  maximum  number  of 
cells  that  can  be  accommodateu  using  the  finite  element  model  of  the 
equi  i  ibnum  model  is  then  equal  to  the  ratio  of  the  shorter  wavelength 
•  I  lovable  Am<n  to  the  cel;  length  L.  Further  mesh  refinement  would  not 
t't ir.g  about  improvement  compared  to  the  discrete  structure  model. 


r  P  :  E  .  o.-iAT  ■  vN  S 


1  :  .rst  five  natura.  i  requenci.es  <  1  the  10  bav  truss  in  Figure  1  w-r 

fete! :r.t n<  >;  using  4  methods.  Fo;  direct  anal vs  is  using  consistent  and 
.’imped  mass  matrices,  the  truss  was  modeled  using  the  AD1NA  finite  element 
p-ograr  The  equivalent  Bernoulli -Euler  and  Timoshenko  beam  models  were 
ilso  used .  Huang' s  sol u* ton  •<  ,  for  the  cantilever  Timoshenko  beam  was 
usee .  Equivalent  properties  were  determined  using  Eqns  (19).  Results  in 
lab  1  <•  !  show  similar  trends  as  in  Fi  r.ure  *'♦ 
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5. 


CONCLUSION 


Harmonic  wave  propagation  analysis  in  a  discrete  periodic  structure  can 
be  performed  very  simply  by  considering  a  simple  typical  cell.  The  basic 
dynamic  behavior  of  the  structure  can  then  be  considered  irrespective  of 
the  number  of  cells  and  boundary  conditions  of  a  particular  example  as  it 
is  the  case  when  studying  natural  vibrations. 

The  equivalent  continuum  models  were  shown  to  approximate  the  long 
wavelength  behavior  of  the  discrete  structure.  Approximate  expressions  are 
provided  for  the  dispersion  relations  and  equivalent  properties  are  deter¬ 
mined  by  matching  dispersion  curves  for  long  wavelengths. 
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Table  1.  Natural  Frequencies  for  10  Bay  Cantilever  Truss 


Mode 

Natural  Frequencies 

(rad/s) 

Consistent 

Lumped 

Timoshenko 

Bernoulli- Euler 

Beam  Model 

Beam  Model 

1 

5.646 

5.629 

5.721 

5.8459 

2 

32.05 

31.46 

32.04 

36.636 

3 

79.92 

76.80 

78.42 

102.58 

4* 

86.69 

86.54 

88.38 

88.38 

5 

138.2 

128.9 

132 . 89 

*  -axial  mode 


discrete 


equivalent  model 
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Figure  4 


3  :  Comparison  of  discrete  and  equivalent  models 


1- Bernoulli-Eul 
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3- Timoshenko 

4- Lumped 


L/wavelength 


:  Comparison  of  4  models  for  bending  waves 


AN  ASSESSMENT  OF  MODEL  ORDER  REDUCTION  TECHNIQUES* 


Hagop  V.  Panossian 
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Canoga  Park,  California 


1.  INTRODUCTION 

A  central  issue  in  the  active  control  of  complex  systems  such  as  large 
flexible  space  structures  (LPSS)  is  the  derivation  of  a  "correct"  mathematical 
model.  Theoretically,  there  are  infinitely  many  elastic  modes  or  degrees  of 
very  low  natural  damping.  Moveover,  the  flexible  modes  contribute  to  the 
actual  deformation  uf  the  structure  I 1 J . 

The  development  of  a  model  of  low-enough  dimensional  order  that  it  can  be 
utilized  by  the  onboard  controller,  yet  high  enough  dimensional  order  that  it 
preserves  the  dynamic  characteristics  of  the  real  system  represented  and 
controlled  is  a  nontrivial  task  1 2 j .  The  motivations  for  such  a  reduction  are 
either  to  reduce  computations  for  analysis  and  practical  control  design  or  to 
simplify  the  control  system  structure  1 3 ] . 

The  reduction  or  the  condensation  methods  are  based  on  transformations  of 
the  coordinates  in  the  equations  of  motion  that  essentially  maintain  the 
invariance  of  the  quadratic  forms  of  the  potential  and  kinetic  energies.  An 
important  feature  of  these  methods  is  that  the  reduced  order  model  often  loses 
the  basic  characteristics  of  the  original  system.  Considerable  progress  was 
made  by  Likins,  Ohkami ,  and  Wong  [L)  in  this  respect.  It  has  often  been 
pointed  out  that  such  techniques  generally  constitute  application  of  Rayleigh- 
Ritz/Galerkin  optimization,  and  matrix  transformation  methods  to  the  eigen¬ 
value/eigenvector  formulation  for  structural  dynamic  problems  [ 5 ] • 

Reduced  "balanced"  models  of  linear  time-invariant  dynamical  systems  are 
obtained  by  deleting  those  states  that  contribute  the  least  to  the  controll¬ 
ability  and  observability  (or  the  impulse  response)  of  the  original  system  [6] 
and  thus  are  optimal  only  in  this  sense. 

A  more  recent  approach  to  model  reduction  is  proposed  in  Skelton's  work 
( 7 i ,  where  each  state  of  the  system  model  is  assigned  a  "cost"  relative  to  a 
given  basis,  via  a  quadratic  criterion,  and  the  states  with  the  least  cost  are 
deleted  in  a  systematic  manner. 

The  latest  development  in  model  order  reduction  techniques  is  the  work  by 
Hyland  and  Bernstein  (81.  Herein  first  order  necessary  conditions  for  reduced 
order  modeling  of  linear  time-invariant  systems  are  derived. 

In  the  following  pages,  the  various  techniques  in  model  order  reduction 
will  be  presented  and  appropriately  discussed.  The  advantages  and  disadvan¬ 
tages  of  each  will  be  commented  upon,  and  further  requirements  and  trends  will 
be  briefly  touched. 


*This  work  was  supported,  in  part,  by  the  Air  Force  Wright  Aeronautical 
Laboratories,  Wright-Patterson ,  AFB,  Structures  and  Dynamics  Division,  while 
the  author  was  employed  by  HR-Textron,  Valencia,  California. 
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PROBLEM  STATEMENT 


2  . 


The  most  general  linear  finite  dimensional  model  of  structures  can  be 
expressed  as  follows: 


M  x(t)  +  Cx( t )  +  K  x ( t )  =  F  u ( t ) 


(1) 


where  M,  C,  and  K  are  termed  the  mass,  the  damping,  and  the  stiffness 
matrices,  respectively,  and  they  could  be  functions  of  spacial  variables. 
Appropriate  transformations  will  change  Eq .  (1)  into  the  state-space  repre 

sentation  given  by 


where 


A  = 


y  =  Ay  + 

Bu 

-  0  I  ■ 

r  °  -| 

and  B  = 

-1  -1 

-1 

L-m  k  -m  C-1 

L  m  fJ 

(2) 


3 .  CONDENSATION  METHODS 

During  the  1950s,  the  classical  approach  to  generating  a  reduced  static 
model  for  a  structural  system  was  to  use  discrete  masses  associated  with 
certain  selected  deflections.  [9,  10]  In  the  early  1960s,  Guyan,  [11]  and 

Davison  [12]  introduced  ad  hoc  methods  of  model  reduction  that  are  commonly 
known  by  various  names.  These  methods  basically  reduce  the  order  of  the 
original  large  dimensional  linear  model  by  discarding  some  of  the  modal  de¬ 
flections  called  "slave''  DOF  and  retaining  the  remaining  ones  called  "master" 
DOF.  The  choice  relative  to  the  master  and  slave  DOF  is  made,  based  on  engi 
neering  judgment,  in  such  a  way  that  the  lower  frequencies  in  the  eigen 
spectrum  of  the  structure  are  preserved  as  much  as  possible  [13). 

3 . 1  Guyan  Reduction 


The  underlying  problem  in  model  order  reduction  via  reducing  the  mass 
and  stiffness  matrices  can  be  expressed  as  a  general  algebraic  eigenvalue 
problem. 


K  x  =  AM  x 

where  K,  M  are  as  before  and  A  are  the  eigenvalues  of  the  system.  In  what  is 
commonly  called  "Guyan  reduction,"  the  basis  for  the  above  order  reduction  is 
the  elimination  of  coordinates  at  which  there  are  no  forces  applied  [11]. 

Thus,  the  abovementioned  eigenvalue  problem  can  be  expressed  as  follows: 


(3) 


where  F^,  F2  are  the  components  of  forces,  and  F2  is  assumed  to  be  zero.  x^ , 
X2  are  the  corresponding  component  cor-dinates,  Mj^  and  K^,  i  =  1,2,  are  the 
mass  and  stiffness  components.  This  amounts  to  a  coordinate  transformation 
of  the  forces:  x  =  Tx^  .  After  more  manipulations,  it  is  found  that  the 
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stiffness  matrix  corresponding  to  the  forces  is  given  by 


=  K 


11 


12  22 


21 


(4) 


and  the  mass  matrix  corresponding  to  F^  is 


"l  ’  "ll  -  "l2  ba"1  bl  -  *22  *22^  bl 


f  *12  K22"1  M22  K22~‘  bl 


(5) 


As  is  mentioned  in  Ref.  11,  this  transformation  creates  some  discrepancy 
in  the  eigenvalue  eigenvector  problem.  For,  from  Eq .  (3), 


11  -  XK22^  “221  ‘  *22^  lAM21  bl1  b 
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and  in  expanded  form, 
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Thus,  in  the  reduced  matrices  and  M|  ,  the  higher  order  terms  are  elim¬ 
inated  resulting  in  changes  ir.  eigenvalues  and  eigenvectors  of  the  original 
system.  It  has  been  established  that  the  absolute  values  of  the  eigenvalues 
are  always  increased  due  to  the  reduction  of  a  model  order  [14], 


Alternate  approaches  to  model  truncation  or  reduction  are  proposed  by 
several  authors  that  are  variations  of  the  Guyan  reduction.  Wilson  il5]  showed 
the  relationship  between  condensation  and  Gaussian  elimination.  Downs  [16] 
attempts  to  address  several  issues  of  accuracy  and  detection  of  master  DOF. 
The  convergence  of  the  approximat ions  in  Eq .  (7)  are  functions  of  the  choice 
of  elements  retained,  and  the  process  of  back  transformation  could  lead  to 
erroneous  results.  Also,  there  seems  to  be  some  confusion  in  the  number  of 
retained  DOF  required  for  an  accurate  lower  mode  of  vibration. 


In  many  situations  in  structural  analysis,  the  main  reason  for  the 
derivation  of  the  "exact"  eigenvalues  and  eigenvectors  is  their  use  for  the 
reduction  of  the  order  of  the  system  model.  Wilson,  Yuan,  and  Dickens  117], 
and  Arnold  et  al.  [18)  present  an  approach  whereby  an  "accurate  dynamic 
analysis"  is  obtained  at  a  reduced  computational  expense.  Paz  [19],  on  the 
other  hand,  presents  his  "dynamic  condensation"  approach  that  starts  by 
assigning  to  the  eigenvalues  an  approximate  or  zero  value  for  the  first 
eigenvalue.  It  then  proceeds  by  eLementary  operations  to  eliminate  the  un 
desired  displacements.  Sotiropoulos  [20]  points  out  methods  that  could  lead 
to  estimates  of  the  error  between  the  eigenvalues  of  the  original  and  the 
reduced  system. 


3 . 2  Cost  Decomposition  Method 

In  applications  of  optimal  control  theory  to  linear  quadratic  Gaussian 
systems,  the  process  nodel  is  often  too  complicated  for  techniques  involving 
Riccati  equation  solutions.  The  traditional  approach  is  to  obtain  a  reduced 
order  model,  according  to  the  control/observation  and  performance  require 
ments,  by  some  appropriate  model  reduction  technique  and  then  derive  the 
optimal  controller  for  the  new  system.  However,  it  has  been  established  that 


the  optimal  model  reduction  can  only  be  accomplished  if  the  modeling  and  con 
trol  problems  are  tackled  in  unison  [21].  Component  cost  analysis  was  first 
considered  by  Skelton  [22]  as  an  attempt  to  arrive  at  the  abovement ioned  uni¬ 
fied  approach.  The  derivation  of  an  optimal  control  law  of  low-enough  order 
nc  (for  implementation  purposes)  from  a  reduced  order  model,  nr,  entails 
(1)  application  of  component  cost  analysis  to  the  full  order  (n)  open  loop 
system  model  in  order  to  arrive  at  the  reduced  order  (np)  model;  (2)  solution 
of  the  optimal  control  problem  for  the  nrth  order  system;  and  (3)  application 
of  component  cost  analysis  to  reduce  the  order  of  the  controller  from  nr  to 
nc  [23], 

The  requirement  to  determine  the  relative  importance  of  modal  vectors  in 
a  structural  analysis  and  control  design  setting  is  apparent  in  various  appli¬ 
cations.  A  systematic  approach  to  establish  the  contribution  or  "cost"  of  each 
component  mode  of  a  large-order  system,  based  or>  a  quadratic  cost  or  perform¬ 
ance  index,  and  accordingly  truncate  those  that  have  a  minimal  contribution 
is  presented  by  Skelton  [24],  This  method  can  be  considered  a  condensation 
method  that  addresses  one  of  the  important  issues  in  model  reduction,  namely, 
the  "best"  choice  of  the  retained  modes. 

Suppose  Eq.  (2)  is  of  order  nr  and  is  corrupted  by  additive  white 
Gaussian  noise.  Also,  suppose  its  corresponding  measurement  system  and  the 
performance  functional  are  given.  Thus, 

y  =  Ay  +  Bu  +  Dw  (8) 


k 

i 


m  =  Cy 


and 


z  =  My  +•  v 


(9) 

CIO) 


where  m  is  the  k- dimensional  output  vector  that  is  used  to  measure  the  per¬ 
formance,  z  is  the  H  dimensional  measurement  vector,  and  w.  v  are  »ero-  mean 
white  Gaussian  noise  vectors  with  intensities  of  W  and  V,  respectively.  The 
matrices  are  of  appropriate  dimensions  with  jc,  a|  and  |m,  a[  observable  ind 
|  A,  B |  and  |a,  controllable.  The  cost  functional  of  the  system  is  then 


J 


E 


(m  Qm  +  u  Ru)  dt 


(11) 


The  nr  order  feedback  controller  is 


u  =  Gy 


(12) 


A  A 

y  -  A  y  +  Fz 
c' 

where  Ac  =  A  -t  BG  -  FM ,  G  =  R-1BTK,  F  =  PM1^1.  And 

KA  +■  ATK  -  KBR_1BTK  +  CTQC  =  0 


(13) 


(14) 


PAT  +  AP  -  PMTV_1MP  +  DWDT  -  0  (15) 

The  underlying  feature  of  component  cost  analysis  is  to  evaluate  numerically 
the  significance  of  each  "component”  (states  y)  by  assigning  a  metric  called 


H 

i 


8.94 


"component  cost"  to  each  component;  then  a  reduced  order  control !er  is  derived 
by  deleting  those  controller  states  y  that  have  smallest  component  costs. 


3 . 3  Balanced  State-Space  Representation 

The  model  reduction  problem  relative  to  minimal  realization  theory  was 
first  introduced  in  control  design  by  Moore  [7],  His  main  idea  was  to  be  able 
to  drive  approximations  to  a  given  control  system  model  that  has  a  lower  order 
and  that  has  virtually  the  same  impulse  response  matrix. 

Moreover,  the  balanced  coordinate  procedure  usually  requires  that  the 
system  be  asymptotically  stable  such  that  the  observability  and  controllabil¬ 
ity  Grammians  be  finite. 

These  are  the  unique  symmetric  positive  definite  matrices  satisfying  the 
following  Lyapunov  equations: 

T  T  T  T  . 

AW  +  W  A  -  -BB  and  A  +  W  A  -  -C  C,  respectively. 

C  C  0  0 

In  the  above  equations,  C  is  the  matrix  of  the  observation  system  of  Eq . 
(9)  and  tQ  is  the  initial  time.  These  are  defined  for  continuous  determinis¬ 
tic  systems.  The  procedure  used  to  generate  a  transformation  T  that  simultan¬ 
eously  diagonalizes  Wq  and  and  sets  them  equal  is  the  singular  value  decom¬ 
position.  After  equalization,  the  new  coordinates  (that  are  referred  to  as 
"balanced  coordinates")  are  reduced  by  deleting  the  diagonal  elements  in  W0  - 
Wc  with  smallest  magnitudes  and  keeping  the  dominant  components.  It  is  shown 
in  Ref.  [25]  that  the  reduced  order  models  thus  obtained  are  stable  only  if 
the  original  model  is  stable. 


Let  us  define  a  coordinate  transformation  y(t) 
and  (9)  reduce  to 


Py(t) .  Then,  Eq.  (2) 


Ay  +  Bu 


where 


m  ■  Cy 


~  -1  ~  -1  ~ 

A  *=  P  AP,  B  -  P  B,  C  -  CP 


At-  -1  At  -  At  At 

e  B  =  P  e  B  and  Ce  -  Ce  P 


Consider  the  response  function  to  initial  inpufs 


m  (r)  m(r)  d 


T  f  A  r  T  A  r 

r  ..  y  (0)  J  e  C  C  e  dt  y(0) 


y  (0)  WQ  y(0) 


where  A  are  the  diagonal  elements  of  Wc,  and  Xf  is  the  final  state.  Clearly, 
if  A^  >  Aj,  then  it  can  be  argued  that  less  control  effort  is  required  to 
move  from  the  origin  to  xfi  than  to  Xf j ,  hence  is  more  controllable.  A  similar 
argument  can  be  derived  for  more  observable  coordinates.  Thus,  a  criteria  for 
model  reduction  can  be  to  retain  those  states  that  are  highly  excited  by  the 
input  and  which  contribute  strongly  to  the  output.  In  this  approach,  the  coor¬ 
dinates  corresponding  to  small  values  of  A^  will  be  truncated.  Even  if  Wc  and 
Wo  are  not  diagonal,  it  is  always  possible  to  perform  coordinate  transforma 
tion  to  convert  them  into  diagonal  form.  The  system  of  coordinates  emerging 
from  such  model  reduction  is  referred  to  as  "balanced." 


All  the  various  treatments  based  on  balanced  realizations  involve 
systems  theoretic  arguments  rather  than  optimality  criteria.  Moreover,  Kabamba 
[26]  has  pointed  out  that  in  the  L2  space,  the  balancing  method  is  not 
optimal,  as  can  be  expected. 


3.4  Optimal  Projection  Methods 


Optimal  selection  of  reduced  model  coordinates  was  first  treated  by 
Wilson  [27,  28]  and  Kabamba  [29],  In  this  approach,  the  steady-state  output 
error,  that  is  quadratically  weighted,  is  minimized  when  both  the  original 
system  and  the  truncated  model  are  affected  by  white- noise  inputs.  First 
order  necessary  conditions  involving  two  Lyapunov  equations,  each  of  an  order 
equal  to  the  sum  of  the  orders  of  the  original  model  and  the  reduced  model, 
are  obtained  via  parameter  optimization.  The  basic  procedure  generates 
optimal  reduced  order  matrices  in  an  iterative  manner;  however,  the  guarantee 
of  convergence  of  the  iteration  has  not  been  established. 


Several  papers  appeared  recently  on  optimal  projection  equations  for 
model  reduction  [30,  31].  The  main  result  concerns  the  derivation  of  necessary 
conditions  (in  the  form  of  two  modified  Lyapunov  equations  and  rank  conditions 
with  nonnegative  definite  solutions)  for  an  optimal  reduced  order  model  to 
exist.  Multiple  solutions  to  these  optimal  projection  equations  may  exist 
corresponding  to  various  local  extrema. 


The  main  idea  behind  the  optimal  projection  approach  is  to  directly 
characterize  the  optimal  reduced-order  controller  with  a  quadratic  performance 
functional  for  a  given  large-order  model.  Specifically,  the  optimal  projection 
equations  comprise  a  system  of  four  matrix  Riccati  and  Lyapunov  equations 
coupled  with  an  oblique  projection  that  determines  the  optimal  control  gains. 


.‘-’9(1 


Consider  the  system  in  Eq .  (8)  through  (10).  Suppose  we  want  to  design 

a  fixed  reduced  order  dynamic  compensator 

y  =  A  y  +■  B  u  (20) 

c  c  c  c 

u  =  C  y  (21) 

c  c 

which  wili  minimize  the  following  performance  functional 

J  -  t^00  E|yT  y  e  uT  I?2  u]  (22) 

where 

n 

„  c 

y  «  R  ,  n  <  n  , 
c  c  — 

is  a  symmetric  nonnegative  definite,  and  R2  is  a  symmetric  positive 
definite  matrices  of  appropriate  dimensions.  The  intensities  of  the  w  and  v 
were  given  as  W  and  V,  respectively,  and  w  and  v  are  assumed  uncorrelated  To 
guarantee  the  existence  of  a  finite  J  that,  is  independent  of  initial  cor.di 
tions,  an  admissible  stabilizing  compensator  (such  that  the  matrix 


A  BC 

c 

B  C  A 
c  c 


is  asymptotically  stable)  is  only  considered,  where  (Ac,  Bc )  is  controllable 
and  (Cc,  Ac )  is  observable. 

Def ine 

br2  1  rT  and  £  =  CT  V  1  C  (23) 

It  is  shown^in  Ref.  [30]  that  there  exist  nxn  nonnegative  definite  matrices 
Q,  P,  Q  and  P  such  that 

Ac  =  r( A  -  Q£-£P)  GT  (24) 


T  -1 

b  -  roc  v 
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and  where 


-IT  T 
C  a  -R  B  PG 
c  2 


A  a  T 

QP  =  G  MT 


T 

r  g  =  1 


T 

s  =  g  r 


and  the  following  conditions  are  satisfied  (G,  /~~n c  x  n) : 

0  =  (A  -  SQ£)  Q  t-  Q( A  -  SQl)T  +  W  +  SQEQST  (30) 

0  =  (A  -  £PS)T  P  +  P(A  -  £PS)  +  R  i-  ST  P£PS  (31) 

0  =  S  [(A  -  £P)  Q  +  Q  (A  -  £  P)T  +  Q£Q]  (32) 

0  =  ((A  -  Q£)T  P  +  P ( A  -  Q£)  +  p£P]S  (33) 

/X  A  A  A 

rank  Q  =  rank  P  =  rank  QP  =  n 

c 


The  geometric  structure  of  the  reduced  order  compensator  is  entirely 
dictated  by  the  projection  S.  Moreover,  the  above  optimal  projection  can  also 
be  carried  out  by  taking  the  output  error  between  the  initial  and  the  reduced 
order  outputs,  such  that 


T 

J  =  E[(m  -  m  )  R(m  m  )!  (34) 

c  c 

The  question  of  where  the  projection  should  take  place  is  still  unclear 
in  this  approach,  and  engineering  insight  and  practical  experience  apparently 
has  its  place.  Computationally,  solving  Riccati  and  Lyapunov  equations  is  no 
minor  task.  However,  for  low- order  systems,  it  is  practical. 

4.  CONCLUSIONS 

The  above  paragraphs  have  presented  che  model  reduction  problem;  namely, 
generating  reduced  order  models  for  large  scale  systems  based  on  an  appro 
priate  performance  criterion.  In  the  case  of  an  optimal  reduced  order  compen¬ 
sator,  one  could  define  the  cost  as  an  appropriate  functional  of  the  error 
between  the  reduced  order-gain  and  the  full  order  one.  Similarly,  estimator 
gains  for  a  reduced  order  system  can  be  derived.  After  completing  the  proce¬ 
dure  of  developing  reduced  order  gains  for  the  controller  and  the  estimator, 
one  can  construct  an  approximate  feedback  compensator. 

In  the  effort  of  reducing  computational  requirements  as  well  as  compensa 
tor  complexity,  there  are  two  ways  that  one  could  follow.  System  model  reduc¬ 
tion  (in  which  those  elements  of  the  system  are  kept  that  are  "most  important” 
by  some  criterion)  and  compensator  simplification  (in  which  the  compensator 
order  is  reduced  based  on  a  given  criterion) .  The  methods  discussed  earlier 
are  tools  that  can  accomplish  these  tasks. 

The  ultimate  aim  of  any  model  reduction  method  is  to  lend  itself  to  sim¬ 
ple  numerical  algorithms  for  obtaining  optimal  low  order  models  for  large 
scale  systems.  The  optimal  projection  method  seems  to  have  a  great  deal  of 
potential  in  this  aspect.  Given  the  proper  formulation  with  the  right  per¬ 
formance  criterion,  the  methods  reviewed  herein  can  be  utilized  to  the  full 
advantage  of  the  designer. 
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ABSTRACT 

This  paper  provides  a  theoretical  justification  for  Energy  Based 
Model  Reduction  [  1  -  2  j  .  This  scheme  is  discussed  in  the  context  of 
vibration  supression  for  large  space  structures  using  linear  quadratic 
regulator  (LQR)  theory.  Following  optimal  projection  conditions  of  Hyland 
[3-4],  the  controllability  and  observability  gramians  based  on  the 
modified  dual  Lyapunov  equations  are  approximately  diagonal.  The  optimal 
reduced-order  model  can  be  obtained  by  using  orthogonal  projection  and 
truncating  some  insignificant  modes.  We  express  the  Energy  Based  Model 
Reduction  scheme  as  a  suboptimal  projection  and  explain  the  good 
performance  of  the  method.  Illustrative  examples  of  two  and  three  bay 
trusses  are  presented. 


1.  INTRODUCTION 

Large  structural  systems  in  general  and  large  space  structures  in 
particular  present  new  challenges  to  the  structural  dynamicist  and  the 
control  engineer  as  well  Indeed,  such  large  systems  may  exhibit  well 
over  a  thousand  vibrational  modes  usually  closely  spaced  and  with  little, 
if  any,  damping.  Clearly,  .some  sort  of  model  reduction  is  in  order.  This 
model  reduction  is  even  more  important  to  the  control  engineer  who  can 
only  hope  to  actively  control  a  few  of  the  modes  using  system  identication 
based  or.  information  from  a  limited  number  of  sensors.  The  model 
reduction  scheme  chosen  will  to  a  large  extent  determine  the  amount  of 
''control  spillover"  (in  which  the  control  inputs  excite  the  neglected 
dynamics)  and/or  "observation  spillover"  (whore  neglected  dynamics  affect 
system  identification). 

In  Venkayya's  Energy  Rased  Model  Reduction  scheme  [1-2]  one  computes 
a  performance  index  (Jl  for  the  reduced  model  which  is  in  fact  the  total 
mechanical  energy  (kinetic,  strain  and  potential  energies)  in  the  model. 
A  mode  is  added  to  or  substracted  from  the  model  based  on  its  contribution 
to  J.  The  advantages  of  this  method  are  clear.  First,  the  value  of  J  can 
be  computed  a  priori  using  only  initial  state,  values;  different  reduced 
models  can  be  compared  directly  by  comparing  their  corresponding  J  without 
a  need  for  J  of  the  full  unreduced  model  (which  is  often  unknown). 
Finally,  the  same  J  can  be  used  in  an  optimal  control  design  for  active 
control  of  the  system  using  the  reduced  model  and  LQR  synthesis.  In  this 
case  control  and  potential  energies  coincide. 

Following  Hyland  [3-4],  we  expressed  this  Energy  Based  Model 
Reduction  scheme  as  an  orthogonal  projection  and  truncation  with  respect 
to  an  energy  norm.  This  expression  as  a  projection  provides  the 
theoretical  justification  sought  for  the  method. 


2. 


LITERATURE  REVIEW 


Various  techniques  to  carry  out  model  reduction  have  been  proposed  by 
several  authors.  Almost  all  are  based  on  the  same  philosophy:  only  the 
modes  which  play  a  significant  role  are  retained.  They  differ  in  the  way 
the  roles  of  the  modes  are  quantified.  Among  these  techniques  we  mention 
(see  [4]  for  more  references):  (i)  Modal  Truncation  where  only  low  order 
modes  are  kept;  (ii)  Balanced  Controller  Reduction  of  Moore  [5]  (with 
later  modifications  by  Yousuff  and  Skelton  [6]);  (iii)  Component  Cost 
Analysis  of  Yousuff  and  Skelton  [7];  (iv)  Optimal  Projection  Conditions  of 
Hyland  [3-4];  (v)  Energy  Based  Model  Reduction  scheme  of  Venkayya  (also 
referred  to  as  Modal  Performance  Tracking  [8]).  While  method  (i)  lacks 
any  form  of  theoretical  justification,  methods  (ii)  through  (iv)  have  been 
shown  by  Hyland  [3-4]  to  be  similar  once  expressed  as  projections  on  the 
full  state  space.  Method  (v)  does  not  have  a  theoretical  justification 
although  the  heuristic  energy  arguments  used  by  its  developers  are  quite 
convincing.  Furthermore,  its  performance  as  compared  with  other  methods 
and  as  reported  by  Parry  and  Venkayya  [8]  appears  to  be  quite  good.  The 
main  thrust  of  this  paper  is  to  provide  a  theoretical  justification  for 
method  (v) . 


3.  THE  FINITE  ELEMENT  CONTROL  MODrL 

Consider  a  controlled  structural  system  described  by  the  finite 
element  dynamical  equations 

Mr*+  Cr  +  Kr  -  bu  (1) 

where  r  is  a  vector  of  n  physical  displacements  and  the  number  of  control 
inputs  (forces)  u  is  m.  M,  C  and  K  are  the  mass,  proportional  damping  and 
stiffness  matrices  of  appropriate  dimensions  respectively.  b  is  the  nxm 
applied  load  distribution  matrix.  Assume  that  M  and  K  are  positive 
de  f ini te . 

The  change  of  variables 

r  -  <M  ,  (2) 

where  rj  is  an  nxl  vector  of  modal  coordinates  and  4>  is  an  nyn  normal  mode 
matrix  obtained  from  the  free  undamped  system  and  having  been  normalized 
such  that 

-  I  ,  (3) 

diagonalizes  system  (1). 

A  state  space  representation  of  the  diagonalized  system  is 


x  -  Ax  +  Bu 

where 


x 


A 


W 

(5) 

(6) 


902 


where  are  the  damping  ratios  (For  large  space  structures,  the  are 

small,  typically  =  0.001).  uu  are  the  natural  frequencies  of  the  free 
system . 

4.  ENERGY  BASED  MODEL  REDUCTION  SCHEME 

* 

LQR  synthesis  determines  a  control  u  which  minimizes  the  quadratic 
performance  index  J 


J  =  f  [9  riMr  +  0,  r!Kr  +  ©  u^b^K  ^buj  dt 


or  in  the  normal  mode  coordinates 


J  -  J  [x^Qx  +  u^Ru]  dt 


where  Q 


m  I  0  ,  .  ,  T..-1.  . 

r-  and  R  =  [6  b  k  b 

0  |  ,  r  2i  r 

L  I  *k[wi] 


for  nonnegative  weighting  parameters  9  ,  0,  and  ©  .  In  F.o  (7),  J  is  the 
^  J  ^  ‘  m  k  r 

weighted  sum  of  the  kinetic,  strain  and  potential  energies. 

The  optimal  state  feedback  control  is 

u*  -  -Cx  (10) 

where  G  -  R~ 1BTP  (11) 

is  the  state  feedback  gain  matrix.  P  is  the  symmetric  positive  definite 
matrix  solution  of  the  algebraic  Riccati  equation 

ATP  -  PBR"  dTP  +  PA  +  Q  =  0  (12) 

The  optimal  control  derived  from  this  full  order  system  gives  the  min 
J  as  follows 


Min  J  ~  x  Px 
o  o 


where  x  is  initial  state  value, 
o 

We  define  : 


r  T 

regulation-cost  J_  -  J  x  Qx  dt 


control-cost  J_  -  J"  u  Ru  dt 


JE  ”  JR  +  JC 


total -cost 


(16) 


Different  parameters  0  ,  0,  and  0  will  reflect  different  J  J  and  J_  so 
1  m  k  r  R  C  h 

that  the  use  of  Q  and  R  provides  a  proper  balance  between  arid  [1]. 

When  using  the  Energy  Based  Model  Reduction  scheme,  a  mode  is  added 
to  or  substracted  from  the  model  based  on  its  contribution  to  the 
performance  index  J. 

Consider  a  vector  of  initial  displacements  and  assume  for  the  sake  of 
simplicity  no  initial  velocities 

r  =  2  c.<6 (1)  .  (17) 

o  .  ,  1 

1=1 

Based  on  their  contribution  to  the  performance  index,  we  choose  ^  ...udes 
from  the  n  system  modes 


(18) 

(19) 

(20) 

(21) 

(22) 


Following  Hyland  [3]  or  Moore  [5],  define  the  positive  definite 
controllability  and  observability  gramians 


o  T 

AtDQT  A  t 
e  BB  e 


ATt  At 
e  Qe 


which  satisfy  the  dual  Lyapunov  equations 

0  =  AW  +  W  AT  +  BBT  ;  0  -  ATW  +  W  A  +  Q  ,  (24) 

c  c  o  o 

In  Hyland's  optimal  projection  method,  new  state  variables  are 
introduced  so  that  W^.W^and  W^-W^  are  aH  diagonal.  In  this  case,  the 

projection  is  orthogonal  and  is  simply  a  truncation:  the  n^  states  being 

kept  are  those  corresponding  to  the  n  largest  eigenvalues  of  W  *U  . 


904 


Solving  equation  (24)  in  model  coordinates,  we  find 


iiVV/(4fiV 


(6  +(l+4fT)0.  u>.)/(4f.) 
m  1  k  l  7  5  1 


Since  1/(2$-^)  »  1/2  and  (1  +  (. l+4f  p  )o>. /(4f  £)  »  1/2 

(yy  r  t i/(2rt^t) i  _o _ ' 

~  /.  n  r..  /r  i 


As  f.->  0  and/or  ©,-»  0,  W  becomes  more  and  more  nearly  diagonal.  Also 


c.  .  I 
'  ij  I 


where 


a .  .  = 
ij 


*<J’(i,j)(2f.w?+2f  .  g>?g>.  ) 

_  ,  .  i.  J _ _ 

2  2  2’ 

-4(f.GJ.+t.Ci!.)(C.U>.+f.CJ.)u>.!W.-(G>.-U>.) 

J  1  t  J  J  1 


,  2  2. 
a .  .  (u  .  •  gj  . ) 

b  .  =  - U - i—X. - 

ii  2(C.w.+C.v.)w.w. 

J  i  j  j  i'  i  j 

d. .-(a. . -2f .w.b  . )/w2 

*0  J  J  O  J 


-c .  .  , 

IJ 


<t(i,j)~/bbT<*  (31) 

and  for  simplicity  we  nave  set  the  weighting  parameters  equal  to  1. 

By  proper  choice  of  actuator  position,  $(i,j)  can  be  made  nearly  diagonal 
and  as  f  .  =t  .  -C  -»  0  ,  we  have 

5  l  1  j 


[4>(i,i)/(4fu>.)] 


[«(i,i)/(4f«p; 


Eq.(32)  remains  valid  for  weighting  parameters  different  from  1. 
The  product  Wc«Wq  is  also  nearly  diagonal  as  shown  below 


W  *W  a 
c  o 


r  ,  •  2  2 

1 

[®(i,i)/f^] 

O 

0 

[<Xi,i)/f2<a2] 

Based  on  Venkayya's  energy  methods,  which  use  modal  coordinates, 
Wc,Wq  and  are  nearly  diagonal  as  shown  in  equations  (25) -(33). 

Therefore,  Venkayya's  modal  coordinate  system  is  very  close  to 

Hyland's  coordinate  system  and  the  trumation  i  s  also  nearly  the  same,  as 
ranking  of  states  according  to  the  eigenvalues  of  W  «W  and  according  to 

the  energy  costs  are  similar.  Energy  Based  Model  Reduction  is  not  an 
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optimal  projection  but 
optimal  when  f  -*  0 

(position  of  actuators). 


a  suboptimal  projection  It  becomes  closer  to 
0^  -*  0  and  also  $  becomes  closer  to  diagonal 


From  Hyland  [3]  proposition  4.1  and  Moore  [5] 


€(A„ 


,  B  ,C  ) 
m  m 


-  (/ 


dt  /  f  I | H | 

0 


dt 


1/2 


(34) 


where  H  -  [ tr(W  W  A) 

1  co 


,V2 


H  -  [tr(W  W  A  )] 
e  1  com 
m  m 


1/2 


also 


£  -  (H  -  H  )  /  H 


(35) 

(36) 


(37) 


where  are  controllability  and  observability  gramians  respectively, 

Wc  ,  are  reduced  model  controllability  and  observability  respectively 

m  m 

and  £  is  a  relative  model  reduction  error. 


5.  ILLUSTRATIVE  EXAMPLES 

The  trusses  shown  in  Fig.  1  and  2  were  selected  for  studying  the 

effects  of  modal  reduction  on  the  control  design.  The  parameters  0  ,  0, 

^  r  m  k 

and  0^  are  all  set  equal  to  1.  Both  trusses  are  fixed  at  the  base  and 

free  everywhere  else.  They  are  assumed  to  move  only  in  plane,  giving  two 

degrees  of  freedom  per  node.  A  non- structural  mass  of  0.585  kg  per  node 

was  assigned  to  all  nodes  except  the  two  at  the  base.  The  trusses  are  all 

9  2  3 

made  of-  aluminum  with  E=68. 94x10  N/m  and  weight  density  p=7.1635  kg/m  , 

2 

and  all  member  areas  are  0.645  cm  .  The  initial  states  were  assumed  to 
be  static  displacement  vectors  resulting  from  the  application  of  a  F  force 
at  each  of  the  actuator  locations  and  a  zero  velocity  vector.  Actuator 
forces  are  applied  only  in  the  transverse  direction. 

Example  1 .  Two  Bay  Truss  (Ten  bars  shown  in  figure  1) 

The  total  length  of  the  truss  is  254  cm.  and  it  is  divided  into  two 
bays  of  equal  lengths.  It  is  a  cantilevered  truss  with  depth  91.44  cm.  at 
the  base  and  60.96  cm.  at  the  tip.  The  truss  has  8  degrees  of  freedom  in 
the  configuration  displacement  and  16  degrees  of  freedom  in  the  state 
space  (displacements  and  velocities). 
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Table  1.  Characteristics  of  the  Structure  (F=4448.22  N) 


No . 

Natural  Frequencies 

(Hz) 

1 

0 

-6.7026 

3.4500 

2 

0 

6.7026 

12.5040 

3 

0 

-6.3726 

15.0968 

4 

0 

6.3726 

26.6069 

5 

0 

47.8973 

36.2856 

6 

0 

47.8973 

37.9460 

7 

o 

17.9301 

39.3612 

8 

0 

17.9301 

43.8277 

Table  2.  Normalized  Mininum  J  for  the  Initial  State 


Model 

Description 

Full 

System 

Reduced  Order  Models 

Modes 

JEN 

1.0000 

1-2 

1-3 

1-4 

1-5 

1-6  1 

1-7 

0.9990 

0.9990 

0.9994 

1 . 0000 

1.0000 

1.0000 

1  l.OOOOl 

Table  3.  By  Using  Orthogonal  Projection 


Full  System 

H 

Modes  1 , 2 , 4 , 5 

H 

e 

Relative  Error 

€ 

3  .  5410 

3.3137 

0.064? 

Example  2.  Three  Bay  Truss  (Fifteen  Bars  as  shown  in  figure.  2) 


The  total 
equal  bays, 
and  30.5  cm . 
configuration 
(displacements 


length  of  the  truss  is  381  cm.  and  it  is  divided  into  three 
It  is  a  cantilevered  truss  with  depth  39.6  cm.  at  the  Uasc 
at  the  tip.  The  truss  has  12  degrees  of  freedom  in  the 
displacement  at  24  degrees  of  freedom  in  the  state  space 
and  velocities)  . 


Table  4.  Characteristics  of  the  Structure  (F=-444.82  N) 


No. 

Natural  Frequencies 

(Hz) 

1 

0 

-4.9485 

0.8305 

2 

0 

4.9485 

4 . 1336 

3 

0 

-4.9645 

8 . 5219 

4 

0 

4.9645 

12.0328 

5 

0 

-3 . 5722 

27. 7452 

6 

0 

3.5722 

33.8549 

7 

0 

91.9202 

38.1516 

8 

0 

91.9202 

39.2201 

9 

0 

50.4890 

48.9397 

10 

0 

50.4890 

52 . 8947 

11 

0 

16.1535 

55.0943 

12 

0 

16.1535 

57  .5319 

Tabl«j  5  Normalised  Mininum  J  for  che  Initial  State 


Reduced  Order  Models 
<ule  s 


1-3  I  1-4  1-5  I  1-i 


1 .2, 3. 5,  7.8 


0. 9l>99 


1-7  !  1-8 


1 . 0000 


teMMwmmMU 


Table  6.  By  Using  Orthogonal  Projection 


j  ACTUATORS  J 


i  1 


Figure  1.  Two  Bay  Cantilevered  Truss  with  l-  Actuators 


A 


igure  2.  Three  Bay  Cantilevered  Truss  with  4  Actuators 


6. 


DISCUSSIONS  AND  CONCLUSIONS 


Both  the  structural  and  non -structural  masses  wc re  considered  in 
Examples  1  and  2.  The  natural  frequencies  of  Table  1  are  approximately 
the  same  as  those  of  Ref.  [21  Table  1  where  the  distributed  mass  was 
neglected,  the  structural  mass  is  quite  insignificant  compared  to  the  non- 
structural  mass  for  large  space  structures. 

From  Table  2  we  observe  that  the  normalized  performance  index  of 
modes  1  and  2  (J„M  )  is  equal  to  0.9990.  If  mode  3  is  added,  the  value 
1-2 

J„M  does  not  change,  which  means  that  mode  3  has  no  contribution  co  the 
1-3 

performance  index  J.  If  mode  4  is  added,  the  value  of  J„M  becomes 

hNl-4 

0,9994  and  so  on.  Hence,  the  reduced  model  in  Example  1  includes  modes  1, 

2,  4  and  5.  The  performance  index  of  the  reduced  model  is  equal  to  that  of 

the  full  system.  In  example  2,  we  find  the  largest  eigenvalues  of 

W  *W  correspond  to  states  1,2,3  and  5  (13,14,15  and  17).  From  table  5,  we 
c  o 

observe  that  the  most  significant  modes  are  also  1,2,3  and  5,  which  shows 
that  the  reduced  model  of  Hyland  and  Venkayya  are  nearly  the  same. 
Following  Hyland  and  using  suboptimal  projection,  tire  relative  errors  are 
0.0642  and  0.0155  for  the  two  and  three  bay  trusses  respectively,  which 
shows  the  good  performances  of  the  energy  method 

A  theoretical  justification  for  Energy  Based  Model  Reduction  scheme 
is  proposed.  In  this  scheme,  a  mode  is  added  to  or  substracted  from  the 
model  based  on  its  contribution  to  the  J.  The  value  of  J  can  be  computed  a 
priori  using  only  initial  state  values;  different  reduced  models  can  be 
compared  directly  by  comparing  their  corresponding  J  without  a  need  for  J 
of  tile  full  unreduced  model.  ihe  advantages  of  this  method  are  clear. 
For  large  space  structures,  damping  is  always  very  small;  therefore,  the 
energy  method  can  be  considered  as  an  orthogonal  projection  on  an  energy 
norm  which  provides  the  theoretical  justification. 
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ABSTRACT 

Experimental  investigation  in  Large  Space  Structures  to  date  has  focused 
on  simple  beams  and  complex  beam-like  lattices.  Little  has  been  done  in  the 
area  of  dynamics  and  control  experiments  on  planar  scale  models  of  generic 

trusses.  At  the  United  States  Air  Force  Academy  we  are  pursuing  such  an 
experimental  program.  We  are  examining  the  effects  of  scaling,  boundary 

conditions,  and  joint  type  on  the  validity  of  various  structural  dynamic 
analysis  techniques  and  automated  feedback  design  methodologies  using  scale 
models  of  planar  trusses.  The  methodology  employed  is  to  develop  two 
structural  dynamics  models  of  the  proposed  thirty-bay  truss.  Several  levels  of 
detail  are  used  in  the  Finite  Element  Models.  In  addition,  the  truss  is 
modeled  as  an  equivalent  beam.  These  models  are  upgraded  by  building  a  six-bay 
portion  of  the  truss  and  measuring  the  static  and  dynamic  structural 
characteristics.  The  resulting  models  are  used  to  correlate  with  measured 

natural  frequencies  and  mode  shapes  of  the  structure. 

1.  INTRODUCTION 

As  the  advent  of  large  flexible  structures  in  space  approaches, 
accurately  predicting  the  on-orbit  dynamic  performance  of  such  structures  is 

becoming  increasingly  important.  Since  high  order  control  systems  will 

generally  be  required  to  meet  the  stringent  performance  requirements  of  such 
structures,  accurate  structural  response  predictions  become  critical.  Several 
methods  of  incorporating  experimental  data  into  these  performance  and  response 
predictions  are  currently  being  examined.  Since  these  structures  are  too 
flimsy  to  be  built  on  the  ground  without  a  large  number  of  supports,  ground 

testing  is  generally  limited  to  component,  subcomponent  and  scale  model 
testing. 

The  large  flexible  space  truss  effort  at  the  United  States  Air  Force 
Academy  centers  around  a  planar  Warren  truss  supported  in  the  horizontal  plane 
on  air  tables  (Fig  1).  Since  the  motion  of  the  structure  is  restricted  to  the 
horizontal  plane,  perpendicular  to  gravity,  and  the  flotation  of  the  feet 
attached  to  each  joint  of  the  structure  is  nearly  frictionless,  a  very 

"spacelike"  environment  is  obtained  in  two  dimensions.  This  paper  will  examine 
results  from  the  component  and  subcomponent  tests  performed  on  such  a  structure 
and  the  use  of  these  results  to  calibrate  a  variety  of  analytical  models. 

These  analytical  models  are  then  used  to  predict  the  dynamic  response  of  the 
full  thirty-bay  truss. 
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FIG  1  THIRTY-BAY  LARGE  SPACE  TRUSS  PLANAR  SCALE  MODEL 
2.  THIRTY  BAY-TRUSS  CONFIGURATION 

Before  discussing  the  various  tests  and  analyses  performed  on  components 
and  subcomponents  of  the  thirty-bay  truss,  a  more  detailed  description  of  the 
truss  configuration  itself  is  in  order.  The  main  structural  members 

(longitudinally,  laterally  and  diagonally)  are  aluminum  tubes.  Each  of  the 
tubes  has  an  aluminum  insert  which  is  drilled  and  tapped  to  take  a  6.35  mm. 
machine  screw.  The  insert  is  pressure  fit  and  pinned  into  each  end.  The 
joints  are  each  made  from  a  steel  pipe  with  slots  cut  as  appropriate  for 
installation  of  the  aluminum  tubes  (Fig  2).  The  truss  is  assembled  by 
installing  the  screws,  nuts  and  washers  into  each  end  of  the  truss  and 
preadjusting  the  total  length  of  each  member.  Each  truss  member  is  then 
slipped  into  the  appropriate  slots  in  the  joints  and  held  in  place  with  a  nut. 
This  truss  design  is  more  appropriate  than  others  p'eviously  considered,  since 
it  resembles  a  widely  used  three  dimensional  joint  design  [11  .  In  this 
design,  a  composite  tube  with  a  metal  insert  in  each  end  is  connected  to  a 
metal  joint  with  a  solid  metal  member  of  much  smaller  diameter.  In  addition, 
any  member  can  be  removed,  adjusted,  replaced  without  disturbing  any  other 
member. 
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FIG  2  JOINT  &  MEMBER  GEOMETRY 


3. 


STATIC  CALIBRATION 


The  truss  consists  of  two  major  structural  parts:  the  joint  and  the 
aluminum  tube.  The  joint  was  tested  bv  fastening  one  of  the  rings  into  a 

tensile  test  machine  using  screws  180°  apart  mounted  as  in  the  actual 
structure.  A  load-deflection  curve  was  generated  by  gradually  applying  a 

tensile  force  and  measuring  the  load  with  a  loadcell  and  the  displacement  with 

an,  inducti ve  proximity  gauge.  The  measured  diametrical  stiffness  was  175  x 

10°  N/m  ±  25%.  One  of  the  longitudinal  aluminum  tubes  was  tested  in  a  similar 
manner  and  its  stiffness  was  measured  as  95,422  N/m  ±  25%  The  error  bands 
indicate  scatter  in  the  data,  not  error  in  the  measurements.  This  value  is 
almost  half  the  expected  stiffness  of  176,380  N/m  which  was  calculated  using 
the  measured  area  (A),  modulus  of  elasticity  (E)  and  length  (L)  of  the  member. 
This  difference  is  probably  due  to  the  large  local  deformations  near  the  brass 
pin  which  holds  the  inserts  in  place.  The  joint  was  modeled  with  quadrilateral 
shell  finite  elements  (Tig  3).  When  a  finite  element  analysis  was  performed 
using  this  model,  a  stiffness  of  112,883  N/m  was  predicted. 


FIG  3  THREE  DIMENSIONAL  RING  MODEL 
4.  SIX-BAY  SUBCOMPONENT  ANALYSES 

A  six-bay  portion  of  the  thirty-bay  truss  was  analyzed  for  a  transverse 
load  applied  at  three  different  locations  using  three  different  models.  A 
detailed  model  was  developed  using  four  beam  elements  to  represent  each  truss 
member.  A  simple  model  was  developed  using  a  single  element  for  each  truss 
member.  An  equivalent  beam  model  was  developed  in  which  the  entire  truss  was 
modeled  as  an  equivalent  Timoshenko  beam  i21 . 

In  the  detailed  model  (Fig  4),  a  stiff  beam  was  used  to  model  the  last 
i  38.1  mm  of  each  member.  These  stiff  beams  were  intended  to  represent  the 
joints  which  are  much  stiffer  than  the  truss  members.  The  remaining  portion  of 
the  beam  was  modeled  with  elements  having  the  modulus  of  elasticity  (E)  and 
moment  of  inertia  (I)  of  the  actual  aluminum  tube  but  an  effective  area  which 
was  reduced  to  account  for  the  reduction  in  stiffness  caused  by  the  deformation 
of  the  brass  pins.  The  diagonal  members  have  a  different  effective  area  than 
the  longitudinal  and  lateral  members  because  the  stiffness  of  the  longer 
aluminum  tube  is  less  in  comparison  to  the  brass  insert  stiffness. 


0 . 305m 


•  Nodal  Points 

Detailed  Model 

FIG  4  FINITE  ELEMENT  M0DEL3 

Longitudinal  and  lateral  members:  ^eff  =  (0.229  m)/E 

Diagonal  members:  A ^  =  (0.356  m)/E(l/Km  +  (0.178  m)/AE) 
where:  A  is  the  actual  area  of  the  tube, 

Ag^  is  the  reduced  effective  area, 

and  K  is  the  measured  stiffness  of  a  longitudinal  tube, 
m 

The  simple  model  (Fig  4)  has  a  single  beam  element  for  each  member  of 
the  truss.  The  modulus  of  elasticity  and  moment  of  inertia  of  the  actual  tube 
are  used.  Effective  areas  are  lower  than  the  detailed  model  since  the  members 
are  longer  but  are  calculated  the  same  way.  Both  models  are  analyzed  using  the 
NASTRA.N  finite  element  code  with  the  nodes  at  the  ends  o£  the  left  hand  joints 
pinned  and  the  motion  of  the  truss  restricted  to  the  plane  of  the  truss.  The 
results  are  listed  in  Table  1. 

Finally,  the  truss  was  modeled  as  an  equivalent  beam,  including  the 

effects  of  shear  deformation.  In  order  to  determine  the  equivalent  material 
constants  from  the  truss  to  be  used  in  the  beam  equations  of  motion,  two  bays 
of  the  detailed  model  were  used  for  analysis.  As  shown  in  Figure  5,  the  static 
tests  of  the  two-bay  truss  provide  equivalent  values  131  for  the  necessary 

material  constants  (AE,  El,  kAG). 

Rather  than  solve  the  coupled  equations  of  motion  using  standard 
numerical  techniques,  an  ANSYS  finite  element  mocel  of  the  equivalent 
Timoshenko  beam  was  used  as  an  efficient  solution  generator.  The  static 
analysis  was  accomplished  using  a  12  element  finite  element  model  of  the  six 
bay  equivalent  beam,  with  the  results  given  in  Table  1.  As  expected,  the 

equivalent  beam  static  model  is  in  good  agreement  with  the  more  complicated 
finite  elu.uent  models  of  the  entire  truss. 

Static  deflections  on  the  actual  six  bay  subcomponent  test  article  were 

ed  using  loads  applied  with  weights  and  the  deflections  were  measured 

using  inductive  displacement  sensors.  The  displacement  as  a  function  of  load 
at  eacn  measured  location  was  extremely  linear.  The  loading  point 
flexibilities  are  compared  with  the  various  analytical  models  in  Table  1.  As 
expected,  all  of  the  calibrated  models  are  in  close  agreement  with  the  measured 
values. 
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TABLE  1 

Subcomponent  Static  Deflection  Test  Results 


Loading 

Pt  Flexibility 

(mm/N) 

at  Location 

A 

B 

C 

Measured 

17.29 

10.77 

6.24 

Detailed  Model 

17.18 

10.49 

5.73 

Simple  Model 

17.01 

10.38 

5.61 

Equivalent  Model 

17.46 

10.60 

5.90 

Uncal i brated  Model* 

12.59 

7.60 

4.25 

*The  simple  model  using  the  actual  area  of  the  aluminum  tubes 


5.  DYNAMIC  PREDICTIONS 

The  simple  and  detailed  finite  element  models  were  used  to  predict  the 
natural  frequencies  with  lumped  masses  at  the  nodes  to  represent  the  total  mass 
of  the  six  bay  truss  subcomponent.  All  transverse  deflections  were  retained  as 
"dynamic"  degrees  of  freedom.  The  principle  difference  in  the  predicted 
natural  frequencies  occurs  at  283  Hz  when  the  diagonal  elements  start  vibrating 
as  individual  members.  This  phenomena  is  not  predicted  well  by  either  the 
simple  or  equivalent  model. 

As  before,  the  equivalent  beam  dynamic  analysis  was  accomplished  using 
the  2-D  beam  element  of  the  ANSYS  finite  element  program.  A  20  element  dynamic 
model  was  used,  with  20  master  or  "dynamic"  degrees  of  freedom  specified  for 
the  structure.  The  ANSI'S  program  uses  the  specified  master  degrees  of  freedom 
and  a  Guyan  reduction  procedure  to  reduce  the  number  of  unknowns  prior  to  the 
modal  analysis.  The  Guyan  reduction  procedure  does  not  affect  the  potential 
energy  of  the  system  but  slightly  modifies  the  kinetic  energy,  thus  modifying 
the  reduced  mass  matrix  without  changing  the  reduced  stiffness  matrix.  The 
natural  frequencies  predicted  by  the  model  are  shown  in  Table  2,  and  compare 
favorably  with  the  other  more  complex  finite  element  models  of  the  entire 
truss . 
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Six  Bay  Subcomponent  Natural  Frequency  Predictions  (hz) 


Mode 

Detail ed 
Model 

Simpl  e 
Model 

Equivalent 

Model 

lineal  i  brated 
Model 

Measured 
(Fig  8) 

1st  Bending 

23.1 

22.4 

22.6 

28.7 

22 

2nd  Bending 

33.4 

96.5 

94.8 

123.7 

116 

3rd  Bending 

201.2 

198.1 

182.7 

240.6 

230 

Complex* 

283.3 

279.1 

244.3 

253.3 

- 

M 

320.2 

323.4 

286.0 

266.2 

- 

n 

325.5 

333.8 

312.9 

278.9 

- 

ll 

337.1 

342.2 

331.2 

280.6 

- 

ll 

359 .  o 

357.1 

343.7 

284.6 

- 

*  After  the  third 

bending  mode 

the  dia 

gonals  start 

vibrating  in  a 

local  mode 

and  the  mode  shapes  become  very  complicated. 
6.  FREQUENCY  RESPONSE  PREDICTIONS 


The  frequency  response  of  the  acceleration  at  the  tip  due  to  a  white 
noise  input  on  the  other  bide  of  the  truss  at  tilt  tip  was  calculated  for  each 
of  the  models  using  a  viscous  damping  coefficient  of  0.03. 


n  f 

H  (f)  =  E  (—  ) 
mk  .  ,  f . 

l-l  i 


e  .e 
mi  ki 


(1  -  (■[•))  -  j(2?|  ) 
i  i 


where  H  ^(f)  is  the  frequency  response  of  the  tip  acceleration 
f-  is  the  natural  frequency  of  the  i^  mode 

4  is  the  viscous  damping  coefficient 

e  ..  is  the  eigenvector  component  at  the  loading  point 

e^.  is  the  eigenvector  component  at  the  output  point 

n  is  the  number  of  modes 

The  magnitude  of  this  function  is  plotted  for  each  of  the  models  in  Fig 
6.  The  models  are  in  remarkable  agreement  over  this  frequency  range  which 
cent,  ;ns  four  modes  of  the  structure.  The  two  truss  models  are  shown  over  an 
expanded  frequency  range  (Fig  7)  to  highlight  the  effect  of  the  local  bending 
inodes  of  the  diagonals.  The  effect  was  minimal  considering  the  large 
differences  in  the  mode  shapes  predicted  by  the  three  models. 


del 

1 

Model 


Model 

del 


FREQUENCY  (HZ) 

FIG  7  FINITE  ELEMENT  FREQUENCY  RESPONSES 

The  frequency  response  was  measured  experimentally  by  driving  the  truss 
with  a  Modal  50  shaker  and  measuring  the  response  with  a  PCE  accelerometer.  A 
Signology  spectrum  analyzer  was  used  to  calculate  the  measured  frequency 
response  (Fig  8).  A  comparison  of  Figures  7  and  8  indicates  generally  good 
agreement  except  for  a  low  energy  mode  (near  60  hz)  in  the  measured  response. 
This  extra  mode  was  determined  to  be  a  vibration  mode  of  the  supporting 
structure.  A  model  was  developed  which  included  this  mode  and  the  change  in 
the  other  modes  was  insignificant. 
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FIG  8  MEASURED  FREQUENCY  RESPONSE 
7.  THIRTY-FOOT  PREDICTIONS 

The  various  models  developed  were  used  to  predict  the  natural 
frequencies  of  the  thirty-bay  truss.  These  are  shown  to  agree  well  for  all  the 
calibrated  models  (Table  3).  The  uncalibrated  model  is  considerably  off  and 
would  be  unusable  for  controller  designs. 


Table  3 

Thirty  Bay  Natural  Frequency  Predictions  (hz) 


i.jde  § 

Detail ed 
Model 

Simple 

Model 

Equivalent 

Model 

Uncal i bra ted 
Model 

I 

1.0 

1.1 

1.0 

1.3 

2 

6.0 

6.7 

6.1 

8.1 

3 

16.0 

18.0 

16.4 

21.9 

4 

29.6 

33.2 

30.4 

40.7 

5 

45.9 

51.5 

47.2 

63.2 

6 

72.8 

71.8 

65.7 

88.4 

7 

83.3 

93.2 

85.2 

115.2 

8 

102.7 

115.1 

104.8 

142.7 

9 

122.3 

137.0 

124.3 

170.2 

10 

160.0 

158.8 

143.1 

197.8 
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8.  CONCLUSIONS 


Component  testing  of  Large  Space  Structures  is  critical  to  accurately 
predict  their  natural  frequencies,  mode  shapes,  frequency  response  and  closed 
loop  performance.  Even  simplified  planar  structures  exhibit  structural 
behavior  substantially  different  from  that  predicted  by  simple  models.  Once 
calibrated  with  component  test  results,  equivalent  models  and  simple  finite 
element  models  appear  to  predict  the  natural  frequencies  and  mode  shapes 
accurately  until  the  frequency  band  in  which  local  bending  of  the  truss  members 
occurs  is  reached.  The  frequency  response  of  the  structure  is  adequately 
represented  by  the  simple  model  well  into  this  region.  The  use  of  Air  Tables 
as  a  supporting  "spacelike"  environment  in  two  dimensions  is  very  effective. 

The  authors  would  like  to  acknowledge  the  support  of  Dr.  Hallauer,  Major 
Ewing,  and  the  Applied  Mechanics  Laboratory  Technicians.  This  work  was 
performed  under  a  grant  from  the  Office  of  Scientific  Research  sponsored  by  Dr. 
Sal  kind . 
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INTRODUCTION 

Satellite  antennas  and  space  stations,  extensively,  use  large  truss-heam  structures.  Before  these 
structures  can  be  launched,  proper  structural  ground  tests  are  performed  to  ascertain  among  other 
things  the  vibrational  characteristics  of  the  structure.  Efforts  are  made  in  these  ground  tests  to  simu¬ 
late  zero-gravin'  orbital  enviroment  and  prevent  any  gravitational  effects  that  can  drastically  alter  the 
structural  characteristics  of  the  joints  or  other  components  through  excessive  deformation. 

Cable  suspension  is  one  of  the  simple  methods  that  has  been  frequently  used  in  ground  tests  to 
counteract  the  force  of  gravity.  However,  cable  suspension  introduces  errors  in  the  measurement  of 
natural  frequencies  of  the  structure  by  introducing  pendulum  motions  that  can  couple  with  the  flexible 
motion  of  the  structure. 

Herr  [lj  performed  experimental  investigations  on  the  effects  of  cable  suspension  of  the  first  flexural 
natural  frequency  of  free-free  uniform  beams. 

The  present  paper  explores  analytically,  the  effects  of  cable  suspension  on  the  transverse  bending 
vibration  of  a  60  meter,  cantilevered,  uniform  beam,  with  a  fundamental  natural  frequency  of  about 
0.32  Hz.  This  paper  is  based  on  a  linear  analysis  of  the  transverse  vibrations.  The  cables  are  assummed 
to  be  massless  and  unstretchable.  Future  papers  by  the  author  on  this  theme  will  consider  the  nonlinear 
effects  of  large  amplitudes  of  oscillation  as  well  as  the  mass  and  stiffness  effects  of  the  cables. 

The  analysis  in  this  paper  consists  of  three  parts.  In  part  one  the  pendulum  motion  is  studied 
separately.  Here  the  bending  stiffness  of  the  beam  is  not  considered  at  all  and  the  stiffness  effect  is  solely 
due  to  the  tensions  in  the  cables.  The  inertia  effect  is  provided  by  the  mass  and  inertia  properties  of 
the  beam.  In  part  two.  the  bending  vibration  are  considered  without  taking  into  account  the  pendulum 
actions.  Finally,  in  part  three  the  combined  behavior  of  the  beam-cable  assembly  is  considered  and  the 
effects  of  cable  suspension  on  bending  vibration  is  discussed. 

Part  l-  Pendulum  Motion 

Fig.la  shows  a  beam  consisting  of  n  segments.  Segment  1  is  fixed  at  the  left  hand  side  to  a  stationary 
wall.  The  joints  are  connected  one  to  the  next  by  ball-and-socket  connections  without  any  stiffness  at 
any  of  the  joints. 

Fig.lb  shows  a  typical  segment  i  whose  orientation  is  described  by  two  angles  6,  and  d>,.  n',  ,n?  ,  and 
n'j  are  mutually  perpendicular  unit  vectors  fixed  to  segment  i.  The  angular  velocity  of  segment »  can  be 
written  as: 

w,  =  9,tintb,n\  +  0,co»<t>,  n!,  +  ®,nj  (1) 

The  velocity  of  center  of  mass  of  any  segment  i  will  be: 

i-l 

V'*  =  “  bk9kco»<t>k n$)  +  -  b^iCOBipn'i  (2) 

Jc=) 

where  bk  is  the  length  of  any  segment  k  and  b*  the  distance  from  the  left  end  of  segment  i  to  its  center 
of  mass.  The  linearized  acceleration  of  the  center  of  mass  will  be: 

The  support  of  NASA  Langtry  Research  Crater  in  general  and  Mr.  Brantley  Hanks  of  the  Structural  Dynamics  Division 
in  particular  is  gratefully  acknowledged.  Furthermore,  the  invaluable  help  of  Mr.  Alfonso  Hermida  in  generating  the 
computer  plots  is  sincerely  appreciated. 


l-l 

a'*  =  6*0, -  b‘e,ai  +  ^(6k<?fcn5  -  6k£knj)  (3) 

*= i 

Following  Lagiangian-D’Ailambert  method  of  derivation  of  equations  of  motion  developed  by  Kane 
[2|,  one  proceeds  to  find  partial  velocities  and  partial  angular  velocities  and  subsequently  generalized 
active  and  inertial  forces.  This  hybrid  method  has  advantages  over  the  Ugiangian  method,  especially 
when  numerous  segments  are  involved  and  thus  the  formation  of  the  kinetic  energy  expression  and  its 
subsequent  differentiation  can  prove  cumbersome. 

In  this  method  of  derivation  sum  of  the  generalized  active  and  inertial  forces  are  set  to  zero.i.e. 


Fr  +  f;  =  0 

where: 

Tl 

F*  -  •  v'j*  -  H1  u‘lr) 

i=i 


(4) 

IS) 


jr  =  time  derivative  of  the  rth  generalized  coordinate  which  can  be  either  8,  or  o,  for  i=l  through  a 
n  =  number  of  segments 
m,  =  mass  of  segment  i 

ft'  =  time  derivative  of  the  angular  momentum  vector  and  for  our  ease 


ft'  =  I,9xn\  +  ho, als  (6) 

I,  ~  transverse  centroidal  moment  of  inertia  of  segment  i.  VJ*  and  are  the  q,  coefficients  in  the 
V'*  and  w*  expressions  respectively 


for  ;  <  i 

rt*  _ 

*3  _ 

for  ;  =  i 

(7) 

o 

for  j  >  i 

"6;nj 

for  ;  <  i 

I*  —  . 

-6;*nJ, 

for  ;  =  i 

(81 

l  0 

for  ;  >  i 

for  «  =  ; 

(9) 

{« 

for  i  /  ; 

{»’ 

for  i  =  j 
for  i  /  j 

(10) 

Therefore  using  (5),  (6),  (7),  and  (9)  one  can  write 


F>,  = 


-Mm,M*  +6.6;  m<)  -<*j(m}626*  +6j6;  m,) 

i=j+1  >=;+i 

*  .  n 

-  5s(mj6s6* +6j6,  ^  »*«)■••  -6, {I,  +m,6**  +6*  ^  rm) 

■=;+ 1  ,-sj+i 

*» 

-  Sj+i(m,+,6;6*+1  +  bjbj+i  ^  m,) . . .  -  9n |m,6'B6;) 


UD 


i=J+2 
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Similarly  using  (5),  (6),  (8),  and  (10)  one  can  write 


Fl}  =  -  +bxb,  ^  m.) -OjfmjM* +Mj  ^  mt) 

i=j+i  i=j+i 

ft  ft 

-®s(m,6j6*  +6j6j  £  m<  j . . .  -  ©,(/,  +  £  m’> 

i=j+i  i=j+i 

ft 

-  <s7+i(mJ+i  6;6*+j  +  6j6J+i  ^  m, ) . . .  -  J>, )  (12) 

•=;+ J 

The  generalized  active  forces  a*e  formed  as  follows: 

‘r'  =  ZDF‘i'v^,  +  M,'"'<-  ,13) 

where  P*1  =  a  force  acting  on  body  i  at  point  k 
M'  =  an  external  moment  acting  on  body  i 
V*'  =  velocity  of  point  K  on  body  i 

In  our  case,  there  are  two  points  for  every  body  where  there  is  an  acting  force:  One  due  to  gravity, 
the  other  due  to  the  tension  in  the  cable  and  there  are  no  external  torques. 

Fr  =  £-m)tfJV-  +  r-V‘;  (14) 

i=t 

where  Te'  =  tension  in  the  cable  attached  to  the  right  of  segment  i  V*|  =  the  q,  coefficient  in  the 
expression  for  the  velocity  of  the  right  end  of  segment  i  given  by  the  following  expressions 


v«.  -  /  -Mi 

for  j  <  i 

*i  \  0 

for  ;  >  i 

V«-  =  /  -Ms 

for  <  » 

*>  \  0 

for  j  >  i 

T*’  can  be  written  as  the  product  of  its  magnitude  times  its  direction  vector: 

Te'  =  r("Dkn'  +  u  +  EbkI> 

L  k=i  *=i 

substituting  equations  (17)  and  (15)  into  (14)  one  can  write 


=  («) 
L  k=l 

Similarly,  substituting  equations  (17)  and  (16)  into  (14)  one  may  show  that: 

-*♦,  =  *;  £  ■ B(l  -  £  7*0  -  (**"»;»  +  b>  E  m'g)  (19) 

*=i  i=j+i 

Now  n  constraint  equation  can  be  written  if  we  assume  that  the  length  of  each  one  of  the  n  cables  is 
to  be  constant  at  L 


(20) 


therefore 


|  IJ  +  6fc( I  -  n{)  1|=  L  for  i=l  to  n 


nf  =  cos  <pk  cos  0*1  +  sin  t>k  J  -  cos  <z>*  sin  0*K 


[L  -  S"  bk  sin  a*  )2  +  (  V'  ^t(l  -  cos  ot  cos  0k  ))2  + 


{ V  bi,  cos  Ok  sin  0k  )2  =  L'1 


upon  linearization,  this  will  result  to: 


0,  =  0  i=l,2 . a 

(22)  implies  that  F‘}  =  0  and  F0j  =  0  for;  =  1  to  n 

F?1  =  0  will  yield  an  expression  for  T,»  in  terms  of  the  weights  of  the  segments. 

r  6*  *?+» 

h  ~  +  ~  r2 — m,+ig 

°j+l 

Equation  (4)  implies: 

F9j  +  Ffj  =  0  for  j=L  to  a 

substituting  (11).  (18),  and  (23)  into  (24)  one  obtains  an  equation  of  the  form: 

where  is  an n  x  n  symmetric  inertia  matrix  whose  diagonal  elements  are  given  by: 

M„  =  I,  +  m,b*3  +  ^  m* 


and  the  off  diagonal  elements  are  given  by 


Mi,  -  m,b*b\  +bib,  V'  rrtk 

]>l  k=j+l 

Similarly  [ K,,\  is  an n  x  n  symmetric  stiffness  matrix  whose  diagonal  elements  are  given  by: 

/fti  =  ^  ^  T*  =  rmg  +  bi  ^ 

*=»  fc=»+i 

and  whose  off-diagonal  elements  are  as  follows: 


Kij  =  fj-(b*m,g  +  b,  ^  m*9) 

2>'  *=;  *=j+i 
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The  square  root  of  the  eigenvalues  of  (25)  constitute  the  natural  frequencies  of  the  pendulum 
motion,  and  the  eigen  vectors  jxj  the  mode  shapes. 

[[jr,,|-w»|J/,-f}]|*j.O  130) 

For  illustre'ion  (25)  is  shown  for  a  three-segment  beam 

’/(  +  mj6JJ  +  m-iH{  +  m3h?  mjMJ  +  S_\' 

mjt\bj  +  m$6,5j  J3  +  mjhJ  +  m36^  msbjb]  9_j 
tojMj  mjMJ  /3+m3f>J  j  ^ . 

rri)bj  +  mjbj  mibih*  mibibq  +  mshibs  m36|63  0[ 

+  Y  mjbjbj  +  rrtjbibi  mjbibj  +  m363  m35363  03  =0  131) 

mjoihj  m)bjb$  m3b)b$  9} 

For  a  uniform  beam  where 

b,  =  6  6*  =  ^  m,  =  m  I,  -  r^mb2  i 32) 

(31)  becomes  independent  of  m  and  b. 


which  yield  the  following  eigen  values: 

*•?  =  1.0467  g/Z, 
v|  =  1.5000  g/  I 
J3  =  2.6456  g/L 

Table  1  shows  the  non-dimensionalized  eigen-values  fta  =  ^/{g/L) for  increasing  values  of  n  = 
number  of  segments.  ft]k  Q^,  and  fl£  indicate  the  first,  middle,  and  last  non-dimensionalized  eigen¬ 
value  respectively. 

Tablf  l-  Nondimensionalized  Pendulum  Frequencies 


n  n2r  nit  Ql 
3  1.0467  1.5000  2.6456 

5  1.0165  1.5000  2.8600 

7  1.0084  1.5000  2.9266 

9  1.0051  1.5000  2.9551 

11  1.0034  1.5000  2.9698 
15  1.0018  1.5000  2.9836 

what  is  significant  about  table  1  is  the  following  as  n  approaches  large  values 

f  a3r  -  i.ooo 

as  n  —  oo  theu<  —  1.500  (34) 

(  nj  -  3.000 

therefore  the  natural  frequencies  are  contained  in  the  following  band: 

for  i  =  1  to  n  v 'g/L  <  u/(  <  \fZgjl  (35) 

The  mode  shapes  are  shown  in  Fig.  (2) 

The  first  mode  shape  is  characterized  by  swinging  motion  and  the  higher  modes  are  characterized  by 
increasingly  more  rotational  motion  of  the  beam.  This  behavior  is  similar  to  the  motion  of  a  rigid  beam 
suspended  by  two  cables  as  shown  in  Fig.(3)  where  9  represents  the  swinging  motion  of  the  bar  and  <t>  the 
rotational  motion.  The  natural  frequency  of  the  swinging  motion  u«  =  sfqfL  and  that  of  the  rotational 
motion  =  yJZg/L 


i 

1 


Part  II  Beam- Bending  Motion 

The  transverse  bending  vibration  of  a  uniform  cantilevered  beam  has  been  amply  discussed  in  classical 
textbooks.  Meirovitch  [3|  is  one  example.  The  natural  frequencies  and  mode  shapes  can  be  found  by 
modeling  the  beam  as  a  continuum:  or  they  may  be  calculated  by  modeling  the  beam  as  a  collection  of 
finite  rigid  elements  connected  to  each  other  by  torsional  springs.  Fig.  4.  As  the  number  of  elements 
increase  naturaly  the  calculated  natural  frequencies  tend  to  approach  the  natural  frequencies  of  the 
contious  beam. 

This  type  of  finite  segment  approximation  lends  itself  very  well  to  studying  the  effects  of  cable  sus¬ 
pension  on  beam  vibration. 

In  order  for  the  continous  and  descrete  models  to  be  equivalent  i.e.  give  rise  to  approximately  the 
same  natural  frequencies  and  mode  shapes  the  mass  and  stiffness  characteristics  must  be  equivalent. 


m,  =  m  for  all  ■ 

(36) 

1,  =  —  =  b  for  ail  i 
n 

(37) 

El  . 

h,  =  -T-  for  i  =  2  to  n 

n 

(38) 

6n  ( EI\ 

A,-3n-l(  b  J 

(39) 

Equations  (38)  and  (39)  are  obtained  by  applying  a  load  P  to  the  rightmost  tip  of  both  the  continous 
and  descrete  beam  and  requiring  that  the  displacement  of  the  n  joints  in  the  descrete  and  continous 
model  be  equal.  For  large  n,  the  stiffness  of  the  first  torsional  spring  is  two  times  the  stiffnesses  of  the 
other  torsional  springs. 

The  matrix  equation  of  motion  for  this  bending  mode  is  the  same  as  (25)  i.e. 

!-v.,J  [*;)  +  IK,,]  Iff,;  =  0 

(40) 

the  .  lements  of  the  inertia  matrix  are  the  same  as  those  of  (27)  and  (28) 
has  different  form  given  by  the  following; 

.  However,  the  stiffness  matrix 

K  = 

"hi  +  kj  —kj  0  0 

— ki  kj  +  &s  — fej  0 

0  *j+*4  -k4 

0  0  -fc4  *4  +  Jfe,  -Jfc, 

0  1 
0 

0 

0 

HD 

[  0  0  0  0  -fcn_, 

I 

where  the  k, s  are  given  by  (38)  and  (39).  To  build  confidence  in  the  me  del  its  results  are  compared 
with  the  analytical  solution  given  in  [3|  Le. 

(42) 

where  z,  is  the  ith  root  of  the  following  equation 

cos  z  cosh  z  +  1  =  0 

(43) 

let  us  use  the  following 

El  =  26.7  x  106  Nm3 
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L  =  60  m 
m  =  7.167  kg/ra 

The  discrete  model  has  30  elements  and  Fig.  5  displays  the  comparison  of  the  natural  frequencies  of 
the  discrete  and  continous  model. 

It  can  be  seen  clearly  that  the  discrete  model  produces  very  accurate  results  for  the  first  15  to  20 
natural  frequencies  and  then  accuracy  suffers  gradually  as  one  goes  to  higher  modes.  This  is  common 
knowledge  among  the  Unite  element  community  that  the  number  of  elements  one  uses  to  model  the 
modal  dynamics  of  a  continuum  must  be  about  2  times  the  number  of  natural  frequencies  one  seeks. 

Part  III  Beam  Bending  Plus  Pendulum 
Modes  or  Vibration 

Up  to  now  the  pendulum  motion  and  the  beam-bending  motions  have  been  each  studied  here  sep¬ 
arately.  Now  we  combine  the  two  to  study  the  effect  of  the  pendulum  motion  on  the  beam  bending 
motion. 

The  equations  of  the  combined  motion  are  still  of  the  type  given  by  (31).  The  inertia  matrix  is  as 
before  given  by  (27)  and  (28).  The  stiffness  matrix  is  the  sum  of  the  stiffness  matrices  associd'ed  with 
the  pendulum  motion  and  the  beam  bending  motion  respectively  (i.e.) 


I  Pendulum+B*im  IPendulam  !be»m  !  44  I 

To  develop  the  pendulum  stiffness  matrix  one  needs  to  know  the  tension  in  each  cable  for  any  arbitrary 
cable  arrangement.  Fig.  6  shows  the  nomenclature  for  the  cable  arrangements 

We  assume  the  cables  are  unstrechtable  and  thus  the  deflection  i,  at  the  point  where  the  cable  1  is 
attached  is  zero  i.e. 

s'  =  f0  Ji^dj=0  for,  =  ltom  '45> 


™  {*'*'  X1 

/  ( X  —  X, )  -mg—  +  +  Y'  Tj(z  -  r;)  dz  =  0  for  1  =  1  to  m  (46) 

*=1  •  *<  “  j=t 

(46)  gives  rise  to  m  equations  for  the  tensions  in  the  m  cables.  (46)  can  be  written  in  the  matrix  form 
as  follows: 


where 


AijTj  =  B,  for  i  =  1  to 


A,,  =  f  (/  -  Xj )(x  -  z,)dx 


(47) 

(48) 


rL  z1 

B,  =  mg  I  —  [x-x^dx 


and  mg  is  the  weight  per  unit  length. 

To  summeriie,  the  calculations  necessary  for  calculating  the  natural  frequencies  and  mode  shapes  of 
the  combined  beam-cable  assembly  are  as  follows.  First,  equations  (47)  are  solved  and  tensions  are 
substituted  in  equations  (28)  and  (29)  and  the  pendulnm  stiffness  matrix  is  constructed.  Third,  the 
beam  stiffness  matrix  is  contracted  by  using  (39),  (40)  and  (41).  The  combined  stiffness  matrix  in 
then  constructed  by  using  (44).  F.quations  (26)  and  (27)  will  then  provide  the  elements  of  the  mass 
matrix  The  eigenvalues  and  eigenvectors  are  subsequently  calculated  by  solving  equation  (30).  These 
calculations  were  performed  by  a  fortram  program  called  BEAMSXJSP.FOR  on  a  VAX  computer. 
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RESULTS 

To  understand  the  effects  of  cable  suspension  on  the  natural  frequency  of  a  beam,  we  treat  the  following 
specific  example  where  the  1st  natural  frequency  of  the  beam  in  0.3  Hz.  and  the  length  of  the  cables 
2.5m.  which  correspond  to  the  1st  pendulum  natural  frequercy  of  0.315  Hz.  Table  2  shows  the  first 
five  pendulum,  beam  and  the  combined  beam-pendulum  frequencies  along  with  the  resulting  percentage 
errors. 

Table  2-  Natural  Frequencies  (N.F.)  in  Hz. 


A  {ode 

Pendulum  N.F 

Beam  N.F. 

Beam  Cable  N.F. 

%  Error 

■Jb 

•*'6p 

( “Sp  ~  )  / 1  w'S ) 

1 

0.315 

0.3 

0.435 

45.06% 

2 

0.316 

1.878 

1.904 

1.4% 

3 

0.317 

5.252 

5.261 

0.18% 

4 

0.319 

10.279 

10.284 

0.05% 

5 

0.321 

16.972 

16.975 

0.02% 

This  example  is  so  designed  that  1st  N.F.  of  the  beam  approximately  coincides  with  the  1st  N.F  of  the 
pendulum  mode.  Therefore  the  1st  N.F.  of  the  beam-cable  assembly  differs  rather  substantially  from 
the  1st  N.F.  of  the  beam  and  thus  the  error  introduced  by  the  cables  is  rather  high  45.06%.  However  in 
the  higher  modes  the  errors  introduced  by  the  cables  are  low.  In  fact  cne  can  notice  that  the  higher  the 
m''  ie  the  lower  the  errors.  This  is  due  to  the  fact  that  the  higher  pendulum  frequencies  are  very  closely 
spaced  'ogether  and  do  not  increase  as  rapidly  as  the  higher  beam  frequencies.  In  such  a  manner  that 
the  higher  inodes  become  -'lrtually  unaffected  by  the  pendulum  modes. 

Examination  of  the  data  in  table  2  reveals  the  following  relationship  among  and~t,p 

+  •*'?,  for  i=l  to  a  (50) 

The  above  relationship  was  also  found  by  Herr  1)  for  tii?  fundamental  mode.  As  far  as  the  mode 
shapes  are  concerned,  no  noticeable  difference  could  be  de*  >cted  between  the  mode  shapes  of  the  beam 
and  the  mode  shapes  of  the  beam  cable  assembly.  Fig.  7  and  Fig.  8  lispiay  me  first  6  mode  shapes  of 
the  !  nam  and  beam-cable  assembly  respectively. 

Table  3  shows  the  effects,  or  actually  the  lack  of  any  significant  effects,  of  number  of  cables  and 
different  cable  arrangements  on  natural  frequencies. 

Table  3-Effects  of  Cable  arrangements 
ON  THE  ERRORS  IN  NATURAL  FREQUENCIES 

Percent  Errors  in  N.F. 


Num.  of  Cables 

1st  Mode 

2nd  Mode 

3rd  Mode 

4th  Mode 

30 

45.06% 

1.4% 

0.18% 

0.05% 

15 

45.06% 

1.4% 

0.18% 

0.05% 

6 

45.12% 

1.43% 

0  19% 

0.06% 

3 

45.53% 

1.74% 

0.33% 

0.03% 

3  at  the 

nodes  of  4th 

45.04% 

1.41% 

0.1y% 

0.01% 

mode 

2  at  the 

nodes  of  3rd 

44.74% 

1.49% 

0.00% 

0.05% 

mode 

In  the  first  4  cases  the  cables  are  placed  at  equally  spaced  intervals.  In  the  last  2  cases,  the  cables 
are  pLced,  strategically,  at  the  nodes  of  the  4th  and  3rd  mode  shape.  This  leads  to  relatively  minor 
improvements. 


Fig.  9  shows  the  influence  of  cable  length  on  the  percentage  error  introduced  in  the  flrst  N.F.  {0.3 
Hz)  of  the  beam.  The  equarion  for  this  hyperbolic  curve  is  derived  from  (60). 


%Error  = 


x  100 


where  =  gjL. 

Thus  for  example  if  the  errors  are  to  be  less  that  10%  in  the  flrst  N.F.  of  the  beam  (0.3  Hz)  pendulum 
frequency  must  be  less  than  0.137  Hz  or  the  cable  lenght  must  be  greater  that  13  meter.  This  calls  for 
relatively  tall  buildings  for  testing  sites. 


CONCLUSION 

The  pendulum  frequencies  are  contained  within  a  well  defined  band  oiy/gjL  to  \/3g/ L  The  per¬ 

centage  errors  in  the  natural  frequencies  can  be  accurately  predicted  by  the  following  formula: 


%Error  = 


x  100 


where  =  the  ith  pendulum  frequency  and  ^  the  ith  beam  frequency.  For  a  beam  whose  first 
natural  frequency  in  0.3  Hz  the  cable  lenght  must  be  greater  than  13  meters  in  order  for  the  errors  to 
be  less  than  10%.  Only  the  1st  mode  would  be  affected  by  errors,  the  higher  modes  would  be  well  above 
the  pendulum  band  and  are  unaffected  by  them.  The  number  and  arrangement  of  cables  do  not  seem 
to  affect  the  errors  substantially.  The  mode  shapes  are  also  unaffected  by  the  pendulum  motion. 


NEED  FOR  FURTHER  RESEARCH 

The  depth  and  cross-sectional  geometry  of  the  beam  need  to  be  taken  into  account.  They  give  rise  to 
double  pendulum  action  which  can  couple  with  the  torsional  and  bending  modes.  Future  research  must 
address  the  effects  of  the  mass  and  finite  stiffness  of  the  cables.  The  nonlinear  motion  of  the  beam-cable 
assembly  as  well  as  the  nonlinear  stiffening  effects  of  the  joints  of  a  realistic  truss-beam  structure  will 
be  addressed  in  future  publications. 
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1 .  INTRODUCTION 

The  design  of  controls  for  large  space  structures  (LSS) ,  flexible 
aircraft  and  other  flexible  systems  is  a  difficult  task  due  to  the 
complexity  of  these  dynamical  systems.  The  structural  model  of  these 
flexible  bodies  has  a  large  number  of  vibration  modes  which  are 
characterized  by  a  generally  very  low  inherent  damping.  Generally,  the 
dynamic  model  is  poorly  defined  leading  to  considerable  uncertainty 
(especially  in  the  higher  modes)  in  the  modal  frequencies,  damping  and 
mode  shapes.  In  addition,  the  control  design  model  is  usually  based  on  a 
low  order  modal  representation  of  the  finite  element  model  in  order  to 
reduce  the  complexity  and  sensitivity  of  the  control  design.  This  modal 
truncation  leads  to  observation  and  control  spillover  which  can 
destabilize  one  or  more  of  the  poorly  damped  modes. 

The  existing  literature  on  the  space  structure  control  problem  is 
extensive,  see  e.g.  Refs.  [1-4].  Numerous  investigators  have  proposed 
techniques  for  dealing  with  the  uncertainties  inherent  in  the  structure. 
A  technique  which  can  m ithematieally  guarantee  stability  in  the  presence 
of  significant  modeling  uncertainty  is  the  "positive  real"  approach,  (5, 
6]  which  is  based  on  the  positive  real  property  of  the  input-output 
relationship  between  collocated  force  actuator  and  velocity  sensors.  The 
positivity  approach  has  been  used  to  design  stable  controls  for  spacecraft 
models  which  give  good  transient  performance,  are  robust  to  parameter 
variations  in  the  spacecraft  structural  model  and  are  insensitive  to 
failures  in  multiple  actuators  and/or  sensors  [6]. 

A  fundamental  limitation  remains  however  in  the  strictness  of  the 
positive  real  property,  a  mathematical  condition  which  can  be  satisfied 
for  ideal  sensors  and  actuators,  but  which  fails  for  real  components  due 
to  phase  lag,  excessive  high  frequency  attenuation  and  computational 
delays . 

Our  simulation  experience  for  an  aircraft  flutter  model  [7]  has 
shown  that  while  reasonable  models  of  the  physical  components  violate  the 
positive  real  condition  and  hence  the  sufficiency  conditions  of  the 
positive  real  stability  theorem,  in  practice  high  gain  attenuation  is 
often  sufficient  to  maintain  stability  far  beyond  the  conditions  implied 
by  the  theorem.  Currently  in  the  controls  field,  the  robustness  of 
multivariable  systems  is  one  of  the  major  research  areas  The  seminal 
article  by  Doyle  and  Gtein  [8]  showed  the  importance  of  the  singular 
values  of  the  return  difference  matrix  a(I+GH)  for  investigating 
robustness  to  various  perturbative  models.  A  succession  of  articles  by 
Doyle  and  other  researchers  [9-12]  has  led  to  an  abundance  of  information 
on  structured  and  unstructured  perturbations,  stability  analyses  and  even 
design  procedures  to  ensure  robustness. 

Unfortunately  the  perturbation  models  for  the  conventional 
unstructured  perturbation  are  inappropriate  for  the  large  space  structure 
model  and  generally  fail  to  give  significant  results.  For  example,  in  a 
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design  for  the  DRAPER  II  space  telescope.  Kissel  and  Hegg  [13]  were  unable 
to  achieve  desired  stable  performance  due  to  the  modal  perturbations 
encountered.  The  essence  of  the  problem  lies  in  the  nature  of  the  assumed 
perturbations.  The  conventional  singular  value  analysis  is  oriented 
toward  high  frequency  unstructured  perturbations  in  magnitude  and  phase. 
The  modal  control  problem  has  high  frequency  uncertaintir.ies  caused  by  the 
sensors  and  actuators,  but  the  modal  uncertainty  is  not  of  this  form. 
Recourse  must  be  made  to  structured  perturbation  models  and  in  particular 
to  real  perturbations  to  capture  this  problem.  Current  work  in  this 
direction  has  been  reported  by  Doyle  [12],  Jones  [14]  and  Speyer  [15]  yet 
much  remains  to  be  done  before  a  general  theory  is  complete.  Much  of  the 
difficulty  encountered  in  the  robustness  research  is  caused  by  the 
generality  of  the  systems  which  must  be  considered.  By  focusing  on  the 
structural  control  problem,  we  can  take  advantage  of  the  special 
mathematical  structure  of  this  problem  to  yield  important  results. 

For  large  space  structures  the  dynamic  model  is  characterized  by  a 
large  number  of  'significant'  structural  modes  in  a  frequency  range  which 
is  within  the  desired  bandwidth  of  the  system.  These  modes  are 
characterized  by  a  fairly  low  damping  and  the  primary  goal  of  the 
controller  is  to  add  damping  to  these  modes.  Mathematical  models  of  these 
systems  are  generally  constructed  from  a  finite  element  representation  or 
from  a  simplified  continuum  approach.  In  either  case  it  has  been  common 
knowledge  that  while  the  first  few  low  frequency  modes  can  be  predicted 
fairly  well,  higher  frequency  modes  are  extremely  difficult  to  accurately, 
predict.  In  addition  these  modes  may  be  extremely  sensitive  to  small 
parameter  changes  (e.g.,  stiffness,  mass)  which  may  be  expected  to  occur 
over  the  life  cf  the  structure.  Finally  in  terms  of  constructing  a 
control  design  model,  it  is  often  not  the  lowest  frequency  modes  which  are 
of  interest.  E.g.  for  the  Draper  II  space  telescope  model,  Gregory  [16] 
concluded  that  a  five  mode  reduced  order  model  must  include  the  17th 
(vibration)  mode  of  the  structure  and  can  omit  numerous  lower  frequency 
modes.  These  low  frequency  modes  which  are  neglected  may  be  associated 
with  the  vibration  of  appendages  or  other  "local  modes",  or  perhaps  the 
mode  shape  of  that  vibration  is  either  not  easily  excited  by  the 
perturbation  model  or  is  not  a  significant  component  in  the  controller 
cost  function.  While  not  contributing  greatly  to  the  overall  system 

response,  the  maximum  singular  value  of  the  perturbation  matrix  o(L)  will 
be  quite  large  at  the  unraodeled  modal  frequency,  warning  of  a  potential 
stability  problem.  Mathematically  this  is  correct  -  a  small 
(unstructured)  change  in  the  system  dynamics  at  this  frequency  could  cause 
the  system  poles  to  go  unstable.  Nevertheless,  since  this  mode  is  within 
the  control  system  bandwidth,  the  conventional  approach  of  reducing  system 
gains  at  this  frequency  is  not  appropriate.  Classically  for  a  mode  of 
this  type  a  complex  zero  pair  could  be  added  to  form  a  "rotch  filter".  If 
however  the  modal  frequency  is  uncertain,  then  the  notch  may  be  placed  in 
the  wrong  location.  Also,  since  there  may  be  many  modes  of  this  type,  we 
would  need  multiple  notches,  a  solution  which  is  generally  neither 
desirable  or  practical. 

Another  source  of  modeling  error  is  in  the  area  of  actuator 
dynamics.  In  m^st  preliminary  analyses,  actuation  dynamics  are  neglected. 
Tests  of  "proof  mass"  type  of  actuators  indicate  significant  amounts  of 
pi 3  e  shift  are  often  present  as  well  as  non-linear  effects  due  to 
Erie  ion  and  hysteresis.  Since  this  uncertainty  is  generally  restricted 
to  higher  frequencies,  then  the  unstructured  singular  value  analysis  can 
accommodate  this  error  source. 

For  low  frequency  error  sources,  the  primary  conclusion  to  be  drawn 
is  that  there  must  be  additional  information  available  regarding  the 
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system  if  some  stability  robustness  is  to  be  ensured.  Our  work  in  the 
area  of  positive  real  controls  indicates  that  this  approach  offers 
additional  robustness  criteria  not  available  through  unstructured  singular 
value  analysis.  In  this  paper  we  outline  the  theory  of  positive  real 
control  (Section  2)  and  the  standard  robustness  results  (Section  3) . 
Finally  in  Section  4  we  propose  a  methodology  to  combine  these  analyses  to 
produce  meaningful  stability  results. 

2.  REVIEW  OF  POSITIVITY 

A  system  with  mxm  transfer  matrix  G(s)  is  positive  real  if  for  Re(s) 
>  0 ,  then 

[G(s)  +  G*(s) ]  >  0  (1) 

* 

where  (  )  means  conjugate  transpose  and  the  inequality  in  (1)  means  that 
the  matrix  on  the  left  side  of  (1)  is  non-negative  definite.  Equivalent 
conditions  to  (1)  are  the  conditions: 

(i)  The  elements  of  G(s)  have  no  poles  in  Re(s)  >  0. 

(ii)  Poles  of  G(s)  on  the  imaginary  axis  are  simple  and  such  that 
the  residue  matrix  is  non-negative  definite  Hermitian. 

(iii)  For  all  real  w  with  s  -  jco  not  a  pole  of  an  element  of  G(s) , 
then 


[G(jw)  +  G*(jw)]  >  0 

In  network  theory,  positive  realness  is  commonly  related  to  a  property  of 
passive  networks;  viz.  that  the  system  is  dissipative  in  that  the 
(generalized)  energy  in  the  system  at  time  t,  minus  the  energy  added  to 
the  system  by  the  input  function,  is  bounded  (above)  by  the  initial 
energy.  Thus  positive  realness  implies  a  rather  strong  type  of  stability. 

The  theory  of  positive  systems  was  developed  initially  by  Popov 
[17],  who  showed  that  for  a  conventional  feedback  system  as  shown  in 
Figure  1  with  forward  transfer  function  G,  and  feedback  function  H,  then 
if  G  and  H  are  (strictly)  positive  real  then  the  feedback  system  is 
guaranteed  to  be  closed  loop  stable.  The  test  for  positive  realness  is 
seen  to  be  fairly  restrictive  in  terms  of  the  type  of  transfer  functions 
commonly  encountered  in  engineering.  For  a  scalar  function  to  be  positive 
real  the  Nyquist  plot  of  G(jw)  must  remain  in  the  first  and  fourth 
quadrants,  i.e.,  it  must  exhibit  less  than  +  90°  of  phase  shift,  at  all 

2 

frequencies.  Thus,  e.g.,  the  transfer  functions  l/(  s  +  p  )  and  s/(  s 
2 

+  s  +  )  can  easily  be  shown  to  be  positive  real.  The  transfer 

2  2  2 

function  u>  /(s  +  2fw  s  +  u>  )  is  seen  to  be  not  positive  real  since  it 

n'  J  n  n  r 

exhibits  phase  shift  approaching  -180°  for  large  u>.  The  positivity  tests 

on  transfer  matrices  may  be  replaced  with  an  equivalent  criterion 

applicable  to  systems  in  state  variable  form  [18], 


)llcation  to  Structural  Control 


A  flexible  structure  may  be  modeled  as  having  a  large  (theoretically 
infinite)  number  of  vibration  modes  which  govern  the  motion  of  the 
structure.  In  practice  only  a  few  modes  are  modeled  accurately;  the 
remaining  modes  have  uncertain  frequency,  damping  and  mode  shape.  The 
important  fact  to  observe  about  the  structure  -  control  problem  is  the 
following:  The  transfer  function  matrix  between  colocated  velocity  sensor 
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force  actuator  pairs  is  positive  real.  A  proof  of  this  can  be  found  in 
Benhabib  [5]  and  will  not  be  repeated  here.  This  implies  that  for  ideal 
velocity  sensors  and  force  actuators,  then  at.v  strictly  positive  real 
feedback  function  can  stabilize  the  structure.  This  is  independent  of  any 
knowledge  or  model  of  the  flexible  modes.  In  a  realistic  application  we 
demand  more  than  just  stability,  and  for  this  an  appropriate  model  is 
required.  The  important  stability  result  however  is  that  for  a  positive 
real  control  design  then  uncertainty  in  the  positive  real  plant  can  not 
cause  an  instability  with  loop  closure.  The  primary  difficulty  in 
applying  this  concept  is  the  strict  phase  requirement  of  the  positive  real 
assumption.  In  reality  no  physical  system  can  meet  these  requirements 
exactly  and  to  actually  guarantee  stability  we  must  consider  the  effect  of 
deviations  from  the  positive  real  assumption. 

3 .  MODELING  ERRORS 

In  this  section  we  review  the  robustness  results  of  Doyle  et  al  [8- 
10]  and  show  how  these  results  can  be  integrated  with  the  positivity 
concepts  to  yield  strict  stability  results.  The  problem  considered  by 
Doyle  is  based  on  the  Nyquist  stability  criteria  which  for  single  input- 
single  output  (SISO)  systems,  can  be  phrased  in  terms  of  encirclements  of 
the  origin  by  the  return  difference  function  (1  +  GH)  evaluated  along  the 
jto  axis  (ie.  the  Nyquist  contour).  To  ascertain  the  stability  in  the 
presence  of  unmodeled  changes  in  the  system  transfer  matrix  we  consider  a 
perturbed  system  where  the  transfer  function  model  G  of  Figure  1  is 
replaced  by 

Gkcl  “  +  L(s)  )G(S)  (2) 

The  multiplicative  perturbation  L(s)  represents  changes  in  magnitude  and 
phase  of  the  actual  system  from  the  nominal  design  model.  A  sufficient 
condition  for  the  perturbed  system  to  be  stable  Is  that  the  perturbation 
does  not  produce  any  change  in  encirclements  of  the  origin.  We  may  state 
this  mathematically  as 

1-  +  (1  +  eL)  G  H  **  0  for  all  0  <  e  s  1  (3) 

For  the  multivariable  case  the  condition  for  the  perturbation  "L"  to 
produce  instability  is.  in  analogy  with  our  SISO  result 

det(I  +  (I+eL)GH  *  0  for  all  0  <  r  <  1  (4) 

to  relate  this  easily  to  the  size  of  "L”  requires  recourse  to  the  singular 
values  of  the  return  difference  matrix.  Now  for  (4)  to  hold  we  can 
equivalently  require  that 

a{ I  +  (I  +  c  L)GH)  >  0  (5) 

where  gA  )  indicates  the  minimum  singular  value  and  as  before  0  <  e  <  1. 
Using  a  series  of  singula”  value  inequalities(see  f9]),  the  inequality  (5) 
can  be  guaranteed  to  hold  if 

a{  (I+GH)  (GH)  1  ]  -  od+CGH)'1)  >  o(L)  -  Lm(w)  (6a) 


<j[GH(I+GH)  ^  (6b) 

Equations  (6)  represent  a  fundamental  bound  on  the  size  of  perturbation 
allowed  for  the  MIMO  system  to  maintain  stability.  This  last  statement  is 
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a  precise  quantification  of  a  familiar  SISO  result,  namely  that  tb~  closed 
loop  gain  should  be  small  if  the  perturbation  in  G  is  likely  to  be  large. 
It  is  precisely  this  requirement  that  causes  the  conventional  application 
of  the  singular  value  robustness  result  to  structural  controls  to  break 
down . 


Application  to  Structural  Controls 

For  large  space  structures  the  dynamic  model  is  characterized  by  a 
large  number  of  'significant'  structural  modes  in  a  frequency  range  which 
is  within  the  desired  bandwidth  of  the  system.  These  modes  are 
characterized  by  a  fairly  low  damping  and  the  primary  goal  of  the 
controller  is  to  add  damping  to  these  modes.  Mathematical  models  of  these 
systems  are  generally  constructed  from  a  finite  element  representation  or 
from  a  simplified  continuum  approach.  In  either  case  the  first  few  low 
frequency  modes  can  be  predicted  fairly  well  while  higher  frequency  modes 
are  extremely  difficult  to  accurately  predict.  In  addition  these  modes 
may  be  extremely  sensitive  to  small  parameter  changes  (e.g.,  stiffness, 
mass)  which  may  be  expected  to  occur  over  the  life  of  the  structure. 

Using  the  multiplicative  perturbation  approach,  the  maximum  singular 

value  of  the  perturbation  matrix  o(L)  will  have  numerous  peaks 
corresponding  to  these  shifted  modes.  Because  of  the  relatively  low 
frequency  of  these  perturbations,  application  of  the  singular  value  bound 
(6)  to  a  modal  uncertainty  problem  is  useless.  For  example,  a  standard 
test  model  for  flexible  system  control  design  is  the  tetrahedral  truss 
model  referred  to  as  DRAPER  I.  The  system  possesses  12  degrees  of  freedom 
with  six  inputs  and  six  sensors.  The  nominal  frequencies  range  from  about 
1  -  10  rad/sec.  Randomly  perturbing  the  truss  elements  (areas  and  mass) 
by  <  5%  produces  a  different  set  of  frequencies  and  mode  shapes.  The 
singular  value  plot  Lm(w)  for  one  'typical'  perturbation  is  shown  in 
Figure  2.  (Note:  We  use  the  standard  control  systems  terminology  where 
the  'db'  scale  refers  to  201og(|*|).)  Each  double  peak  in  this  plot 
corresponds  to  a  slightly  displaced  modal  frequency.  The  classic  singular 
value  robustness  requirement  is  that  the  closed  loop  transfer  function 
must  be  below  the  inverse  of  this  curve  which  is  clearly  inappropriate 
considering  the  frequencies  and  the  height  of  these  peaks.  (Note  we  have 
arbitrarily  assumed  a  nominal  modal  damping  of  0.2%  and  have  not  perturbed 
this  number).  In  spite  of  the  inability  to  satisfy  the  singular  value 
requirement,  a  positive  real  control  design  is  guaranteed  stable  since 
even  for  the  perturbed  model,  the  positive  real  stability  theorems  are 
satisfied. 

The  primary  stability  question  then  comes  when  additional  error 
sources  are  considered,  in  particular  those  modeling  errors  that 
invalidate  the  positive  real  assumption.  Most  commonly  these  may  be 
attributed  to  actuator  dynamics,  although  sensor  dynamics  may  also  be 
important  in  some  problems.  The  key  to  considering  the  stability  problem 
then  is  to  evaluate  the  singular  value  bounds  on  the  deviation  from 
positivity  -  not  on  the  deviation  from  an  a  priori  model.  Using  this 
philosophy,  extended  stability  results  can  be  obtained  for  a  class  of 
realistic  problems. 

h .  APPLICATION 

To  show  an  application  of  the  singular  value/positivity  robustness 
consider  the  flutter  example  solved  by  Takahashi  and  Slater  [7].  In  this 
paper  the  nominal  transfer  function  between  sensor  and  control  deflection 
was  'almost'  positive  real  if  actuator  dynamics  were  neglected.  The 
presence  of  the  actuator  added  significant  phase  shift  destroying  the 
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positivity  at  the  high  frequency  range  (see  Figure  3).  Nevertheless,  a 
positive  real  design  (see  Figure  4)  which  neglected  the  actuator  was 
successful  in  controlling  the  structural  oscillations.  Considering  the 
vehicle  transfer  function,  a  reasonable  first  assumption  is  to  model  the 
deviation  from  positivity  strictly  as  a  phase  change,  i.e. 

1  +  L  —  ej*  (7) 


hence 


|L 


Lm(uj) 


sin(^) 


(8) 


which  clearly  is  bounded  by 

Lm(u)  <  2  (9) 

<  6  db 

Note  that  inequality  (9)  is  only  applied  for  frequencies  outside  the 
positive  real  range,  and  that  the  more  precise  bound  (8)  may  be  applied  if 
desired.  Applying  this  criteria  to  the  product  GH  (Figures  3,4)  we  can 
determine  that  (8)  is  in  fact  satisfied,  giving  a  sufficiency  condition 
that  guarantees  stability  for  this  problem.  This  stability  had  previously 
been  verified  by  a  numerical  procedure  for  the  given  modal  data,  but  in 
fact  this  result  guarantees  stability  for  arbitrary  modal  variations  from 
the  base  positive  real  model. 

A  second  example  involves  the  DRaPER  I  structural  model  previously 
mentioned.  The  singular  value  inequality  bound  (6)  clearly  can  not  be 
satisfied  for  the  type  of  modal  uncertainty  depicted  in  Figure  2.  Using  a 
positive  real  control  design  we  know  however  the-  such  variations  will  not 
harm  the  closed  loop  stability  of  the  nominal  design.  We  have  chosen  a 

nominal  design  here  from  Ref.  6,  and  the  singular  value  plot  o[GH(I+GH)  ^  ] 
is  shown  In  Fig.  5.  We  may  now  use  this  p’ot  to  test  stability  due  to  a 
perturbation  from  a  positive  real  model.  For  this  control  design  we 
cor— ider  the  effect  of  a  second  order  actuator  with  a  natural  frequency  of 
3G  rad/sec  at  each  of  the  six  inputs.  For  this  set  of  actuator  dynamics, 
inequality  (6)  is  always  satisfied,  hence  the  positive  real  controller  is 
guaranteed  stable  even  for  additional  unmodeled  modal  variations.  A 
representative  time  response  is  shown  in  Figure  6  which  verifies  the 
stability  in  the  presence  of  actuator  dynamics. 

5.  CONCLUSION 

This  paper  shows  that  singular  value  robustness  tests  can  be 
combined  with  a  positive  real  control  design  to  give  guaranteed  stability 
for  systems  with  uncertainties  in  the  modal  parameters  and  in 
multiplicative  uncertainties  due  to  actuator  and  sensor  dynamics.  These 
results  should  be  a  valuable  aid  in  control  design  for  large  space 
structures  and  other  flexible  systems  with  significant  structure-control 
intera  -ion. 
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Figure  1  General  Feedback  Control  Model 
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Figure  2  Lra(co)  for  a  Typical  Perturbation  of  the 
Draper  I  Spacecraft  Model 
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Figure  4  Positive  Real  Feedback  Figure  5 

Transfer  Function  for 
Control  of  Flexible 
Aircraft  Model  (from  Ref.  7) 
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Singular  Values  for  Draper  1 
Nominal  Closed  Loop  Design  Model 
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Figure  6 


Time  Response  of  Draper  I  Model 
Including  a  Second  Order  Actuator 
Showing  Stable  Response 
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of  the  Czechoslovak  Academy  of  Sciences 
Prague,  Czechoslovakia 


1.  INTRODUCTION 

The  new  types  of  vehicles  are  characterized  by  increa¬ 
sing  speeds  and  weights.  As  a  result,  the  modern  slender  brid¬ 
ges,  along  which  the  vehicles  are  moving,  have  been  subjected 
to  vibrations  and  dynamic  stresses  far  larger  than  before. 

The  history  of  the  dynamics  of  bridges  began  in  England 
at  the  first  half  of  the  19-th  century  at  the  occasion  of  the 
construction  of  first  railway  bridges.  The  investigators  R. 
Willis  and  G.  G.  Stokes  tackled  the  problem  as  the  first  and 
since  that  time  the  dynamics  of  bridges  has  received  a  great 
deal  of  attention  in  the  literature.  The  classical  English 
book  by  C.  E.  Inglis  [1]  should  be  especially  mentioned  here 
while  the  history  of  the  problem  is  described  in  [2]  in  de¬ 
tails  . 

In  the  present  paper,  the  main  dynamic  characteristics 
of  bridges  like  natural  frequencies  and  logarithmic  decrements 
of  damping  are  summarized.  The  modern  stochastic  approach  to 
the  dynamics  of  bridges  has  been  developed  and  it  has  provi¬ 
ded  some  characteristics  which  describe  the  vibration  of  brid¬ 
ges  more  truthfully  then  the  dynamic  impact  factor. 

The  experimental  data  are  coming  mostly  from  railway 
bridges  what  corresponds  to  the  specialization  of  the  author. 


2.  NATURAL  FREQUENCIES  OF  RAILWAY  BRIDGES 

We  do  not  meet  with  difficulties  in  calculating  the  natu¬ 
ral  frequencies  of  bridges  if  a  computer  is  at  disposal.  The 
suitable  methods  are  described  in  textbooks  on  dynamics  of 
structures,  see  e.g.  [5]  .  The  comparisons  of  theoretical  and 
experimental  results  show,  however,  some  divergences  ;which 
may  be  explained  by  different  modulus  of  elasticity,  moment 
of  inertia,  mass  per  unit  length,  boundary  conditions  and/or 
length  of  the  theoretical  model  and  of  the  real  bridge. 

Therefore,  natural  frequencies  of  113  railway  bridges 
from  Czechoslovakia  and  from  other  Europian  railway  administra¬ 
tions  [4]  were  summarized  and  evaluated  using  statistical 
methods . 
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The  set  of  experimental  data  was  devided  in  5  groups  : 

1.  steel  trusses  with  end  without  ballast, 

2.  steel  plate  girders  with  ballast, 

3.  steel  plate  girders  without  ballast, 

4.  concrete  bridges  with  ballast, 

5.  concrete  bridges  without  ballast. 

It  has  shown  that  the  first  natural  frequencies  of  rail¬ 
way  bridges  are  the  function  of  the  span.  Among  four  types  of 
regressions  (linear,  exponential,  logarithmic  and  power  regre¬ 
ssion)  ,  the  power  regression  answers  well  to  the  tests 

.b 

fx  =  a  I  ,  (1) 


where 

f,  -  first  natural  frequency  in  Hertz, 

-  span  of  the  bridge  in  meters, 

a,  b  -  regression  coefficients. 

The  Table  1  summarizes  the  results  of  statistical  evalua¬ 
tion.  There  are  given  the  regression  coefficients  a,  b,  the 
reliability  bound  s  for  the  estimation  of  the  lower  and  upper 
bound,  respectively,  with  a  95  %  reliability 

,b  “1  ^ 

f1=al  s  ,  f^  =  a  1  s,  respectively,  (2) 


correlation  coefficients  r  showing  how  close  are  the  experi¬ 
mental  data  to  the  equation  (1)  end  the  boundaries  of  applica- 
bili  y  of  the  equation  (1)  in  span,  8nd  ^max  * 

The  Figure  1  gives  a  survey  of  all  experimental  data  plot¬ 
ted  as  a  function  of  the  span.  There  is  also  the  mean  value 
(solid  line)  in  concordance  with  the  equation  (1)  and  the  lo¬ 
wer  and  upper  bound,  equation  (2),  for  the  95  %  reliability 
(dashed  lines) . 

The  rounded  values  from  the  Table  1  provide  an  empirical 
formula 


-0,9 

f-L  =  133  1  ,  s  =  2,1  ,  (3) 

which  i3  valid  for  railway  bridges  of  all  tynes,  materials 
ar)  of  usual  static  systems.  The  equation  (3;  may  serve  for 
'stimation  of  the  first  natural  frequency  of  a  railway 
bridge  in  the  design  stage. 

A  detailed  analysis  has  shown  a  high  reliability  of  the 
estimation  of  the  first  natural  frequency  for  truss  bridges 
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because  they  are  of  uniform  type.  On  the  other  hand,  various 
types  of  bridges  were  included  among  steel  plate  fiiirder  brid¬ 
ges  (e.g.  box  girders  etc.)  so  that  their  reliability  bounds 
are  wider.  There  ore  only  few  results  from  concrete  bridges 
without  ballast,  nevertheless,  the  regression  coefficients  for 
concrete  bridges  with  and  without  ballast  are  close  together. 
It  justifies  a  conclusion  that  the  ballast  on  concrete  bridges 
affects  their  natural  frequencies  in  a  little  way  only  (the 
mass  ratio  of  the  ballast  and  of  a  concrete  bridge  is  small). 


3.  DAMPING  OF  RAILWAY  BRIDGES 

Damping  is  8  favorable  property  of  structural  materials 
which  diminishes  the  amplitudes  of  vibration  in  many  cases. 

The  physical  reasons  of  damping  are  very  complex  and  they  may 
be  distinguished  in  internal  and  external  ones.  The  internal 
reasons  of  damping  are  :  viscous  and  plastic  internal  friction 
of  structural  materials  during  their  deformations,  their  non- 
homogenious  properties,  cracks  etc.  External  reasons  in  rail¬ 
way  bridges  are  :  friction  in  supports  and  bearings >  friction 
in  ballast,  in  joints,  aerodynamic  resistance  of  the  bridge 
(it  is  small  with  respect  to  the  rigidity  of  usual  railway  brid¬ 
ges),  viscoelastic  properties  of  the  soil  er.d  ground  etc. 

It  is  almost  impossible  to  take  into  account  all  reasons 
of  damping  in  engineering  calculations.  Therefore,  the  basic 
theoretical  model  in  dynamics  of  bridges  (i.e.  a  simple  beam 
subjected  to  a  force  which  moves  with  a  constant  velocity 
along  the  beam)  was  solved  for  several  kinds  of  damping  : 


3.1  Viscous  Damping  Proportional  to  the  Velocity  of  Vibration 

The  elementary  hypothesis  of  viscous  damping  ( Kelvin- Voigt ) 
assumes  that  the  external  damping  is  proportional  to  the  velo¬ 
city  of  vibration  of  each  element  of  the  beam.  Due  to  its  sim¬ 
plicity,  the  hypothesis  is  widely  spread,  although  it  supposes 
that  the  damping  depends  on  the  frequency  of  vibration.  This 
is  in  contradiction  to  some  laboratory  experiments.  However, 
the  global  results  correspond  rather  well  to  experiments  car¬ 
ried  out  on  large  and  complex  structures  as  railway  bridges  in 
many  cases. 


The  basic  theoretical  model  mentioned  above  is  covered 
for  viscous  damping  by  the  differential  equation 


dVx,  t)  rv(x.t) 

El  - - -  H  u  - - __  + 


X 


V 


dt‘ 


/^b' 


dv(  x,t) 
d  t 


-  C^x'-ct)  F 


(4) 


where  : 

v(x,t)  -  deflection  of  the  beam, 

El  -  constant  bending  rigidity  of  the  beam, 
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mas?  per  unit  length  of  the  beam, 
constant  of  the  viscous  damping, 

Dirac  delta  function, 

velocity  of  the  movement  of  the  force, 

constant  force. 


The  solution  of  the  equation  (4)  is  well  known  [2]  and  the 
damping  diminishes  the  maximum  dynamic  deflection  of  the  beam 
for  subcritical  speeds  of  the  force. 


If  higher  modes  of  vibration  ere  damped  with  different  co¬ 
efficients  (Db-  ,  the  solution  of  the  equation  (4)  remains  for¬ 
mally  the  same^v/ith  interchanging  of  eJ^  by  . 


An  other  hypothesis  assumes  that  the  damping  is  proporti¬ 
onal  to  the  velocity  of  stress  variations  and  expresses  the  in¬ 
ternal  damping  depending  on  stress.  The  pertinent  differential 
equation  of  the  basic  theoretical  model  appears  in  the  form 


El 


34v(x,t)  3^v(x,t)  32v(x,t) 


+  b  El  - 


0  X 


ax4  0 1  ^ 


0t‘ 


=  cf(x-ct)  F  (5) 


2 

If  the  constant  of  this  type  of  damping  b  =  2  u) <y  . 

the  solution  of  (5)  remains  formally  the  same  as  that  of  the 
equation  (4). 


5.2  Drv  Friction 


The  Coulomb  hypothesis  of  dry  friction  supposes  a  constant 
force  acting  against  the  movement  of  each  element  of  the  beam 
so  that  the  following  equation  is  valid  for  our  basic  theoreti¬ 
cal  model 


El 


34v( x,t) 


3  v(x,t)  + 

?-J?-  -  b 


c£(jc-ct)  F 


(6) 


where  the  upper  sign  at  the  damping ^ constant  b  is  valid  for 
v(x,t)>0  and  the  lower  sign  for  v(x,t)<0  ,  respectively. 

The  solution  of  the  equation  (6)  is  decomposed  in  three 
phases  :  qCt)  =  0,  q(t)>  0  ,  and  q(t)^  0  ,  where  qCt)  is 
the  generalized  deflection  of  the  centre  of  the  beam. 


At  the  end  of  the  movement,  i.e.  at  t  -  i/ c  ,  where  1 
is  the  span  of  the  beam,  a  residual  deflection  v  remains 
due  to  the  presence  of  dry  friction.  After  evaluating  v  , 
the  particular  constant  b  of  dry  friction  may  be  obtained 


TV  F 


b  = 


2f[l  -  2cos  Ti/{  2o<  )]  v 


(7) 
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where  : 

v  -  the  deflection  of  the  centre  of  the  beam  due  to  the 
force  °F  at  the  same  place, 

°C  =  - C—r-  (8) 

2  f1  1 

is  the  dimensionless  speed  parameter, 

f^  -  the  first  natural  frequency  of  the  beem. 

An  other  dry  friction  may  occur  at  bearings  of  bridges  : 
N(t)  =  -  f  (  G/2  +  F  c t/i  )  (9) 


N(t)^is  the  horizontal  longitudinal  force  according  to  the  Cou¬ 
lomb's  law  which  is  proportional  to  the  reaction  force  beneath 
the  moving  bearings, 

f  -  coefficient  of  friction, 

G  -  dead  load  of  the  bridge. 

The  upper  sign  of  the  force  N(t)  (9)  is  valid  for  the  mo¬ 
vement  of  the  moving  bearing  to  the  left  hand  side  (the  moving 
bearing  is  supposed  on  the  right  hand  side  of  the  beam)  and 
vice  versa. 

The  differential  equation  for  thi3  case  takes  the  form 

34v(x,t)  <?2v(x,t)  ,5>2v(x,t)  . 

KI - —  +  u  - p - N(t)  - 5—  =  r)(x-ct)  F  (10) 

<?x4  r  dt2  d* 


and  leads  to  the  Bessel  functions  [5]. 

5 • 1  Complex  Theory  of  Internal  Damping 

The  complex  theory  of  internal  damping  assumes  that  the 
nonelastic  deformation  delays  the  elastic  one  so  that  the  dam¬ 
ping  dcwnot  depend  on  the  frequency  [6]. 

The  differential  equation  of  our  basic  theoretical  model 
may  be  written  in  the  following  form 

a4v*(x,t)  a2v*(x,t)  2 

(  /31  +  i P2)  El  - - +  =  ~  F  (  sin  w  1  " 

-  i  cosn»t  )  sinrx/f 

(11) 
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where  : 

v*(x,t)  -  complex  deflection, 

fl  .  A'  /3  =  r 

1  +  j-2/4  ’  2  1  ♦  /-2/4 

y  -  coefficient  of  internal  damping, 

<*>  =  3TC/1  , 

and  the  real  part  of  the  right  hand  side  corresponds  to  the 
right  hand  side  of  tae  equation  (4). 

The  solution  of  the  equation  (11)  is  easy,  however,  it  ■ 
does  not  present  any  result  much  more  different  from  the  result 
of  the  Kelvin- Voigt  theory.  The  forced  vibretion  dominates 
over  the  free  vibration  in  this  transient  case  and  the  event 
lasts  for  a  limited  time  only.  Nevertheless,  the  complex  theory 
enables  to  take  into  account  nonlinear  damping,  e.g.  damping 
proportional  to  the  amplitude  of  vibration. 


3 . 4  Experimental  Kesults 

In  practice,  the  logarithmic  decrement  of  damping  is 
evaluated  from  the  experimental  deflection-  or  stress-time  his¬ 
tories 


4 


(12) 


where  a  is  the  amplitude  after  the  n-th  cycle  of  free  damped 
vibration.  Unfortunately,  the  past  tests  did  not  conserve  the 
amplitudes  appertaining  to  the  particular  cycles  of  vibration. 

Therefore,  only  logarithmic  decrements  of  damping  were  sum¬ 
marized  from  73  railway  bridges.  The  statistical  analysis  has 
provided  the  following  conclusions  : 

a  very  weak  correlation  of  &  on  spsn  f  and  on  the 
natural  frequency  f^, 

a  weak  correlation  on  the  presence  of  ballast  for  spans 
greater  than  20  m, 

for  spans  less  than  20  m,  ary  friction  occurs  and  its 
effect  grows  witn  diminishing  spans, 

logarithmic  decrements  of  camping  for  concrete  bridges 
are  greater  than  that  for  steel  bridges  and,  therefore,  only 
these  two  types  of  bridges  are  statistically  important, 

-  large  dispersion  of  all  test  results. 
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Table  2  Logarithmic  decrements  of  damping  ih 
of  railway  bridges 


Characteristic 

Symbol 

Bound  of 
applica¬ 
bility 

Railway  bridges 

steel 

concrete 

No.  of  tested  bridges 

n 

45 

5 

Mean  value 

0,080 

0,177 

Standard  deviation 

a 

f>20  m 

0,041 

0,075 

Reliability  for  Gauss 
distr ibution 

1,96  s 

0,080 

0,145 

No.  of  tested  bridges 

n 

f<  20  m 

16 

11 

Exponent  in  eqs.  (14), 
(16) 

r» 

1,494 

0,918 

The  results  of  evaluation  are  plotted  in  Figures  2  and  5 
where  the  mean  values  are  given  by  solid  lines  while  the  sta¬ 
tistical  data  together  with  95  %  reliability  (  1,96  s  )  are 
given  in  the  Table  2. 

The  rounded  values  of  Table  2  have  supplied  the  empirical 
for  mulae  of  the  logerithmic  decrements  of  damping  for  railway 
br„  'ges  : 


steel  bridges 


1  >  20  m 

= 

0,08  , 

s  =  0,04 

(15) 

1  <  20  m 

d  = 

0,08  (  20/£ 

)1*5 

(14) 

concrete  bridges 

i  >  20  m 

0,18  , 

• 

3  =  0,07 

(15) 

t  <  20  .i 

J  = 

0,10  ( 

.  20/£ 

)0-9 

(16) 

where  s  is  the 
data,  see  Table 

standard 

2. 

deviation  of  the  statistical 

set  of 
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4.  STOCHASTIC  AFFROACH 

The  dynamic  impact  factor  has  been  used  for  the  design  of 
bridges  in  practice  although  it  does  not  reflect  the  dynamic 
properties  of  the  bridge  and/or  vehicles.  According  to  moot 
national  standards  for  design  of  bridges  it  depends  on  the  span 
of  the  bridge  only  and  for  bridges  in  traffic  at  most  on  the 
dimensionless  speed  Darameter  o c  kS)  . 

The  dynamic  impact  factor  is  verified  by  teste  during  which 
a  certain  vehicle  is  running  along  a  bridge  with  various  speeds , 
Then,  the  dynamic  impact  factor  J  is  evaluated  from  the  rela¬ 
tion 


S 


max  vdvn(x»t} 


stat 


( x,  t) 


(17) 


where  max  v1  (x,t)  is  the  maximum  dynamic  stress  or  deflection 
at  x  and  vg+at^x,t^  is  the  corresPon(^in^  static  value  ^at  the 
same  point  under  the  action  of  a  moving  vehicle. 

This  approach  is  possible  in  special  tests  only  using  a 
particular  vehicle.  As  the  weight  of  the  testing  vehicle  is  in 
most  cases  much  lower  than  the  weight  of  the  standard  load,  the 
dynamic  impact  factor  (17)  can  hardly  be  applied  as  a  multi¬ 
plying  factor  together  with  the  standard  load. 

Usual  traffic  on  bridges  is  much  more  realistically  idea¬ 
lized  by  a  stochastic  approach  which  was  developed  for  short 
span  bridges  in  [7]  end  [8]  as  a  sequence  of  random  forces  mo¬ 
ving  along  a  bridge  end  for  large  span  bridges  in  [9]  as  a  mo¬ 
ving  continuous  random  load  which  is  a  random  function  both  of 
time  and  of  the  length  coordinate . 

The  stochastic  analysis  has  presented  the  coefficient  of 
variation  s/v  with  which  a  statistical  dynamic  coefficient 
may  be  suggested 


6 


s 

1  +  k  - 


v 


(18) 


where 

a  -  standard  deviation, 
v  -  mean  value, 

k  -  coefficient  ascertaining  the  reliability  that  the 
peaks  of  vibration  would  not  cross  a  certain  threshold  (e.g. 
k  =  1,65  for  the  95  %  reliability  of  the  cne-sided  Gauss  pro¬ 
cess)  . 


The  coefficient  of  variation  may  also  be  obtained  during 
experiments  under  traffic  loads  if  the  stress-time  record  is 


divided  in  equidistances  end  such  a  set  of  test  data  is  evalu¬ 
ated  using  statistical  methods.  The  modern  experimental  devices 
and/or  computers  enetle  such  a  statistical  evaluation. 

The  dynamic  coefficient  (18)  may  serve  for  strength  calcu¬ 
lations,  however,  it  is  not  sufficient  for  fatigue  which  requi¬ 
res  the  knowledge  of  number  and  amplitudes  of  vibration.  There¬ 
fore,  the  stress-time  records  are  classified  using  e.g.  "rain- 
flow"  counting  method  [10]  which  classifies  the  stress  ranges 


& 

max 


<r 


min 


(19) 


end  assumes  that  the  fatigue  damage  due  to  small  stress  ranges 
can  be  added  to  the  damage  due  to  large  stress  ranges. 

The  result  of  counting  may  be  presented  in  the  form  of  a 
stress  spectrum,  i.e.  the  probability  density  of  stress  ranges 
a  &.  in  the  i-th  class.  The  stress  spectre  include  both  static 
and1 dynamic  components  of  the  response  end  possess  a  great  num¬ 
ber  of  small  stress  ranges  while  the  great  stress  ranges  are 
rare  for  bridges. 

The  statistical  evaluation  of  stress  spectra  of  railway 
and  of  highway  bridges  has  presented  an  empirical  f  ormuZ 

b  c  d  ks 

nx  =  a  T  L  A  e  (20) 


where  : 

n.  -  number  of  stress  ranges  in  the  i-th  class  per  year, 

T1  -  mos3  of  ell  trains  on  the  given  line  per  year  for 
railway  bridges  (in  million  of  tons),  or 

-  mean  value  of  heavy  highway  vehicles  per  24  hours 
(devided  by  500)  for  highway  bridges, 

L  -  length  of  influence  line  of  the  investigated  bridge 
element  (in  metres), 

-  463/  AGg  =  0,1;  0,2;  . ..;  0,9;  1  -  dimensionless 

stress  range, 

A&  -  stress  range  due  to  standard  load  multiplied  by  the 

S 

standard  dynamic  impact  factor, 

s  -  standard  deviation  of  measured  data, 

k  =  1,65  -  coefficient  ascertaining  the  95  %  reliability, 
a,  b;  c,  d  -  regression  coefficients  according  to  our 
experiments  : 


for  railway  bridges 


for  highway  bridges 


a 

b 

c 

d 

s 


17,74 
0 , 86 

-  0,35 

-  4,46 
1,32 


13,10 
1,00 
-  0,46 
-5,21 
0,93 
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(21) 


The  stress  spectra  enable  to  calculate  the  traffic  load 
factor 


where 

n<p  is  the  number  of  vehicles  per  year, 

1/m  denotes  the  slope  of  the  particular  Wohler  curve 
and  other  symbols  come  from  the  equation  (20). 

The  traffic  load  factor  serves  for  the  design  of 

bridges  for  fatigue  [10]  using  the  theory  of  limit  state  de¬ 
sign  or  for  the  estimation  of  the  fatigue  life  [11] . 


5.  DYNAMIC  MODELS 


5.1  Vertical  Forces 


The  dynamic  models  of  bridges  anu  vehicles  have  been  ela¬ 
borated  in  details  for  the  investigation  of  vertical  dynamic 
forces . 

The  beam,  simple  or  continuous,  is  the  most  used  model  for 
a  bridge  [1],  [2],  [3].  The  vehicle  is  idealized  by  a  system 
of  lumped  masses  or  rigid  desks  connected  by  springs  and  dam¬ 
pers  together.  The  lumped  masses  are  also  used  for  modelling 
the  bridge  if  numerical  methods  and  computers  are  used. 

The  system  of  differential  equations  describes  the  verti¬ 
cal  movements  of  the  bridge  and  of  lumped  masses  and  the  rota¬ 
tion  of  rigid  desks  during  the  motion  of  the  vehicle  along  the 
bridge.  Various  theoietic&l  models  were  verified  by  experiments 
up  to  the  speed  of  250  kn/h,  [12],  [2],  and  they  show  a  satis¬ 
factory  agreement  between  theory  and  tests. 

Both  theory  [2]  and  experiments  [12]  have  supplied  the 
moat  significant  information  :  the  dynamic  effects  on  bridges 
grow  with  increasing  speed  of  the  vehicle,  end  dimensionless 
speed  parameter  tc  (3)  possesses  a  deciding  significance. 

Other  important  parameters  are  :  track  irregularities,  dynamic 
characteristics  of  the  bridge  and  of  the  vehicle  (frequencies, 
damping)  etc. 


5.2  Horizontal  Longitudinal  Forces 

Horizontal  longitudinal  forces  on  bridges  are  caused  by 
starting  end  braking  vehicles  .  The  starting  force  is  growing 
from  zero  to  a  certain  maximum  and  then  it  diminishes.  The  ma- 


ximum  starting  force  occui’s  at  a  low  speed  of  the  vehicle.  The 
maximum  ux*aking  force  appears  just  before  stopping  of  the  vehi¬ 
cle. 


For  these  reasons,  experiments  [13]  as  well  as  the  appro¬ 
priate  theory  [14],  [15]  have  shown  that  the  cackled  problem 
is  of  quasi-static  character  rather  than  dynamic  one. 

The  starting  and  braking  forces  in  bridges  depend  on  the 
coefficient  of  adhesion,  on  the  type  of  bearings  and  on  the  con¬ 
tinuity  of  rails  over  the  bridge  ends  in  the  case  of  railway 
bridges.  The  starting  forces  arise  under  the  powered  vehicles 
only,  while  the  braking  forces  under  all  vehicles.  Therefore, 
the  length  of  the  bridge  with  respect  to  the  length  of  the  train 
plays  a  certain  part. 


5 • 3  Hori zontal  Lateral  Fore es 

Horizontal  lateral  forces  are  caused  by  horizontal  track 
irregularities  and  by  the  "sinus"  motion  of  rail  vehicles.  They 
induce  horizontal  and  rotational  vibration  of  the  bridge. 

The  simplest  model  that  could  explain  the  coupled  special 
vibration  just  mentioned  is  a  thin-walled  beam  [16] .  The  sto¬ 
chastic  approach  gives  a  certain  chance  of  solving  the  given 
problem. 


6.  CONCLUSIONS 

Since  the  last  century  the  dynamics  of  bridges  has  been 
elaborated  in  deep  details  and  it  presents  the  models  and 
methods  that  could  explain  all  events  during  the  movement  of 
vehicles  along  a  bridge. 

The  basic  dynamic  characteristics  of  bridges,  i.e.  natu¬ 
ral  frequencies  and  logarithmic  decrements  of  damping  of  rail¬ 
way  bridges  were  collected  from  extensive  tests  so  that  we  are 
able  to  estimate  these  values  with  a  high  reliability.  The  re¬ 
gression  equation  (1)  estimates  the  first  natural  frequency 
as  a  function  of  the  span  where  the  appropriate  constants  are 
given  in  the  Table  1  for  the  investigated  types  of  bridges  and/ 
or  in  the  equation  (3)  for  all  bridges. 

Several  theoretical  models  of  damping  exist  and  the  simp¬ 
lest  one  (Kelvin-Voigt )  corresponds  well  to  experiments  for 
large  span  bridges.  The  dry  friction  applies  at  short  spen 
bridges  while  the  other  models  bring  no  important  improvements. 

The  experimental  data  have  shown  that  the  material  (steel 
or  concrete)  is  statistically  deciding  parameter  that  gives  the 
appropriate  logarithmic  decrement  of  damping  for  railway  brid¬ 
ges  (13)  and  (15).  The  correction  for  spans  shorter  than  20  m 


implies  the  effect  of  dry  friction  due  to  the  presence  of  bal¬ 
last  on  the  bridge  or  due  to  the  friction  in  bearings  (14),  (16). 

The  stochastic  approach  to  the  dynamics  of  bridges  has 
brought  some  possibilities  how  to  calculate  the  bridges  more 
realistically  using  the  statistical  dynamic  coefficient  (18) 
and  the  traffic  load  factor  (22).  The  first  one  is  suggested 
for  strength  calculations  while  the  second  one  for  the  design 
of  bridges  for  fatigue. 

Various  dynamic  models  of  bridges  and  vehicles  enable  to 
idealize  the  movement  of  vehicles  across  the  bridge.  The  speed 
of  vehicles  (8),  track  irregularities  end  dynamic  characteris¬ 
tics  both  of  bridge  and  vehicles  are  most  important  parameters 
for  the  investigation  of  bridges  in  vertical  direction.  Hori¬ 
zontal  longitudinal  forces  cause  quasi-static  effects  on  brid¬ 
ges  rather  than  dynamic  ones  while  a  stochastic  spatial  model 
of  the  bridge  could  explain  the  effect  of  horizontal  lateral 
forces  on  railway  bridges. 
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TEXT  TO  FIGURES 

Fig.  1  Natural  frequency  of  railway  bridges  f,  as  a  function 
of  span  1  ,  mean  value  -  solid  line,  95  %  bounds 
of  reliability  -  dashed  lines 

1  -  steel  truss  bridges 

2  -  steel  plate  girder  bridges  with  ballast 

5  -  steel  plate  girder  bridges  without  ballast 

4  -  concrete  bridges  with  ballast 

5  -  concrete  bridges  without  ballast 

Fig.  2  Logarithmic  decrement  of  damping  ft  of  steel  railway 

bridges  as  a  function  of  apan  I,  mean  value  -  solid  line 

1  -  steel  truss  bridges 

2  -  steel  plate  bridges  with  ballast 

5  -  steel  plate  girder  bridges  without  ballast 

Fig.  5  Logarithmic  decrement  of  damping  &  of  concrete, 
railway  bridges  as  a  function  of  span  1 
mean  value  -  solid  line 

1  -  concrete  bridges  with  ballast 

2  -  concrete  bridges  withtout  ballast 
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1.  INTRODUCTION 


The  slender  web  (thin  plate)  is  the  main  construction  element  of  a 
thin-walled  structure.  The  detail  knowledge  of  the  behaviour  of  the  slen¬ 
der  web  enables  us  to  determine  the  load  carrying  capacity  of  the  whole 
thin-walled  structure  more  accurately.  New  computers  give  us  a  chance,  to 
solve  theoretical ly  r-'re  complicated  problems.  The  geometrically  non-li¬ 
near  theory  is  necessary  to  describe  the  post  buckling  behaviour  of  slen¬ 
der  web.  By  including  the  inertia  forces  the  problem  can  be  extended  into 
dynamics.  The  dynamic  non-1  inear  problems  of  the  slender  webs  are  well 
known  in  the  aircraft:  constructions,  but  we  can  encounter  them  in  other 
structures  as  well. 

2.  THEORETICAL  ASSUMPTIONS 


The  total  description  /TID/  is  used,  and  according  the  von  K^rmin  theory 
for  the  large  deflections  of  the  plates  the  strain  vector  is 
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are  the  functions  of  the  in-plane  displacenents, 
is  the  function  of  plate  displacements. 


(1) 


In  a  harmony  with  the  von  Kirmcin  theory  (the  plate  disc  la  cements  are 
nuch  larger  than  in-plane  displacements  ),  we  take  into  consideration  the 
inertia  forces  acting  oily  in  the  direction  of  the  plate  displacements. 
Then  the  inertia  force  per  unit  volume  is 


■m 


(2) 


where  p  is  the  mass  per  unit  volume,  t  is  the  time. 


2.1  SYSTEM  OF  CONDITIONAL  EQUATIONS 

Using  the  Hamilton's  principle  we  have 

-  ]  6Cr  -  A  ♦  W  )  dt  •  0.  (3  ) 

t, 

The  sum  of  the  variations  of  the  kinetic  and  potential  energies  and 
the  variation  of  the  non-oonservative  forces  considered  during  any  time 
interval  t^  to  t^  must  be  equal  zero. 


A  =  i 


p  q  q  dV 


T  T 

e-  e*)o  dV 
-o 1  - 


is  the  tc/tal  kinetic  energy  of  the 
system# 

is  the  potential  energy  of  the  system 


W  =  ( qT  -  qT)  p  dV  -  i  c  ( qT  -  q£)  q  dV  is  the  work  of  non-conservative 

„  '  v  "  forces. 


where 


jPx 


are  the  funcrlons  of  the  displacements. 


are  the  velocities  of  the  displacements, 


are  the  external  loads, 


are  the  functions  of  the  initial  displacements, 

is  the  stress  vector, 

is  the  volime  of  the  slender  web, 

is  the  darrping  coefficient, 

is  the  vector  of  initial  strains. 


The  variational  assurrptions  for  the  displaces  its  functions 


f  u(x,y,t)i 
q  »  -I  v(x,y,t)  =. 
l  w(x,y,  t ) ! 


qs(x,y,t) 
w  (x,y,t) 
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We  suppose  only  the  initial  displacements  in  the  directions  of  the  plate 
displacements 

%  m  |w°  >  =  bd  5.  0 

E^j  Bg  are  the  basic  variational  functions  of  the  displacements? 
plate  in-plane, 

Ojy  2S  are  the  parameters  of  the  displacements  functions? 
plate,  in-plane. 

Eq.  (3)  must  be  satisfy  far  time  interval  t.  to  t_  and  finally  it  leads 
to  the.  system  of  conditional  equations  in  the  form 

*M  *D  +  «C  +  (KLD  +  +  W  "d  +  "ds  "S  *  PD  *  PDn  (5a) 
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is  the  mass  matrix, 
is  the  danping  matrix, 

is  the  linear  stiffness  matrix  of  the  plate, 

is  the  geometrically  non-linear  stiffness  matrix  of  the  plate, 

is  the  matrix  of  the  increasing  of  the  bending  stiffness  of  the 
plate  due  to  the  initial  displacements,  non-linear  part, 

is  the  non-linear  stiffness  matrix,  the  interaction  between  the 
plate  and  the  in-plane  displacements  parameters, 

is  the  vector  of  the  transform  external  load  of  the  plate, 

is  the  vector  of  the  transform  plate  internal  forces  due  to  the 
initial  displacements, 


is  the  non-linear  stiffness  matrix,  the  interaction  between  the 
in-plane  and  the  plate  displacements  parametres. 


P 

-S  is  the  vector  of  the  transform  external  load  of  the  web 
/in-plane  forces/, 

Pgo  is  the  vector  of  the  transform  in-plane  internal  due  to,  the 
initial  displacements . 


The  stiff nes  matrix  of  the  web  K.  „  is  linear  and  we  can  do  the  elimination 
of  Eo.  (5b).  ^ 


-  s  *  kls  < -s  *  ^So  "  *-d  > 


^Putting  this  into  Eq  ( 5a)  we  have  the  final  system  of  the  conditional  eguat- 
Vd  ♦  D  *  ♦  >W  -  .  K^1.  Kg))iD  . 
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This  is  the  system  of  differential  equations.  The  number  of  the  differential 
equations  is  equal  tc  the  number  of  the  plate  displacements  parameters. 

3.  NUMERICAL  EXAMPLES' 


f  The  rectangular  slender  web  loaded  in  compression  has  been  solved 
!)•  The  combined  Ravleinh-Ritz  FEM  has  been  used  the  -  nonicmetric 
functions  for  the  approximation  of  the  plate  displacements ;  the  rectancna- 
elements  with  bicubical  polynems  for  the  in— o lane  displacements. 

The  Newmark's  method  with  the  combination  of  Newton-RaDhson  iteration 
has  been  used  for  the  solution  of  the  differential  ecruations  Eq.  (6). 

3.1  THE  LINEAR  INCREASING  IN  LOAD  IN  TERMS  CF  TIME 
We  can  introduce 


Px  -  s.t  , 

s  is  the  velocity  of  the  increase  in  the  load, 


S 


rCR 


3  2 

*.c.E.h  ^  * 
- 3T  ; 


s.d* 


(7  ) 


is  the  parameter  of  the  dynamic 
buckling  of  the  slender  veb. 


Fig.  2  Dynamic  buckling  of 
slender  web  for  different 
forms  of  buckling  surface 


Fig.  3  Dynamic  buckling  of 
slender  web  for  different 
values  of  initial  displa¬ 
cements 


Results  in  Figs.  2  and  3  enable  us  to  do  the  follcr.rinc  comments . 

Vfe  can  see  that  the  slenderness  ratio  a/h  or  b/h  ,  which  is  a  suitable 
parameter  for  a  description  of  the  post-buckling  behaviour  of  a  slender  web 
under  a  static  load,  is  not  sufficient  in  dynamic.  As  a  suitable  equivalent 
parameter  we  can  take  the  parameter  of  dynamic  bucklina  of  a  slender  web 


Eq.(  7  )  ,but  we  can  see  that  here  Young's  modulus,  the  dimensions  of  the  slc. 
der  web  and  the  velocity  of  the  increase  in  the  load  are  introduced  in  a  non¬ 
linear  form. 

Fig.  2  shews  an  interesting  result  in  which,  for  a  small  value  of  the  pa¬ 
rameter  of  dynamic  buckling  and  for  a  small  value  of  the  initial  displacements, 
we  see  that  buckling  in  the  form  of  two  or  more  waves  occurs  earlier  than  the 
trivial  one-wave  buckling  associated  with  the  static  case. 

Che  of  the  ways  to  investigate  the  dynamic  buckling  of  a  slender  web  is 
the  introduction  of  "a  dynamic  critical  load".  For  a  web  with  a  small  initial 
displacement,  we  can  observe  that  intensive  buckling  starts  at  a  certain  level 
of  the  load,  (  see  point  C  in  Fig.  2  ).  This  load  is  called  "the  dynamic  critical 
load",  and,  dividing  it  by  the  elastic  critical  load,  we  get  "the  coefficient 
of  dynamic  critical  load".  The  fact  that  the  dynamic  critical  load  is  higher 
than  the  static  one  can  be  utilized  only  in  some  special  structures  or  mecha¬ 
nisms,  where  the  regime  of  the  load  and  other  circumstances  are  exactly  defi¬ 
ned.  This  is  inpossible  to  satisfy  in  such  steel  structures  as  bridges,  to¬ 
wers  and  so  on  Here,  for  example,  if  we  have  a  high  velocity  of  the  increase 
in  load,  we  are  bound  to  suppose  a  slew  velocity  as  well,  and  such  a  load 
would  be  worse  in  this  "concept".  It  means  that  we  must  try  to  find  some  other 
way  to  study  this  problem.  One  detail  can  help  us.  If  we  evaluate  the  parame¬ 
ter  of  dynamic  buckling  ( Eq.  (7  )')for  a  real  variety  of  the  properties  and  di¬ 
mensions  of  steel  strictures,  we  can  see  that  the  values  of  this  parameter 
are  large  in  most  cases  more  than  100.  If  moreover,  we  take  in  to  considera¬ 
tion  that  ordinary  steel  structures  always  exhibit  seme  initial  imperfections 
(the  influence  of  initial  displacements  is  shown  in  Fig.  3),  we  can  see  that 
the  dynamic  post-buckling  effect  can  be  considerable  only  under  rare  condi¬ 
tions.  But  anyhow,  the  presented  theory  and  results  enable  us  to  carry  out 
a  description  of  this  problem  and  to  find  the  conditions  for  a  characteri¬ 
zation  of  the  "demaruacion  line"  between  the  static  and  the  dynamic  buckling. 


Y*15,  or.sO.1,  s,=0.1|  5*0.4,)  w,u ;  iinjx , 

S'  ~  p.p^n-cos^)  i 

-£■  '■£■  vt 

-ft*.  «■«•> 


w;  «» 


4  ■*  ■  -aj  is  the  frequency  ratio, 

2  * 

is  the  circular  frequency  of  the  applied  loed. 

If  in  the  obtained  equations  the  cubic  term  and  the  terms  of  the  ini 
tial  displacements  are  neglected  we  have  the  Mathieu  differential  equations; 
and  in  the  Ince-Strutt  diagram  we  can  determinate  the  conditions  for  the  pa¬ 
rametric  resonance. 

Bolotin  Z  5  3  and  Volmir  [  6  ]  determined  the  limits  of  the  parametric 
resonance  for  the  non- linear  system  (Bq.  (6 ) )  ,  but  without  taking  account  of 
the  initial  displacement  terms,  and  they  shewed  that  the  amplitudes  were  li¬ 
mited  even  in  the  case  of  the  parametric  resonance. 

We  used  the  following  way:  Eq.(6)  was  solved  with  all  terms.  The  initial 
conditions  were  given  by  zero  acceleration  and  zero  velocity.  Fig.  4  shows 
two  ways  of  expressing  che  results  and  also  the  notations  of  the  parameters 
involved.  For  ordinary  steel  structures  ,  similarly  to  the  previous  case  of 
a  linear  increase  in  load  in  terms  of  time,  on  interest inn  problem  is  to 
follow  the  conditions  for  the  origin  of  the  non-linear  dynamic  effects. 
Accordingly,  the  alternative  B  is  used  to  exnress  the  results.  Here,  the 
relationship  between  displacements  and  load  is  ahewn,  as  it  is  usual  in  the 
case  of  a  static  load.  The  dispersion  around  the  lines  characterize  the  dy¬ 
namic  effects. 

The  obtained  results  (Figs.  5-9)  enable  us  to  draw  seme  conclusions. 

The  displacements  in  the  dynamic  solutions  are  highly  influenced  by  the 
initial  displacements. 

As  the  main  parameter,  we  can  use  the  frequency  ratio.  For  large  values 
of  this  parameter,  the  dynamic  solution  converges  to  the  static  one. 

When  we  change  the  frequency  of  the  applied  load  through  the  limit  points 
for  the  parametric  resonance  (from  the  Ince-Strutt  diagram  for  the  non-linear 
systems  [5]  >;  this  does  not  display  an  increase  in  obtained  amplitudes. 

This  could  mean  that  the  full  non-linear  problem  of  the  dynamic  regime  of 
the  post  buckling  behaviour  of  the  slender  web  studied  does  not  lead  to  pa¬ 
rametric  resonance. 


Fig. 6  Slender  web  load¬ 
ed  by  harmonic  load  for 
different  values  of  fre¬ 
quency  parameters  -  smal 
value  of  initial  displa¬ 
cements 


Note:  The  linearized  Mathieu  equation  was  solved  in  the  same  way  and  the 
limits  /areas/  of  the  parametric  resonance  according  to  the  Inoe- 
Strutt  diagram  were  proved.  This  means  that,  for  conditions  where 
the  parametric  resonance  was  expected,  the  solutions  gave,  sifter 
sere  cycles  of  the  applied  load,  anplitudes  increasing  very  quickly 
to  infinity  while  for  conditions  where  the  parametric  resonance  was 
not  expected  tine  anplitudes  were  settled. 


The  above  interesting,  but  not  surprising,  results  are  shown  in  Figs. 
6-8,  where  for  stroll  values  of  the  initial  displacements  and  sifter  some 
applied  load  cycles,  vte  can  obtain  dynamic  deformations  on  the  opposite 
side  than  is  the  case  for  the  static  solution. 

The  pecularities  of  the  non- linear  problem  of  dynamic  post-buckl ing 
behaviour  can  be  demonstrated  even  through  a  simple  comparison.  For  exam¬ 
ple,  for  a  frerruenev  ratio  *»  15  and  for  a  linear  single  degree  of  free¬ 
dom,  the  dynamic  magnification  factor  is  wmax/ws,IAT  "  4*/  (4»  ~  D  »  1.07. 
Fig.  4  shews  that  for  the  non-linear  problem  this  value  is  much  larger. 


(ft  (D  (D  fD  U 


4.  CONCLUSIONS 


Fig.  10  shows  the  approximate  explanation  of  the  behaviour  of  the 
slender  web  under  the  dynamic  load  as  the  model  of  the  single  degree  of 
freedom.  Vte  can  see  that  the  stiffness  of  the  spring  is  hiqhtly  influen- 
by  the  initial  in perfection.  The  discontinuity  in  the  stiffness  of 
spring  for  the  ideal  plate  can  arrange  the  conditions  for  an  arise 
high  non-linear  dynamic  effects.  It  means  that  the  slender  web  with 
initial  inperfection  is  less  sensitive  for  non-linear  dynamic  effects 
the  ideal  plate.  The  non-linear  dynamics  of  slender  webs  are  very  ex- 
ive  problems.  This  article  deals  only  with  one  part  of  them.  The  present 
theory  ard  the  results  show  the  main  ideals  about  the  baheviour  of  the  slen¬ 
der  webs  under  the  dynamic  load. 
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ABSTRACT 

Basid  on  the  theory  of  shells  and  variational  principls,  a  semi  ana  ly t i r  method 
which  is  used  to  analyse  the  dynamic  characteristics  of  thin  arch  dams  is  developed 
,n  the  paper.  The  form  of  the  displacement  function  is  given,  as  a  product  of  the 
cubic  8-spline  function  and  a  series  which  is  derived  from  the  solution  of  the  beam 
vibration  differential  equation  and  suitably  I rans f ormd . The  techinique  of  calculating 
the  total  potential  energy  of  each  strip  has  been  adopted  when  the  energy  theorem 
is  app  lid. 


The  method  retains  to  some  extent  the  versatility  of  the  finite  element  method 
Compared  with  the  finite  element  method  and  other  numerical  method,  the  computa¬ 
tional  effort  and  core  requirement  are  drastically.  .Since  the  order  of  the  eigen¬ 
value  equations  solved  by  this  method  is  around  14,  it  can  conveniently  be  carried 
out  on  a  packet  computer,  such  as  PC  1500.  Two  examples  are  presented. 


1 .  INTRODUCTION 

The  dynamic  analysis  and  anti  earthquake  design  of  an  h  dams  is  of  great  import 
asice  in  hydro-p  ler l r it  engineering.  However,  for  surh  irregular  shells,  the  work  i 
ralner  rompliiated  and  at  present,  it  mainly  relies  on  the  finite  element  method 
with  heavy  computational  work  anil  expensive  cost  of  solutions.  In  thi  paper,  a  sim 
;• !  p  method  is  developed,  which  is  based  on  the  spline  finite  point  method  and  app',  ■ 
i  able  to  the  dynamic  analysis  of  thin  arch  dams.  Since  the  ordpr  ot  the  eigenvalue 
equations  solved  by  the  present  method  is  only  around  14,  it  can  conveniently  he 
a,  ril'd  out  on  a  packet  computer,  s u •  li  as  PC  1500.  But  the  order  by  finite  element 
net iiui!  is  generally  over  TOO.  And,  the  results  of  examples  obtained  by  both  methods 
; ns i i at  id  desired  agreement.  Therefore  the  present  method  is  evidently  an  alternative 
tool  fur  the  thin  an  h  dams. 


FUNDAMENTALS 


In  this  present  study  for  dynamic  analysis  the  following  assumption  are  used , 
(1)  the  body  of  arrh  dam  is  innsidered  as  a  liner  elastic  material; 

(21  the  foundation  is  treated  as  rigid  body, 
fit)  the  vert  it  at  di.pl  cement  m(), 

C  4)  the  effect  of  damping  is  not  considered. 

For  free  vibration,  the  diplacement  functions  of  the  arrh  dam  in  the  y  and 
the  Z  direction.-  can  be  written  as, 
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'  0  ,  <f>  o  <t> , 


j 


{ b }  :  [b.,  b,  b, . b„. , 


(cl  -  [c_,  c0  c, . c,,.. 


where  b, ,  c,  are  the  parameters  of  the  spline  nodes. 

4>  ,  —  <p>  ,  <  x )  is  the  basir  function  of  cubic  B-spline  with  nodes  at  x,  for  N 
equal  division  in  the  interval  [0,  H] . 


I)  ;  x0  <x  <x2 


<XW  ,  X.-  ih,  h  -  rp 


4>  ,(X)  -  +  1). 

4>o  ,  x )  =  <J>,(~-)~4  4>,(j—  +  1), 

d>,  (x)  =  d>,(^-  +  D-  ,  C  -  1), 


4>a  (x)  --  •  2), 


<i>.  (x)  -  <!>,(*-  -  i), 


<K  ,  Cx)  <t,(  h  -N+2), 

*»-.(x)=  -  1)  ^<t>,(£--n)  T<J>>(X_  _  n+1). 

The  basic  functions  satisfy  the  following  conditions, 


x  H,  d> ,  (x)  -  0,  d> .  (x)  -  0. 

Ym  ’  7'ra  are  the  following  orthogonal  functions, 


v.  =  V>>  = 


-  -  sl"<trDit<frai1 


( ni 

s  i  n—  - 


+1> *  lit 
?B(k) 


+  b<k)l_ 


=  1.  2, 3, . ,  M. 


(i  [y+b(k>] 

Z  Z  (y)  -  s  in  — 5-— —  - — 

m  ra  2b(k) 


H  „  [y+b(k)] 

Qt 

IE  ay 


t1  a  [y+b(  k)]  p.  [y+b(  k ) J 

°.<cos— rts-  -  ch-s<i>' — ’ 


sinu  -  shu 

ra  ra  ( 2m+ 1 ) n 

a  -  - - r - ,  U  - - -  - 

cos  n  -ch  pi  a  2 

ID  ffl 


*f  the  foundation  of  the  arch  dam  is  supposed  to  be  rigid, or  the  daa  is  some¬ 
how  lengthened  to  consider  the  elasticity  of  the  f ounda t i on,  the  displacement  bound¬ 
ary  conditions  of  the  dam  have  been  satisfied  by  (3)  and  ( 4 ). Fur theraore, when  a  is 

equal  to  1,3.5, . and  2,4,6. . the  symrae t r i ca l  and  unsyame t r i c a  i  modal  shapes 

are  expressed  respectively. 
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3.  DYNAMIC  EQUATIONS 

According  to  the  theory  of  elastic  thin  shell,  the  total  potential  energy 
of  the  thin  arch  dam  ran  le  written  as, 

n  --  -£  /_/({  e  }T;j;  <  e  >  +  U)T;n]  <x>-B(02  <  6  lT{  6  ()ds  (7) 

2  co  s 


where  {  c  (  ■  :  c 


x  y  xy 

2.  2 

a  W  a  w 


a  2W  -•  T 

*  I 

I 

3  X  3  y  J 


1  D  0 

'  J  i  -  J  (i  i  0 

0  0  I  2(  1-n  Y 


,n:  n  M 


[I  !  2(  I  M  >J 


1 2  ( 1  ' 


area  of  middle  surface  of  arch  dam; 
I  mass  per  unit  area  arc  h  ‘am; 

(,i  n  a*  urn  I  frequency  of  arch  dam. 


in  order  !  -=  7  m  p  I  i  '  x  t  lie  i  alculat  i  on,  we  divide  the  dam  into  N  strips  at  spline 

nodes, and  calculate  separatly  the  total  potential  pnergy  of  eat h  strip  which  is 
app ro s i mat ed  by  a  rectangular  strip  with  the  average  length  2h( k ). Then,  t he  total 
potential  energy  of  the  whole  dam  is  given  as  the  sum. Thus,  fur  kUi  s  t  t  ip. 

"k  Y«  <*»**«  <•> 

and  for  the  whole  dam, 


n  J)!  it  ,1)1  rkh  b(k)  ,T  , ,,  .  -n,  T  ,-2,,^,  ,, 

n  nk'  Tm  ^1  -n-Dh  f-T,ao(tr}  ^  > 

According  to  Hamilton's  principle  TI  =0,  we  obtain  the  eiyenvalu  equations. 

Bet attse  of  the  orthogonal  property  of  functions  (5)  and  (6)  each  term  of  the  series 
can  be  analysed  separately.  Thus  the  eigenvalue  equations  take  the  form  of 


Ti1  {  r  }  -■  (.) 1  [M]  { r ) 

mm  mm 


m-1,  2, . ,  M 


,  ,  .  ,  T  T, T 

in  which  {r}  '  [  { b |  { c }  j 

in  m  ra 


i 
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[g:..  -  (ck;Fk.  f  J-d  n  >  Fk  [rk] } 
b  h  IT  1  y  x  2  y  x 


!,i'bc  -J 


Jh  (  mK  .  K  )  Hk  ;Fk;(  [G]  --  wl 

T- 11  2  zy  x  rh  be 


rh  ‘  ' be 


'G.  -  J$L  (K2,  2  n  K  K  -  K2)[Fki  *  [G] 

rr  lc=l  1  *12  2  x  0 


[Gj  r  D  h  <Fk.'Ak!  +nBk(!Bk:  +  [bV>  +  2  ( 1  -  m  )Ck  [Ckl  4  A*  [Fk]  I 


2  x  z  x 


;m]  m 


N  k  k 

\h  F»  ;FJ 

,i  Fk  rFl, 

k-j  z  ‘  x' 


k  k  k 

B  ].  rC  F  ]  (  k- 1 ,  2,  ••• .  N)  are  the  following  matrices, 

x  '  x'  x 


(k-i)K 


<t>  ”]  !  d> "!  dx, 


k  kb  T 

:B  !  -  /k  [«.  "!dx 

X  (k  1  )h 


r  kh  ,  T 
f  ■  O  '  j  O'  dx, 
C  k- 1  )li 


1  Tl^ 


In  accordance  with  the  compactness  of  spline  function,  each  above  matrices 
contains  only  a  forth  order  nonzero  submatric  and  the  r’st  elements  are  equal  to 


For  application  we  have  \rorked  out  the  mat:  ices  [A  ],  [B  !,  (r]  and  [FK] 


*;  ■  &  7:  *  <  -  O. z: dy 

Ck  =  /^X)Z'  V  dy  Fk  =  /-J(X)Z  Z  dy 

z  b(x)  mm  z  -b(x)  a  m 

Ck  :  ><»V  V  d,  Fk  =  ,*«>Y  V  d, 

y  b(x)  ra  m  •  y  -b(x)  m  ■ 

Hk  =  f^Z  V  dy 
zy  b ( )  m  m 

The  above  coefficients  ran  be  found  in  refence. 


K,  and  R,  are  the  curvities  of  arch  dam  along  the  x-axis  and  y-axis.For  cylin¬ 
drical  arch  dam  K, -  0,  K,=l-R.  For  the  hyperbolical  arch  dam  K,  and  K,  are  approxi¬ 
mate  to  average  curvities  of  each  strip  K,(x)  and  X,(X)  respectively. 

For  the  variable  thickness  arch  dam,  each  striip  is  approximated  by  a  constant 
thickness  strip  T(K).  the  striffness  matrix  [G]  and  the  mass  matrix  [M]  need  to  be 

_  Et(k)  ET(k)1  — 

manager,  appropriately,  J,  D  and  m  express  in  term  of  - - -  and  p  t(k)  sepa 

,  ,  I  -  |i  1 2(  1  -  n  ) 

r  a  t  e  l  v . 

When  !he  rigenvaue  equations  (10)  are  sloved,  the  natural  frequencies  and  modal 
shapes  of  the  arrh  dam  are  obtained. 
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4-.  NUMERICAL  EXAMPLES 


Two  thin  arch  dan  have  been  analysed  on  the  pocke t compu t e r  PC  1  3  00. 

The  first  one  is  a  cylindrical  arch  dam  in  Britain,  as  shown  in  Fig. 2.  and  its 
dynamic  characteristic  has  been  studied  by  a  number  of  researchers.  By  the  present 
method,  the  dam  is  divided  into  6  and  10  strips,  and  the  order  of  the  eigenvalue 
equations  is  14  and  22  respectively.  The  results  are  listed  in  Tab . 1 . 


F i gure  2. 


Tab!®  1.  Natural  frequencies  nf  cylinderical  arch  dam  with  constant  thickness 


Modal  .lumber 

1 

0 

3  4 

0 

6 

Finite  element  method  [3, 

9.64 

9.8  4* 

14.05*  18.37* 

18.56 

CO 

1  TO 

Reference  [4] 

! 

( 

sO  1 

^  1 

cr-  1 

10.09' 

13.42  16.56 

18.35* 

21.95 

N  --  6 

Present  method 

10.03 

11.43" 

14. 88 1  17.67 

20.  16 

21.  26 

N  :  10 

9.95 

11.  42* 

14.80'  17.64' 

20.  10 

20. 73 

Note,  E  t  3000 0MP a. 

The  first  six  mode  shapes 

of  arch 

Symmertric  mode  shapes, 
dan  are  plotted  in  Figure  3. 

Table  2. Natural  frequencies  of  cylindrical  arch  das  with  variable  thickness. 


Modal  number 

1  2 

3 

4 

r 

Mode  shapes 

AS  S 

s 

AS 

s 

finite  e  t  emcn  t 

method  [5- 

6.916  7.564 

8.953 

11.696 

14. 663 

Present  method 

C  N  6  ) 

6.793  7.407 

9.  186 

11.715 

14.210 

S  Symmetric  modes,  AS  -  an t i symme t r i r . 


5.  CONCLUSION 

The  semi -analytic  method  applicable  to  the  dynamic  analysis  of  thin  arrh  dams 
is  developed  in  this  paper.  The  computational  effort  and  core  requirement  are  rather 
small,  and  the  results  possess  the  ideal  accuracy.  Since  it  ran  be  conveniently  and 
economically  carried  out  on  a  pocket  computer,  and  a  number  of  arch  dams  can  be  ana 
lysed  in  a  short  period,  the  method  is  evidently  desirable  for  the  systematic  study 
of  the  dynamic  rharai  terirtics  of  thin  aich  dams. 
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EFFECT  OF  THE  GRADIENT  OF  ELASTIC  ECCENTRICITY  ON 
THE  LATERAL -TORSIONAL  EFFECTIVE  EARTHQUAKE 
FORCES  ON  BUILDING  SYSTEMS 


L.  A.  de  B6jar 

Department  of  Civil  Engineering 
Louisiana  State  University 
Baton  Rouge,  LA  70803,  USA 


1.  INTRODUCTION 

The  results  of  a  series  of  parametric  studies  on  the  variation  of 
effective  earthquake  story  lateral  forces  and  story  torques  with  the 
gradient  of  elastic  eccentricity  along  building  heights  are  described, 
suggesting  the  relevance  of  such  consideration  during  the  design  phase  of 
building  systems. 

This  investigation  leans  on  the  efficiency  of  a  previously  developed 
simple  mathematical  model  representing  the  full  three-dimensional  linear- 
elastic  behavior  of  multistory  building  systems  with  rigid-body  horizontal 
floors,  being  subjected  to  multicomponent  earthquake  excitations  [2,3]. 
However,  only  the  responte  of  the  lateral-torsional  (L-T)  elastic  system  of 
resistance  is  within  the  scope  of  the  present  report. 

The  model  is  believed  to  represent  a  notable  improvement  over  other 
available  idealizations  [5]  for  the  following  reasons:  (1)  the  centers  of 
gravity  of  different  story  floors  are  not  required  to  be  aligned  on  a 
single  vertical  axis,  (2)  the  principal  directions  of  inertia  of  different 
story  floors  are  not  required  to  coincide,  and  (3)  the  lateral-torsional 
principal  directions  of  rigidity  of  the  various  stories  are  not  required  to 
coincide.  Thus,  the  resulting  algorithm  has  a  much  wider  range  of  applica¬ 
tions  . 

The  displacement  response  of  the  lateral-torsional  system  of  the  total 
building  is  described  by  a  3N-component  vector.  The  first  N  components 
represent  the  firs';  L-T  principal  rigidity  coordinates  of  individual  stories 
grouped  together  in  sequence.  The  following  N  components  represent  the 
second  L-T  principal  rigidity  coordinates  of  individual  stories  grouped 
together  in  sequence.  The  last  N  components  represent  the  torsional  prin¬ 
cipal  rigidity  coordinates  of  individual  stories  grouped  together  in 
sequence,  as  well.  The  equations  of  motion  of  the  building  are  referred  to 
those  coordinates.  Therefore,  the  principal  directions  of  inertia  are 
determined  for  individual  stories  and  the  corresponding  mass  properties  are 
transformed  accordingly. 

The  structural  dynamic  characteristics  are  obtained  by  perturbing  the 
eigenproblem  of  the  corresponding  two-fold  symmetric  building  system.  The 
procedure  to  generate  building  eigenproperties  is  simplified  even  further 
for  an  important  class  of  buildings — those  exhibiting  stiffness  similarity 
among  stories. 

Mathematical  expressions  for  the  dynamic  natural  properties  of  the 
structure  are  also  derived  with  reference  to  the  principal  rigidity  coordi- 


981 


nates.  This  formulation  allows  easy  monitoring  of  the  internal  element 
force  response  during  dynamic  response. 


Y  2.  SYSTEM  STIFFNESS  MATRIX 

The  system  stiffness  is  given  by  the  coefficient  matrix  in  the 
analytical  expression  for  the  elastic  resisting  forces 

{FsCR}  =  [K^]  {DCR}  (1) 

with 


where  each  matrix  [ K  ]  is  tridiagonal  of  order  N.  Mathematical  closed- 
form  expressions  for  these  component  matrices  are  derived  elsewhere  [2,3], 
and  allow  efficient  completion  of  the  analytical  construction  of  the 
building  stiffness  matrix,  without  incurring  the  standard  assembly  process. 


tKll] 

[Ki2] 

IK16 

lK221 

|K26 

SYMM. 

[K66 

3.  SYSTEM  MASS  MATRIX 


The  unassembled  mass  matrix  for  story  (i),  transformed  into  the  story 
principal-rigidity-coordinate  system  of  reference,  has  been  derived  in 
previous  work  [2]: 

[MCR](1)  =  mi  [MLT]  (3) 

The  building  system  mass  matrix  is  synthesized  by  directly  assemblying 
the  '-dividual  unassembled  matrices  of  the  different  stories  [1-4]  to 
obtain 


[mcr] 


[Mu! 

[Mi2] 

l"l6 

[m22] 

>M26 

[M66 

(4) 


where  [M  l  =  [M]  *  [M  ] ,  [M]  is  a  diagonal  matrix  containing  the  lumped 
masses  of 3  individual  stories:  nt^,  m_ ,  ...,  nu:  and,  [M  ]  are  non- 
dimensional  diagonal  matrices.  ^ 


4.  EIGENPROBLEM 

After  the  system  eigenproblem  is  homogenized  and  normalized,  it  may  be 
subjected  to  a  perturbation  technique,  if  the  building  constitutes  a  small 
devi  ition  from  the  associated  two-fold  symmetric  building  system  [2, 3, 5-7]. 

For  the  lateral-torsional  system,  the  corresponding  eigens  may  be 
expressed  as 
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(2nd  order) 


(5) 


K  _  *K  aiKotKi 

XL  XL  aKK  ±JK  (x*K  _  x*i} 


^LK  '  ^LK 


L  *K  *i 

(xL  -  XL  ) 


(1st  order) 


where 


_  p  *T  _  pq  M  * 
alK  "  *Lm  '  -L  *  *Ln 


p  =  (1  +  N  -  1)  int  N  ;  q  =  (K  +  N  -  1)  lnt  N 

m  =  [  ( i— 1 )  mod  N]  +  1  ;  n  =  [ (K— 1 )  mod  N]  +1 

lnt  =  integer  division  ;  mod:  modulo  arithmetic  (8) 

E  =  error  matrix, 

and  terms  superscripted  with  the  symbol  *  refer  to  the  associated  two-fold 
symmetric  building. 

Equation  (6)  can  be  transformed  into  12,3,5,6] 


r  V 

r>l  •  ^4>lk 

.  2  * 

^LK  \  n2  * 


K  =  1  ...  N  and  3N  sets  of 
constants  <n^»H2,ri6> 


and,  for  the  particular  class  of  buildings  exhibiting  geometric  similarity 
among  stories 


K  =  1  ...  N  and  3N  sets  of 
constants  <n.,n„,n,> 

I/O 


Forcing  a  solution  of  this  type,  eq.  (10)  with  K  =  t  into  the  original 
eigenproblem  leads  to  a  net  of  3  ye^torial  equations  of  order  N  each. 
Premultiplying  each  equation  by  <  ^  >  leads  to  the  following  eigenproblem 
for  the  associated  lateral-torsional  single-story  building: 


( [  B  ’  1  -  X  [ID  •  {g}  =  (0} 


(3x1) 


where 
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In  which 


[B£]  =  [L1 ]  *  ([I]  +  [ D * ] ) , 


[Z] 


in  which 


[L'  ] 


V(t> 


[I], 


ft61 

tt 

e62 

tt 

c66*] 

tt 

,  and  [ D ’ ]  = 

c21 

tt 

c22 

tt 

e26 

tt 

Z6^ 

e61 

L—  tt 

e62 

tt 

c66 

tt-J 

e«  -  ^lW^lV 


Eigenproblem  (11)  can  easily  be  solved  numerically.  Thus,  in  the  case 
of  a  particular  class  of  buildings — those  exhibiting  "stiffness  simi¬ 
larity" — only  one  symmetrical  eigensolution  is  required  to  generated  the 
homogenized  eigenproperties  of  the  whole  building  system. 


5.  EARTHQUAKE  ANALYSIS 


The  equations  of  motion  of  the  building  system  during  earthquake 
response  are  given  by 


CR  ICR  CR  -CR  CR  CR  CR  (  . 
?LT  +  — L  -LT  +  h  ?LT  ?eff,  (t) 


If  the  eigenvectors  are  normalized  in  such  as  way  that 


f  = 

~L  — L  -L 


(12) 


(13) 


then,  standard  normal  coordinate  transformation  [±]  leads  to  the  uncoupled 
equations 


Sl  + 


[2Cl\] 


X  't,T 
-x  -L 


(14) 


The  vector  of  effective  earthquake  forces  on  the  right  of  eq.  (14)  is 
constructed  by  a  standard  assembly  process  [2,3]. 

Thus,  the  typical  uncoupled  equations  of  motion  result  in 


qLn  + 


(2£») 


Ln 


■  q  + 
4Ln 


PX 


Ln 


Ln 


=  i-  •  ?X 


Ln 


[PfT 

1  -Ln 


CR 

-ef  fT 


(15) 
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where 


p  =  (K  +  N  -  1)  int  N  ;  n  =  [ (K  -  1)  mod  N]  +  1, 
with  K  =  1  ...  (3N) . 

Eqs.  (15)  are  solved  using  a  closed-form  algorithm  for  the  solution  of 
the  corresponding  differential  equation  for  linear  input  forcing  function. 
Once  the  normal  coordinates  are  obtained,  the  determination  of  the 
time-histories  of  displacement  response,  of  the  effective  earthquake  forces, 
and,  of  element  force  response  follows  straightforward  by  a  process  of 
backsubstitution  [l,4j. 


0.  PARAMETRIC  STUDY 

Figure  1  shows  the  plan  view  of  an  8-story  building  system.  Each 
story  is  supported  by  4  columns  designed  with  lateral  stiffnesses  such  as 
to  reproduce  the  same  structural  properties  as  those  presented  in  a  similar 
example  bv  Kan  et  al.  [5].  The  building  is  excited  with  the  three  trans¬ 
lational  components  of  the  F.1  Centro  1940  accelerogram,  in  such  a  way  that 
the  N-S  component  hits  the  structure  along  the  global  Y-Y  axis. 

Figures  3  and  4  are  representative  of  typical  results  of  the  seismic 
analysis  of  the  building.  Figure  3  represents  the  time-history  of  the 
elastic  force  response  at  th:  lateral-torsional  system  of  resistance  of 
story  7,  and  Figure  4  shows  the  time-history  of  the  internal  force  response 
of  supporting  element  3  at  the  same  level. 

Figure  5  depicts  the  peak  values  of  the  effective  principal  lateral 
forces  on  the  various  stories  along  the  building  height,  and  Figure  6  shows 
a  similar  description  for  the  peak  values  of  the  story  torques.  Notice 
that  the  effective  story  torques  at  the  lower  levels  (stories  7  and  3) 

3dopt  higher  magnitudes  than  normally  expected.  This  effect  is  due  to  the 
larger  radii  of  gyration  of  the  corresponding  base  floor-slabs,  in  this 
particular  example. 

A  limited  parametric  study  was  conducted  starting  from  this  basic 
building  model.  Table  1  describes  the  variation  of  eccentricity  ratio 
along  the  height  of  tl is  basic  building.  To  simplify  the  interpretation  of 
results,  all  stories  are  assumed  to  exhibit  elastic  eccentricity  along  the 
global  X  axis  only. 

We  now  consider  the  effects  on  the  basic  building  (with  gradual  varia¬ 
tion  of  eccentricity  ratiov  along  the  height)  of  sudden  discontinuities 
in  the  eccentricity  ratio  normal  to  the  direction  of  the  major  component  of 
input  earthquake  (N-S).  Figure  2  shows  the  locations  of  the  variations  of 
eccentricity  ratios  for  the  11  building  models  considered  in  this  para¬ 
metric  analysis.  Model  t.1)  in  the  figure  indicates  the  values  of  the 
eccentricity  ratios  for  the  basic  building  at  the  level  of  stories  4  and  8, 
whereas  the  arrows  in  the  other  models  in  the  figure  indicate  whether  the 
eccentricity  ratio  *s  Increased  (pointing  to  the  right)  or  decreased 

^^By  eccentricity  ratio  we  mean  the  fraction  e^,/r,  where  is  the  X 
component  of  the  elartic  lateral-torsional  eccentricity  and  r  is  the 
radius  of  gyration  of  the  story  floor-slab  about  its  center  ol  gravity. 
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(pointing  to  the  left),  by  50%  at  the  corresponding  location.  Several 
possible  combinations  are  analyzed  including  lumped  variations  at  the  top  3 
stories  (Models  10  and  11). 

6 . 1  Analysis  of  Results 

The  effective  earthquake  lateral  forces  on  the  building  in  the  direc¬ 
tion  of  the  strongest  horizontal  component  of  ground  motion  are  affected  in 
a  localized  manner  by  abrupt  changes  of  eccentricity  in  the  normal  direc¬ 
tion.  The  most  important  effect  is  noted  at  mid-level  by  the  variation  of 
eccentricity  at  the  mid-height  stories,  regardless  of  the  situation  at  the 
top  stories  (see  Figure  7(a)). 

Sudden  changes  of  eccentricity  at  the  top  affect  mostly  the  force  on 
the  story  immediately  under  the  discontinuity.  Increasing  eccentricity  at 
the  top  story  raises  the  lateral  force  on  story  7,  and  increasing  eccentri¬ 
city  at  the  top  3  stories  raises  the  lateral  force  on  story  5.  The  reverse 
effect  takes  place  accordingly  when  the  eccentricity  is  decreased.  The 
most  unfavorable  combination  can  be  expected  when  decreasing  eccentricity 
at  the  top  of  the  building  and  increasing  it  simultaneously  in  its  mid¬ 
height  region  (see  Figure  7(b)). 

The  effective  earthquake  torque  at  the  lateral-torsional  elastic 
centers  of  the  various  stories  change  dramatically  with  abrupt  discon¬ 
tinuities  of  eccentricity.  This  effect  is  general  along  the  height  of  the 
building,  except  at  the  very  first  or  at  the  very  top  stories  where  no 
major  effects  were  observed.  The  strongest  variations  in  torque  take  place 
from  the  story  with  localized  discontinuity  of  eccentricity  to /ards  the 
base  of  the  building. 

Abrupt  discontinuity  of  any  sign  at  the  mid-height  stories  increases 
the  effective  torque  in  the  same  region;  however,  this  effect  is  more 
powerful  when  the  eccentricity  decreases.  TVie  upper  stories  of  the 
building  are  not  affected  by  discontinuities  at  mid-level  height  (see 
Figu  ’  8(a)).  Increasing  eccentricity  in  the  upper  stories  increases  the 
effective  torque  in  general,  but  the  most  important  effect  is  recorded  at 
the  top  of  the  building.  Accordingly,  if  the  eccentricity  decreases  at  the 
top  stories,  the  effective  torque  goes  down  mostly  at  the  top  region  (see 
F igure  8b) ) . 

Variations  in  the  level  of  torque  in  the  mid-lower  portion  of  the 
building  are  caused  much  more  strongly  by  the  eccentricity  discontinuities 
at  mid-height  of  the  building  than  by  discontinuities  at  the  top.  The 
analyst  may  expect  large  effective  torques  if  the  combination  of  eccentri¬ 
city  increase  at  the  top  of  the  building  and  eccentricity  decrease  at  the 
mid-height  stories  is  given  (i.e.,  a  notable  rate  of  variation  of  eccen¬ 
tricity  a’ong  the  building  height,  growing  towards  che  top  (Refer  to 
Figure  8(c) ) . 


7.  CONCLUSIONS 

A  simple  mathematical  -  odel  for  the  three-dimensional  linear  elastic 
earthquake  analysis  of  building  systems  was  developed  and  implemented  on  a 
microcomputer . 


An  example  problem  illustrated  a  standard  application  of  this  capa¬ 
bility.  Based  on  this  fundamental  example,  a  limited  program  of  r ametric 
studies  was  conducted,  leading  to  the  following  conclusions: 

(1)  Abrupt  variation  in  eccentricity  aior.g  the  height  of  the  building 
did  not  alfect  significantly  the  displacement  response.  However, 

(2)  the  effective  story  torques,  and  the  effective  story  lateral 
forces  at  elastic  centers  of  resistance  vary  notably  with  the 
rate  of  variation  of  eccentricity  normal  to  the  direction  of  the 
input  base  motion. 

The  designer  may  expect  large  effective  torques  along  the  building 
height  when  the  top  stories  show  sudden  increase  of  eccentricity  and  the 
midheight  stories  show  sudden  decrease  of  eccentricity;  and,  may  expect 
large  lateral  earthquake  forces  in  the  direction  of  the  applied  input, 
when,  conversely  the  top  stories  show  sudden  decrease  of  eccentricity  and 
stories  at  midheight  show  sudden  increase  of  eccentricity. 
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FIGURE  7.  EFFECTIVE  LATERAL  FORCES  ON 
BUILDING  STORIES 
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EFFECTIVE  TORQUE  RESPONSE 
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EFFECTIVE  TORQUE  RESPONSE 
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FIGURE  8.  EFFECTIVE  TORQUES  ON  BUILDING  STORIES 
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1 .  INTRODUCTION 

The  study  of  harmonic  axisymmetric  torsional  oscillations  of  partially 
embedded  flexible  inclusions  in  a  layered  elastic  half  space  has  useful 
applications  in  several  branches  of  engineering.  The  flexible 
inclusion-layered  half  space  system  is  used  to  model  structural  foundations 
in  geomechanics,  torque  transfer  problems  encountered  in  aerospace 
engineering  and  biomechanics,  and  in-situ  and  non-destructive  testing 
methods.  The  analytical  study  of  torsion  of  inclusions  which  are  partially 
embedded  in  a  layered  clastic  half  space  has  received  limited  attention 
in  the  past  due  to  the  complex  nature  of  the  associated  mixed  boundary-value 
problem.  Existing  solutions  to  this  class  of  problems  are  mainly  concerned 
with  static  loading  (1-3].  An  approximate  analytical  solution  based  on 
a  two-dimensional  representation  of  governing  equations  has  been  presented 
bv  Novak  and  Howell  (41  to  study  the  torsional  oscillations  of  a  long 
cylindrical  elastic  bar  embedded  in  an  elastic  half  space.  In  a  recent 
study  Rajapakse  et  al.  [5]  considered  torsional  oscillations  of  flexible 
objects  partially  embedded  in  an  isotropic  homogeneous  elastic  half  space. 
The  solution  scheme  presented  in  Ref.  [5]  is  based  on  the  decomposition 
used  in  Ref.  (2]  and  subsequent  application  of  Lagrange's  equation  of  motion 
to  the  resulting  system.  It  has  been  noted  that  with  increasing  frequency 
of  vibration  the  solution  may  be  distorted  due  to  the  inability  of  the 
algorithm  to  correctly  incorporate  the  inertia  effect. 

A  recent  study  by  Rajapakse  [6]  demonstrated  the  application  of  a 
novel  coupled  boundary  integral  equat ion-var iat iona 1  formulation  to  study 
the  elastostatic  torque  transfer  from  an  elastic  bar  into  a  continuously 
nonhomogeneous  elastic  half  space.  In  this  paper  an  equivalent  approach 
is  developed  to  study  the  elastodynamic  problems  shown  in  Fig.  i.  The 
analysis  ensures  displacement  compatibility  and  traction  continuity  along 
the  true  contact  surface  and  accurately  treats  inertia  effects  with 
increasing  frequency  of  vibration. 

2.  GREEN'S  FUNCTIONS 

In  an  ensuing  section  dealing  with  the  variational  ormulat ion  of 
the  system  shown  in  Fig.  1,  tractions  acting  on  the  inc lus .on-ha L f  space 
contact  surface  are  determined  through  the  application  of  indirect  boundary 
integral  equation  method  which  is  based  on  displacement  and  traction  Green's 
functions  of  the  surrounding  undisturbed  half  space.  In  this  section, 
the  derivation  of  these  Green's  functions  is  discussed. 


2.1  General  Solution 


The  Fig.  2  shows  the  layered  elastic  half  space  with  the  cylindrical 
polar  coordinate  system  (r,0,z).  Due  to  the  symmetry,  the  displacement 
and  stress  fields  in  the  layer  and  the  bottom  half  space  are  independent 
of  circumferential  coordinate  0  and  only  the  displacement  v(r,z,t)  in 
©-direction  exists. 


It  is  assumed  that  motion  is  time-harmonic  so  that  (r,z,t)  = 

v.  (r,z)  e  where  to  is  the  circular  frequency  and  the  term  eltut  is 

suppressed  in  the  sequel.  The  subscript  i  (i  =  1  for  the  layer  and  i  =  2 
for  the  half  space)  is  used  to  denote  quantities  associated  with  the  layer 
and  the  underlying  half  space.  The  general  solution  for  displacement 
v  (r,z),  (i  =  1,2)  obtained  through  the  application  of  Hankel  integral 
transform  techniques  [7]  can  be  expressed  as 


v . 

l 


»  6 . Z  -6. 

(r ,  z )  -  f  (A.  e  1  +  B .  e  *•  ) 

l  i 

o 


Ur)  d£ 


(1) 


6. 


«2-k2.) 
s  1 


2  2 
k  .  =  u)  p  .  /p  . 
si  it 


In  Equation  (1),  is  the  Bessel  function  of  the  first  kind  of  the 
first  order,  £  is  the  Hankel  transform  parameter,  and  A.(£)  and  B.(0  are 
arbitrary  functions  associated  with  each  domain  to  &e  determined  from 
appropriate  boundary  and  continuity  conditions.  In  addition  and 

(i  =  1,2)  denote  the  mass  density  and  shear  modulus  respectively.  At  this 
stage  it  is  convenient  to  nondimensionalise  the  problem  by  defining  a, 
which  denotes  the  radius  of  the  embedded  cylinder  (or  hemisphere),  as  a 
unit  length. 

2 . 2  doundary-Value  Problem 

The  boundary-va lue  problem  to  be  considered  in  the  derivation  of 
Green's  function  is  depicted  in  Fig.  2.  The  layered  elastic  half  space 
is  subjected  to  a  concentrated  force  in  0-direction  along  the  circumference 
of  a  circle  having  radius  s  in  the  interior  of  the  layered  half  space  at 
z  =  z'.  The  explicit  solution  to  this  three  domain  boundary-value  problem 
could  be  obtained  by  following  a  procedure  identical  to  that  used  in  Refs. 
[2]  and  [3]  for  the  elastostatic  problem. 

3.  VARIATIONAL  FORMULATION  OF  INCLUSION -HALF  SPACE  SYSTEM 

In  this  se-tion  the  development  of  the  coupled  variat iona 1- integra 1 
‘'quation  solution  scheme  to  analyse  the  system  shown  in  Fig.  1  is  presented. 

3.1  Cylindrical  Inclusion  (Fig.  la) 

Consider  the  case  of  a  cylindrical  elastic  bar  of  radius  &  and  length 
h  (h/x  »  l)  partially  embedded  in  a  layered  elastic  naif  space  as  shown 
in  Fig.  la.  A  cylindrical  coordinate  system  (r,0,z)  ir.  used  in  the  analysis 


with  z-axis  identical  to  the  entroidal  axis  of  the  cylinder  and  -.urinal 
to  the  stress-free  surface  of  the  half  space.  The  shear  modules  and  mass 
density  of  bar  are  denoted  by  u^  and  respectively.  The  bar  is  subjected 
to  a  time-harmonic  torque  Toelait  at  the  top  end  (z  -  0). 

Following  Rajapakse  [6]  the  bar-half  space  system  is  decomposed  into 
an  elastic  half  space  B  with  a  cylindrical  cavity  identical  to  the  bar 
and  the  real  bar  B  (Fig.  3).  In  the  analysis  B  and  B  are  treated  using 
three -dime''--  tonal  and  one-dimensional  continuum  theory  respectively.  The 
displacement  in  0-direction  of  bar  B  denoted  by  v^  can  be  expressed  in 
the  admissible  form 


v  (r  ,  z , t )  -  E  a  (Ore 

b  -i  n 

n=l 


- (n- 1 ) z/h 


v,  (r,z,t)  =  E  a  (Ore 
b  n 
n=  1 


-(n-l)z/h 


where  a  can  be  viewed  as  generalised  coordinates  and  superscript 

dot  denotes  differentiation  with  respect  to  time. 

In  view  of  Eqns.  (2\  the  Lagrangian  of  the  bar  B  can  be  expressed 
as 

N  N  N 

L  =  E  E  [a  a  C  -  a  a  D  |  -  -  /  TQv  dS  +  T  E  a  (3) 

b  .  ,nmmn  nmtnn  2  „  0  o,n 

n= 1  m= 1  S  n=l 

In  Eqn .  (3),  S  denotes  the  cylindrical  cavity  surface  in  B;  v  and  T 

denote  displacement  and  traction’  in  0-direction  on  S.  Explicit 

representations  for  C  and  D  are  given  in  Ref.  [5]. 

mn  mn 

Since  compatibility  exists  between  B  and  B  the  displacement  in 
B-direction  on  S  is  given  by  Eqn.  (2a).  The  application  of  integral 

representation  theorems  (8]  to  B  with  respect  to  a  set  of  nodal  points 

on  S  leads  to 

{T0}  =  [K]0  {v}  (4) 

where  {v}  and  { T0 }  denote  column  vectors  whose  elements  are  displacements 

and  tractions  in  0-direction  at  nodal  locations  on  S.  An  explicit 

representation  for  [K]0  "Is  determined  in  a  subsequent  section  using  the 

indirect  boundary  integral  equation  method. 


Noting  that 


v  =  E  a  v 

,  n  n 
n  =  1 


whe  re 


v  =  r  e 
n 


- (n-  1  )  z/h 


(r,z)tS 


the 


traction  T 

U 


on  S  could  be  expressed  as 


N 

£  a 


0n 


(6) 


where  T„ 
0n 


denotes  traction  on  S  corresponding 


to  v^  given  by  Eqn. 


(5b). 


In  view  of  Eqn.  (4) 


{ T  }  = 

8n 


^0  {Vn} 


(7) 


Substitution  of  Eqns.  (2)  and  (4)-(7)  in  Eqn.  (3)  yields  an  expression 
for  L  which  is  indeterminate  with  respect  to  generalised  coordinates  a 
(n  =  1,  ...,  N).  These  generalised  coordinates  are  determined  through 

the  application  of  Lagrange's  equation  of  motion  (9)  and  this  leads  to 
the  following  equations  of  motion  for  the  bar. 


N 


M 


£  a  [-2u  C  .  +  2D  .  +  £  (T.  .  v . .  +  T  .  v  . )  A./2] 

,  n  ni  ni  0nj  lj  0ij  nj  j 

n= 1  j-  i 


=  T 


where  T„  .  =  T  (r  .  , z  .  ) 
0nj  6n  j’  j 


(i=l,2,  ....  N) 


(r  j  ^  )  €  S,  J=1 ,  ....  M 


(8) 

(9) 


v  .  =  v  (r  . , z  , ) 

nj  n  j’  j 


(r  .s  )  e  S,  j=l . M  (10) 


A.  =  tributary  area  of  node  j  on  S 

1 


(11) 


and  M  ’  n  Eqn.  (8)  is  the  total  number  of  nodes  used  to  discretize  S. 

The  numerical  solution  of  Eqn.  (8)  result  in  values  for  a.  (i  =  1, 
...,  N).  Thereafter  bar  displacements  can  be  computed  using  Eqn.  (2a) 

and  the  resultant  torque  acting  on  a  bar  cross-section  is  determi  cd  using 
Saint-Venant  type  torsion  theory. 


3.2  Explicit  Representation  for  [ K 1 


The  explicit  representation  for  [K]  that  ir  necessary  to  compute 
vectors  {T  }  whose  elements  appear  in  Eqn.-  18)  is  discussed  in  this  section. 
The  study  by  Rajapakse  [6]  demonstrates  the  application  of  indirect  boundary 
iitegral  equation  method  to  determine  faction  displacement  relationship 
along  thr  surface  of  a  cylindrical  cavity  created  in  an  ’lastic  half  space. 
In  this  method  a  uniform  half  space  S*  without  a  cavitv  is  considered  (Fig. 
4).  The  contour  S'  representing  the  true  contact  surface  is  also  defined 
’  n  t  Interior  to  S',  an  arbitrary  surface  S*  with  geometry  similar  to 

S'  is  defined.  Surfaces  S'  and  S*  are  discretized  into  M  and  M*  ring 
elements.  A  traction  field  t*  in  0-direction  is  applied  on  S*  such  that 
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the  displacement  in  0-diiections  on  S'  are  equal  to  that  given  V  ■ 
(5b).  Following  Ref.  [6]  it  can  be  shown  that 


r.qn  . 
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In  Eqns.  (13)-(15),  H  (r.,z.;  r*,z*)  and  G  (r.,z.;  r*,z*) 

03  1  1  i  j  66  i  l  j  j 

Lon  (on  a  plane  with  unit  normal  n;  and  displacement  in  9- 


denote 


traction  (on  a  plane  with  unit  normal  ji;  and  displacement  in  9-direction 
respectively  at  point  (r.,z.)  eS'  due  to  a  unit  time-harmonic  ring  load 
in  0-direction  through  point  (r*,z*)  eS*;  dS*,  denotes  the  thickness  of 

ring  element  j  on  S*.  H  (r.,z  ;  r*,z*)  could  be  derived  from  G 

66  11  11  ......  ,.-.66, 36 


ue  i  t  y  j 

(r  ,z.;  r*,z*)  using  basic  relationships  in  elasticity.  The  order  of  [H 
.  iflfl  .  J  J 


and  [G 


is  M  x  M*. 


3.3  Hemispherical  Inclusion  (Fig.  lb) 

The  Fig.  lb  shows  an  elastic  hemisphere  of  radius  a.  embedded  in  a 

layered  elastic  half  space.  The  hemisphere  is  assumed  to  be  perfectly 

bonded  to  the  surrounding  layered  half  space  along  its  contact  surface. 

The  shear  modulus  and  mass  density  of  the  hemisphere  are  denoted  by 

and  p^  respectively.  As  in  the  case  of  a  cylindrical  elastic  bar  we  can 

decompose  the  hemisphere  -  layered  half  space  system  into  an  elastic  half 

space  B  with  a  hemispherical  cavity  identical  to  the  hemisphere  and  the 

real  hemisphere  B  as  shown  in  Figs.  3c.  and  3d.  In  the  analysis,  B  is  treated 

using  three-dimensional  continuum  theory  and  the  deformation  v  of  B  in 

n 

0-direction  is  approximated  by  the  following  admissible  form  for  frequencies 
wl thin  the  low  to  medium  range. 


v  (R,<p)  =  Z  a  (t)  R  sin  n  <f> 
h  _ ,  n 

n=  1 


0<P<a,  0<$<*/2 


Note  that  the  displacement  field  given  by  Eqn.  (lb)  includes  the 
correct  rigid  body  mode  and  satisfies  zero-displacement  along  the  z  axis 
and  results  in  non-singular  stresses  in  its  domain  of  definition.  In 
addition,  a  conventiona1  hemispherical  coordinate  system  is  used  in  Eqn. 
(16)  to  simplify  the  manipulations  involved  in  the  evaluation  of  strain 
and  kinetic  energies  of  B. 


The  method  of  analysis  used  to  develop  the  equation  of  motion  of 


B  is  identical  to  that  developed  in  the  preceeding  section  for  the 
cylindrical  elastic  bar. 


4.  DISCUSSION  AND  CONCLUSIONS 

The  numerical  solution  of  equations  of  motion  given  by  the  Eqn.  (8) 
for  the  cylindrical  inclusion  problem  involves  the  computation  of  [K)g 
according  to  the  Eqn.  (12).  This  involves  the  computation  of  traction 
and  displacement  Green's  functions  with  respect  to  contours  S  and  S*. 
These  Green's  functions  consist  of  complex-va lued  infinite  integrals 
containing  products  of  Bessel  functions  in  the  integrand.  Furthermore 
the  integrand  contains  several  poles  which  correspond  to  Love  waves  in 
the  layered  system.  in  view  of  this  numerical  integration  along  a  contour 
defined  in  the  first  quadrant  of  complex  plane  is  used  in  the  numerical 
evaluation  of  Green's  functions. 


The  Figure  5  shows  the  variation  of  nondimensionalised  torsional 

stiffness  K_  [1C.  =  3T  /16p,a2  v,  (a,o)l  with  bar  flexibility  ration  p  (p  = 
TTolb  . 

p  /p^),  nondimensionalised  frequency  (a^  =  akg^)  and  ratio  of  shear 

moduli  of  layer  and  half  space  -  a  {a  -  p o/^l2'  ^he  rea^  Par^  °f 

decreases  with  increasing  p  and  a^  whereas  the  imaginary  part  shows  an 
opposite  trend.  It  can  be  concluded  from  Fig.  5b  that  as  the  underlying 
halt  space  becomes  stiffer  lesser  radiation  damping  occurs.  The^  Fig.  6 
shows  the  variation  of  nondimensionalised  surface  displacement  v(r)  [v(r) 

=  v  (r,c)p./aq  ]  with  hemisphere  flexibility  ratio  p(p  =  p^/p^)  and  a. 

These  results  °  which  correspond  to  a  =  1.0  indicate  that  as  hemisphere 

becomes  stiffer  both  real  and  imaginary  components  of  surface  displacement 
decrease  in  value.  As  in  the  case  o'f  cylindrical  bar  a  stiffer  underlying 
half  space  reduces  the  response  of  the  hemisphere.  Additional  numerical 
results  indicate  that  if  p  >  50  the  response  of  hemisphere  is  nearly 

identical  to  chat  of  a  rigid  hemisphere.  ,.t  is  t_lso  noted  that  for  both 
types  -f  inclusion  an  increase  in  the  mass  density  of  the  inclusion  reduces 
the  stiffness  and  increases  the  damping  component.  On  the  basis  of 
comparison  of  selected  numerical  results  presented  herein  and  those  in 
Pef.  5  corresponding  to  a  homogenous  half  space  it  can  be  concluded  that 
the  presence  of  a  layered  system  significantly  influences  the  torsional 
response  of  a  flexible  inclusion. 
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A  FREQUENCY/DAMPING  DATABASE  FOR  TAlL  CHIMNEYS 
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Epsom,  Surrey,  England 


1.  INTRODUCTION 

This  technical  note  brings  together  diverse  experimental  data  on 
the  fundamental  frequencies  and  damping  values  of  eleven  tall  (height 
126m-265m)  chimneys,  in  order  to  form  a  database.  The  source  data  is 
referenced  and  a  comparison  is  made  with  the  Building  Research 
Establishment  (B.R.E.)  recommendations  for  tall  buildings.  A 
recommendation  is  made  tnat  the  damping  value  to  be  used  in  desigi. 
should  not  exceed  0.5%  of  critical. 

2.  SOURCF  DATA 

References  1-7  at  the  end  of  this  note  detail  the  sources  of  the 
experimental  data.  The  table  below  presents  the  fundamental  frequency 
and  damping  values  related  to  chimney  height. 


Ref 
No : 

hei ght 
in  m. 

Foundati on 
Type 

Fundamental 
Freq.  (hz) 

1 

Damping 
{%  critical  ) 

1 

Mount  Isa 

265 

Not  Stated 

0.27 

0.70 

2 

Drax 

257 

Piles  to 
bedrock 

0.25 

0.80 

3 

Maysvi 1 1 e 

244 

Piles 

0.31 

1.20 

4 

Pembroke 

213 

SI  ab  on 

1 imestone 

0.43 

0.64 

5 

Eggborough 

198 

Slab  on 

1 imestone 

0.38 

0.48 

6 

Ki  ngsnorth 

198 

SI  ab 

0.38 

0.48 

7 

Di dcot 

1 98 

Piles  on 
clay 

0.32 

0.64 

| 

8 

Fawl ey 

198 

Slab/piles 
in  clay 

0.46 

0.48 

i 

9 

Hi ro no 

198 

Slab  on 
mudstone 

0.48 

0.50 

10 

Sti gsnaes 

150 

Annular 

slab 

0.65 

1.19 

11 

Ferrybri dge 

126 

Not  Stated 

0.61 

0.95 

3.  BRIEF  SUMMARY  FOR  EACH  CHIMNEY 

3.1  Mount  Isa 

°  Reinforced  concrete  stack 

°  Outside  diameter  -  21.85m  at  base,  12.27m  at  tip 
°  Ambient  wind  (storm)  vibration  tests  (windspeed  21m/'s) 

°  Displacements  at  chimney  tip  =  116mm  (max.) 

3.2  Drax 

°  Reinforced  concrete  windshield,  separated  from  flues  by  rubber 
°  Outside  diameter  -  26m  (constant) 

°  Ambient  wind  vibration  tests 

c  Accelerati ons  at  chimney  tip  =  0.0004g  (disDlacements  =  1.7mm) 

3.3  Maysvi 1 1 e 

°  Non  uniformly  tapered  reinforced  concrete  column 
°  Outside  diameter  =  20.42m  at  base,  9.77m  at  tip 
°  Ambient  wind  vibration  tests 

°  Accelerations  at  chimney  tip  =  0.005g  (displacements  =  13mm) 

3.^  Pembroke 

cReinforced  concrete  cylindrical  windshield  (multiple  flue 
supported  on  windshield) 

°  Outside  diameter  =  21m  at  base,  18m  at  tip 

°  Ambient  wind  vibration  tests 

0  Accelerations  at  chimney  tip  =  0.0002  -  O.OOlg  (displacements 

0.2  -  1mm) 

3.5  Eggborough 

°  As  for  Pembroke  (3.4) 

3.6  i jwI ey 

°  As  for  Pembroke  (3.4) 
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3.7  Kingsnorth 

0  Reinforced  concrete  cylindrical  windshield  (multiple 
f ree-standing  flues) 

°  Outside  diameter  =  21m  at  base,  18m  at  tip 
°  Ambient  wind  vibration  tests 

°  Accelerati ons  at  chimney  tip  =  0.0001  -  0.0002g  (displacements 
0.1  -  0.4mm) 

3.8  Didcot 

°  As  for  Kingsnorth  (3.7) 

3.9  Hirono 

0  Reinforced  concrete  chimney 

°  Outside  diameter  =  27m  at  base,  14.8m  at  tip 

0  Forced  vibration/ambient  (wind  and  earthquake)  vibration  tests 

0  Accelerati ons  at  chimney  tip  =  0.05g  at  wind  speed  of  34m/s 

=  0 . 1 5g  due  to  earthquake  event 

3.10  Stigsnaes 

°  Reinforced  concrete  tapered  chimney  (circular  section) 

0  Outside  diameter  =  20.68m  at  base 
0  Ambient  wind  vibration  tests  (windspeed  20m/s) 

°  Neither  accelerations  nor  displacements  reported 

3.11  Ferrybridge 

°  Reinforced  concrete  chimney  stack 
°  Outside  diameter  =  7.3m  at  tip 
°  Rocket  excitation  tests 
0  Displacements  at  chimney  ti  p  =  14mm 
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4.  COMPARISON  WITH  TALL  BUILDINGS 

Reference  8  at  the  end  of  this  note  summarises  the  BRE 
recommendations  for  tall  buildings.  Figures  1  and  2  present 
graphically  the  variation  in  fundamental  frequency  and  damping  against 
chimney  height,  with  the  BRE  tall  building  recommendations 
superimposed.  It  may  be  seen  from  Figure  1  that  the  tall  chimney  data 
seems  to  follow  a  similar  trend  to  the  tall  building  data.  The  chimney 
trend  line  shown  is  f  =  50/(H-70)  but  this  is  not  a  design 
recommendation  due  to  the  sparsity  of  data.  It  may  be  seen  from  Figure 
2  that  the  tall  chimney  damping  data  does  not  seem  to  have  a  distinct 
trend,  but  that  generally  it  lies  on  the  higher  damping  side  of  the 
conservative  BRE  tall  building  recommendation. 

5.  CONCLUSIONS 

A  frequency/damping  database  for  tall  chimneys  has  been 
established.  Although  small,  the  database  provides  a  "starting  point" 
fur  designers  ana  other  researchers.  It  is  suggested  that  for  design 
purposes  tali  chimneys  (height  126m  -  265m)  should  be  conservatively 

designed  with  a  damping  value  of  not  more  than  0.5£  of  critical. 
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FIGURE  1  -  FUNDAMENTAL  FREQUENCY  (f)  AGAINST  HEIGHT  (H) 


FIGURE  2  -  DAMPING  (D)  AGAINST  HEIGHT  (H) 


Damping  D  (%  critical) 
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APPLICATION  OF  EXPERIMENTAL  MODAL  ANALYSIS  TO  FUL! -SCALE 
CIVIL  ENGINEERING  STRUCTURES 

W.F.  Tsang,  Royal  Naval  Engineering  College,  Plymouth 
C.  Williams,  Department  of  Civil  Engineering,  Plymouth  Polytechnic 


1.0  INTRODUCTION 

Recent  advances  in  experimental  modal  testing  and  analysis  (EMTA) 
have  led  to  its  application  to  a  wide  spectrum  of  engineering  prrblems. 
This  is  because  EMTA  ?s  a  practical  technique  which  allows  an  unknown 
system,  whether  it  be  structural  or  mechanical,  to  be  identified.  However, 
within  civil  engineering  the  technique  is  still  not  widely  used  but  can  be 
applied  to  determine  a  structure’s  vibrational  properties. 

The  method  if  carried  out  in  two  overlapping  phases.  The  first  being 
the  ’testing  phase’  in  which  the  structure’s  response  to  a  particular  form 
of  imposed  excitation  are  measured.  The  second  phase  is  analysis  which 
involves  the  processing  of  the  experimental  data  recorded.  The  data 
analyses  are  performed  to  extract  the  modal  parameters  from  measured 
response  characteristics.  The  aim  is  to  construct  a  modal  model  from  the 
modal  parameters  determined. 

This  paper  describes  the  experience  gained  and  application  of  EMTA  to 
a  reinforced  concrete  civil  engineering  structure.  The  successful 
implementation  of  the  technique  requires  skill  in  a  number  of  fields 
including  full-scale  testing,  data  measurement  and  analysis  and  application 
of  engineering  judgement. 

2.0  METHODOLOGY 

The  process  of  reducing  a  physical  system  to  a  mathematical 
representation  is  a  prevalent  task  mutual  to  all  fields  of  analysis.  This 
modelling  exercise  requites  a  realisation  of  the  complex  system  to  a 
simplified  conceptual  model.  Young  and  Ont1 J  have  given  a  detailed 
coverage  of  the  general  methodology  of  mathematical  modelling  via  direct 
use  of  vibration  data.  The  philosophy  behind  the  testing  technique  is  found 
in  the  theory  of  system  modelling  or  system  identification 21 . 

In  essence  the  method  requires  the  system  (the  structure)  to  be 
subjected  to  known  input  excitations  (the  forces)  and  the  responses 
(accelerations  at  measurement  locations)  to  be  measured.  The  excitation 
can  be  sinusoidal  or  random  wide-band  forces.  The  so  called  Frequency 
Response  Functions  (FRF)  or  Transfer  Functions  (TF)  can  be  established 
which  describe  the  input/output  system  characteristics. 

The  theoretical  development  of  the  modal  testing  theory  is  lengthy 
and  interested  readers  are  recommended  to  consult  a  useful  reference  by 
Ewinst3].  However,  the  important  equations  in  the  relevant  stages  of 
development  are  detailed  below. 

The  governing  equations  for  the  response  of  a  structure  subjected  to 
imposed  excitation  are  described  by  the  equations  of  motion  in  matrix 
notations. 

CM]  {X(t)J  +  [K]  (X(t)}  +  i  [H]  {X(t)>  =  (F(t) }  (1) 
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where:  [M]  is  the  system  mass  matrix; 

[K]  is  the  system  stiffness  matrix; 

[H]  is  the  system  hysteretic  damping  matrix; 

{X(t)},  (X(t)}  are  the  displacement  acceleration  response  vectors; 

{ F( t ) }  is  the  force  vector. 

This  may  be  re-written  using  Fourier  Transformations: 

(-w2 3 4 5[M]  +  [K]  +  i  [H] )  (X*(w)}  =  (F*(w)}  (2) 

whera:  w  is  the  angular  frequency; 

(X*(w)}  is  the  F.T.  of  {X(t)}  and  is  a  function  of  w; 

(F*(w)}  is  the  F.T.  of  (F(t)}  and  is  a  function  of  w. 

If  {X*(w)}  =  [a]  (F*(w)} 

then  [aj  =  (-w2[M]  +  [K]  +  i[H])  1  (3) 

where:  [a]  is  the  receptance  or  displacement  F.R.F.  matrix  with  ocjk  the 

element  on  the  jth  row  and  kth  column. 

The  series  expansion  of  equation  (3)  gives: 

X*<jw)  N  rA;k 

«jk  (w)  «  — =  E  -  (4) 

f£  (w)  r=l  (wf.  -  w2  +  i  r\r w£) 

where:  otjk  (w)  is  the  receptance  with  displacement  response  at  j  and 

force  at  k; 

rAjk  is  the  modal  constant  for  the  rth  mode; 

wr  is  the  rth  mode  resonant  frequency; 

nr  is  the  rth  mode  hysteretic  damping  loss  factor; 

N  is  the  total  number  of  resonant  modes. 

Similarly  the  inertance  matrix  [y]  can  be  defined  such  that: 

X*  (w) 

y  (w)  =  - 

jk  fjj:  (w) 

The  task  for  modal  testing  is  therefore  to  measure  the  Transfer 
Functions  (i.e.  the  receptances  or  inertance  as  depicted  in  these 
equations) . 

In  the  tests  reported  in  this  paper  Transfer  Functions  were  obtained 
from  a  large  number  of  measurements  at  different  locations.  Processing  of 
these  data  enabled  the  modal  parameters  of  the  structure  being  tested  to  be 
obtained. 

3.0  INSTRUMENTATION 

The  quality  of  results  in  EMTA  partly  depends  on  the  precision  and 
capability  of  each  item  of  instrumentation  used  in  testing.  In  terms  of 
iu  'tional  classification  the  instrumentation  required  is:- 

1.  An  excitation  mechanism; 

2.  Force  measurement  transducers; 

3.  Vibration  sensing  transducers; 

4.  Signal  conditioning  and  processing  devices; 

5.  FFT  pnalysis  and  recording  system. 
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Full-scale  testing  of  civil  engineering  structures  requires  that 
equipment  be  portable,  robust  and  relatively  quick  to  operate  site  as 
working  time  is  often  limited. 

3.1  The  excitation  method  used  in  the  tests  was  a  purpose  built  linear 
motion  hydraulic  inertial  exciter  (Figure  1).  A  dead  mass  of  up  to  300kg, 
supported  by  linear  bearings,  was  moved  by  a  hydraulic  actuator.  The 
inertial  reaction  forces  developed  were  transferred  to  the  structure  by 
securing  i*  to  a  floor  slab. 

Eccentric  rotating  mass  shakers  have  been  used  for  some  years  to 
excite  large  civil  engineering  structures f4 i .  The  precision  control  of  the 
exciter  used  in  these  tests  and  the  ability  to  generate  not  only  sinusoidal 
forces,  but  other  complex  wave  forms  give  some  advantages  over  the  rotating 
mass  shakersts]  . 

3.2  The  force  inpu*  to  the  structure  was  measured  by  a  load  cell  situated 
between  the  moving  ram  of  the  actuator  and  the  ’dead  mass’.  Extensive 
laboratory  calibration  was  carried  out  to  correlate  load  measurement  and 
shear  force  transferred  at  the  base  of  the  actuator  which  would  be  input  to 
a  structure  under  a  test. 

The  movement  oi  the  building  structure  was  captured  by  Schaevitz 
servo-drive  accelerometers  which  operate  down  to  u.c.  Static  as  well  as 
dynamic  calibration  was  carried  out.  Signal  conditioning  units  provided 
d.c.  offset,  filtering  and  amplification.  The  stability,  accuracy,  small 
size  and  low  weight  of  these  closed-loop,  force  balancing  transducers  make 
them  particualarly  suitable  for  full-scale  structural  tests. 

3.3  The  signal  processor  used  on  site  was  an  HP  3582A  real  time  analyser 
with  a  16  bit  microprocessor  which  gives  transformation  of  signals  in  the 
time  domain  into  the  frequency  domain.  The  dual  channel  measurement  mode 
gives  the  computation  of  transfer  functions  and  coherence-spectra t6 i . 

Sinusoidal  wave  forms  to  drive  the  exciter  on  site  were  generated 
from  a  Philips  PM  5130  programmable  signal  generator  which  could  be 
controlled  by  a  computer.  The  sinusoidal  wave  forms  generated  were  based 
on  digital  algorithms  rather  than  crystal  oscillations  as  harmonic 
distortion  had  been  encountered  with  the  use  of  the  actuator’s  own  signal 
generator. 

3.4  To  meet  the  needs  of  digital  data  storage  and  fast  operation  on  site 
an  HP  86B  computer  was  used.  This  was  also  interfaced  with  the  signal 
generator  and  spectrum  analyser  so  that  tests  were  controlled  from  the 
computer,  records  kept,  and  on  site  analysis  carried  out.  An  in-house 
program  was  written  to  control  the  testing,  set  the  analysis  parameters  and 
record  the  data.  Having  the  data  in  a  digital  form  allowed  for  subsequent 
further  analysis  in  tne  laboratory  and  on  the  main  frame  computer. 

4.0  FULL  SCALE  TESTS 

The  structure  tested  was  a  five  storey  fire  drill  tower  at  Camels 
Head  Fire  Station,  Plymouth.  Figure  2  shows  the  structure  which  is  a 
reinforced  concrete  framj  with  openings  and  some  brickwork  infill  panels. 

The  exciter  was  located  at  the  top  storey  and  could  be  operated  in 
the  direction  of  both  principal  plan  axes.  The  structural  response  was 
monitored  at  four  designated  positions  on  each  storey.  Three 
accelerometers  were  positioned  (two  horizontal  and  one  vertical)  at  each 
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location  in  turn.  This  arrangement  enabled  the  spatial  translation  to  be 
measured  and  was  repeated  at  each  story  level  including  the  ground,  giving 
a  total  of  twenty-four  locations  monitored. 

Any  full-scale  in-situ  testing  is  difficult  due  to  the  very  natur  s  of 
the  large  structure  and  testing  away  from  the  laboratory.  In  these  t  = 
the  problems  of  getting  heavy  equipment  to  a  high  level  was  overcome  with 
the  use  of  a  fire-fighting  hydraulic  platform. 

5.0  MEASUREMENTS  AND  RESULTS 

The  results  presented  in  this  paper  are  the  product  of  a  lengthy 
process  of  analysis  on  an  HP  86B  and  HP  9816  computer  and  the  GINO-F 
package  on  a  Prime  muir.  frame  which  was  required  for  the  second  phase  of 
the  EMTA.  Typical  results  are  presented  for  one  location  only  on  the  tower 
(South  West  column),  but  are  for  the  force  input  in  the  two  major  axes. 

Figures  3  and  4  show  the  amplitude  receptance  F.R.F.  plots  for  the 
force  input  in  the  two  directions  respectively.  The  first  two  modes  are 
distinctly  excited  while  higher  modes  are  shown  to  be  coupled.  For 
simplicity  only  the  first  three  modes  are  reported  here. 

Figures  5  to  7  are  examples  of  the  circle-fitting  on  the  Nvciist 
plots  of  raw  inertance  and  receptance  F.R.F.  data.  The  numbers  given  on 
the  plots  are  the  designated  ’ f -equency  points’  taken  from  the  128  points 
covering  the  range  0  to  25  Hz.  The  plots  indicate  sound  data  and  that  the 
result  of  the  circle  fitting  process  are  much  better  for  the  receptance 
than  the  inertance  data.  This  is  because  from  theory  only  the  Nyquist  plot 
of  receptance  data  for  structures  with  hysteretic  damping  will  trace  an 
exact  circle  if  the  measurements  have  been  free  from  experimental  errors. 
The  spacing  of  the  ’frequency  points’  around  the  circles  show  that  the 
frequency  resolution  in  analysis  needs  to  be  finer  for  mode  1  than  mode  3 
(Figures  5  and  6). 

The  quality  of  the  data  can  also  be  shown  by  plotting  the  real  and 
imaginary  part  of  the  receptance  F.R.F.  data  against  frequency  squaredt7] . 
In  theory,  error  free  data  and  the  validity  uni-modal  response  will  give  a 
sloping  straight  line  in  the  real  receptance  against  frequency  squared  plot 
and  a  horizontal  line  in  the  imaginary  plot  (Figures  8  and  9). 

Table  1  gives  a  sin  unary  of  the  data  analysis  of  the  first  3  modes. 

TABLE  1 


SIM4ARY  OF 

MODAL  ANALYSIS 

RESUTLS  OF 

TESTS  CN  FIRE 

STATION  TOWER 

MODE 

FREQUENCY 

MODAL 

CONSTANT 

DAMPING 

REMARKS 

[Hz) 

[1/kg] 

LOSS  FACTOR 

PEAL 

IMAGINARY 

1 

2.39 

+2.20  E-03 

+5.23  E-04 

8.0  E-03 

From  measurement 

2 

5.58 

+1.90  E-03 

-1.49  B-04 

2.6  B-03 

at  S.W.  Column 

3 

10.39 

+5.97  E-04 

-3.56  E-05 

2.9  E-03 

N-S  excitation 

1 

2.36 

+2.57  B-03 

+6.68  E-05 

4.0  E-02 

From  measurement 

2 

5.37 

+3.91  B-04 

-6.35  E-05 

2.3  E-02 

at  S.W.  Column 

3 

10.32 

+3.05  B-04 

-5.86  E-05 

3.3  E-02 

B-W  excitation 

1012 


The  modal  constants  are  complex  quantities  with  real  and  imaginary 

and  the  unit  is  in  Kg-1 .  From  theory  the  modal  constant  is  tS:  product  of 

two  mass-normalised  node  shape  coordinates.  For  instance: 

if  4>ir  is  the  modal  coordinate  of  the  rth  mode  at  location  i; 

and  r^ij  is  ®°dal  constant  for  the  rth  mode  with  response 

measurement  at  location  i  and  excitation  at  j; 
then  rAjj  =  Qjr- 

The  val'i^n  of  these  modal  constants  have  an  implication  on  the  "dynamic 
stiffness”  of  the  respective  modes  concerned.  At  resonance  the  receptance 
is: 


ajk 


rAjk 
i  nr  w£ 


where:  wr  is  the  resonant  frequency  of  the  rth  mode; 

nr  is  the  hyuteretic  damping  of  the  rth  mode; 
and  i  if  V  -1. 


This  is  valid  if  the  structure  is  free  from  modal  coupling  and  the 
residual  modes  are  negligible. 

The  determined  resonant  frequencies  from  the  two  sets  of  measurements 
are  generally  in  agreement.  The  damping  loss  factors  in  the  table  are  the 
ratios  of  the  actual  damping  and  the  corresponding  critical  damping  for  the 
respective  modes. 

Discrepancies  in  these  figures  are  much  greater  for  the  first  t\ 
modes  than  those  for  the  third  mode.  Figures  10  and  11  show  the 

regeneration  of  the  receptance  F.R.F.  curves  for  noth  measurements.  In  the 
regeneration  process,  residuals  from  rigid  body  modes  and  higher  modes  have 
been  ignored.  The  plots  have  been  generated  based  on  tne  modal  parameters 
determined  as  discussed  earlier.  In  general,  these  plots  show  a  good 
reproduction  for  the  first  three  modes  and  considerable  errors  for  the 
higher  modes. 

Figure  12  shows  the  spatial  deformation  shapes  of  the  structure  at 
the  frequencies  of  excitations  logged  from  data  at  the  128  frequency 
points.  The  spatial  translation  ol  each  measurement  location  are  shown 
with  an  arb  trary  scale.  Instead  of  conventional  simple  bending  modes  as 
would  be  expected,  the  deformation  shapes  reveal  considerable  variations 
with  complexities  such  as  floors  warping  and  twisting.  These  plots  are 
invaluable  visual  aids  to  determine  the  vibrational  modes  concerned. 


6.0  CONCLUSIONS 


The  technique  of  EMTA  is  found  to  be  applicable  to  large  complex 
structures.  The  development  of  the  linear  motion  hydraulic  exciter  has 
been  found  to  be  practical  for  exciting  large  structures.  This  exciter  has 
extended  the  conventional  excitation  methods  from  sinusoidal  testings  to 
periodic  random  testings.  In  situations  where  time  is  strictly  limited, 
the  periodic  random  tests  becomes  more  attractive.  However  the  sinusoidal 
tests  can  generally  provide  better  results. 

In  contrast  to  laboratory  testing  on  scale  models  or  components,  in 
situ  full-scale  vibration  testing  suffers  from  several  problems  and 
limitations.  Since  there  is  no  control  of  the  test  environment,  the  data 
obtained  are  generally  not  of  as  high  quality  as  those  obtained  in 
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laboratory.  In  fact,  full  scale  measurements  on  civil  engineering 
structures  are  often  corrupted  with  "noise"  from  wind,  human  movements,  and 
traffic. 

To  realise  the  full  potential  of  BMTA  to  civil  engineering  structures 
further  work  is  required.  EMTA  can  provide  a  set  of  modal  parameters  for 
the  modes  of  interest  within  the  frequency  bands  of  testing  and  a  modal 
model  car  be  established.  To  establish  spatial  models  of  the  tested 
structure  would  require  a  better  quality  of  data  from  tests,  more 
meausrement  locations  and  more  modes  to  be  determined. 

The  instrumentation  system  used  in  this  research  proved  to  be  a 
relatively  low  cost  solution.  The  computers  provided  a  valuable  tool  in 
the  experimentation  as  well  as  analysis  of  data. 
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FIGURE  3  AMPLITUDE  RECEPTANCE  F.R.F.  PLOT 
(LOCATION  S.W.  COLUMI,  EXCITATION  E-W) 
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FIGURE  4  AMPLITUDE  RECEPTANCE  F.R.F.  PLOT 
(LOCATION  S.W.  COLUM4,  EXCITATION  N-S) 


FIGURE  5  CIRCLE-FIT  OF  RAW  INERTANCE  F.R.F.  DATA 
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FIGURE  6  CIRCLE- FIT  OF  RAW  RECEPTANCE  F.R.F.  DATA 
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FIGURE  7  CIRCLE- FIT  OF  RAW  RECEPTANCE  F.R.F.  DATA 
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SQUARED,  NODE  3 
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SOURCE-TO-SITE  SEISMIC  MODELS  IN  STRUCTURAL  DYNAMICS 


L.  Faravelli 

Dept,  of  Structural  Mechanics 
University  of  Pavia  -  Italy 


SUMMARY  -  When  the  uncertainty  of  the  input  of  a  dynamic 
structural  problem  is  described  by  a  stochastic  process, 
structural  analysis  can  be  performed  either  by  using  stochastic 
dynamics  results  oi  by  numerical  integration  of  the  equations 
of  motion  under  simulated  time  histories. 

Attention  is  focused  here  on  the  seismic  excitation.  Two 
aspects  of  its  stochastic  idealization  are  considered:  to 
include  non-stationarity  in  time  and  frequency  and  to  allow  for 
seismolcgical  schemes.  The  resulting  evolutionary  model  leads 
to  modifications  in  the  structural  analysis  process  which  are 
discussed  in  detail . 


1.  INTRODUCTION 

In  a  recent  report,  prepared  for  the  Commission  of  the 
European  Communities  [1],  it  is  expressed  the  "feeling"  that 
there  will  soon  be  available  numerical  methods  to  compute  the 
input-output  relationships  of  linear  multidegree  of  freedom 
systems  subject  to  evolutionary  excitation.  This  is  due  to  the 
fact  that  "good  evolutionary  representations  of  the  ground 
motion  are  possible". 

In  earthquake  engineering,  several  stochastic  models  were 
proposed,  discussed  and  analysed  from  the  basic  paper  by  Y.K. 
Lin  [?].  Stationary  models  [3]  (generally  filtered  white- 
noise),  as  Kanai-Tajimi  idealization  [4]  [5],  became  popular 
due  to  both  the  simple  way  in  which  their  parameters  can  be 
found  [6]  [7]  and  the  advantages  they  offer  in  stochastic 
dynamic  analyses  [8]  [9]  [10].  Signal  processing  theory,  then, 
has  provided  the  tools  for  a  deeper  analysis  of  recorded 
accelerograms  leading  to  evolutionary  models  in  frequency  [11] 
and  time  [12]  domain. 

The  previous  approach,  however,  ignores  any  suggestion 
from  seismology,  where  the  single  time  history  is  related  to 
some  basic  parameters  as  magnitude,  epicentral  distance  and 
soil  properties.  Although  the  general  theory  has  still  to  be 
included  in  engineer  practice,  a  simplified  seismological 
idealization  taking  into  account  source  mechanism  and  wave 
propagation  was  recently  proposed  by  Boore  [13]  [14]  and 
extended  by  the  author  to  the  evolutionary  case  [15]. 

This  paper  emphasizes  the  implications  of  the  adoption  of 
such  a  seismological  model  in  structural  dynamic  analysis.  The 
numerical  example  discusses  the  details  of  how  evolutionarity 
can  be  introduced  with  reference  to  the  Southern  Italy 
earthquake  of  1980. 


1021 


2. 


BOORE’S  SEISMO LOGICAL  MODEL 


The  one-sided  power  spectral  density  function  G(w)  of  the 
stationary  stochastic  model  proposed  by  Boore  as  a  synthesis  of 
seismological  properties  is  written  [13]  [14]: 

G(w)  =  [C  A^u)  A2(u)  A3(oj)  ]  2/[trTr  ]  (1) 

The  meaning  of  the  notations  is  the  following:  w  =  circular 
frequency;  C  =  scaling  factor;  A^(o))  =  source  factor;  A2(w)  = 
amplification  factor;  A3 (  oj  )  =  distance  diminution  factor;  Tr 

=  rupture  duration. 

Further  details  of  the  model  must  be  added  in  order  to 
clarify  its  seismological  nature: 

i)  the  scaling  factor  C  can  be  expressed  as  the  product  of 
the  radiation  pattern  Rg,  by  a  first  factor  F  which  accounts 
for  the  free  surface  effects  (usually  F  =  2.)  and  a  second 
factor  V  (usually  V  =  1//2)  considering  the  partition  of  energy 
into  horizontal  components.  The  result  of  this  product  has  then 
to  be  divided  by  4~  times  the  product  of  the  density  p  by  the 
cube  of  the  shear  velocity  8  in  the  source  region.  Finally, 
dividing  by  the  hypocentral  distance  r,  one  finds: 

C  =  Rp  F  V/[(4tt  p  e 3 )  r  ]  (2) 

ii)  the  source  factor  comes  from  seismological  considerations 
on  the  source  spectrum  and  can  be  expressed  as 

A2(w)  =  [Mq/(1  +  ( 0)o/u) ) 2  )  ]  •  tuD2  (3) 

where  Mc  is  the  seismic  moment  and  wQ  is.  the  corner  frequency. 
Since  Eq . ( 3 )  does  not  present  any  predominant  frequency,  for 
Ei  ''opean  and  Russian  earthquake  [16]  [17]  it  may  be  appropriate 
to  write  A3(gj)  as  the  product 

A3(w)  =  A^^(w)  *A3^(co)  (4) 

with  A^1(oj)  given  by  the  r.h.s  of  Eq.(3)  and 

Alh(w)  =  C/(l  +  (co/cJi)2)  1/2  (5) 

In  Eq.(5),  q  is  a  normalization  factor  (~  1.15)  and  is  a 

second  corner  frequency  (=  2  Hz  in  [16]). 

The  scaling  law,  i.e.  the  relation  between  the  corner 
frequency  0)o  and  the  seismic  moment  M0,  is  proposed  by  Boore 
[13]  to  have  the  form: 

w0/(2tt)  =  4 . 9  ♦  10 6  p  (Ao/M0)l/3  (6) 

"here  Aa  denotes  a  scaling  parameter  with  dimension  of  stress 
(.a  =  100  bar  was  originally  assumed:  European  earthquakes 

however  needs  the  introduction  of  higher  values  if  Eq.(6)  is 
adopted ) . 

iii)  the  amplification  factor  should  take  into  account  both  the 
amplification  due  to  strong  impedance  contrast  of  soil  layers 
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and  the  one  in  wave  amplitude  due  to  conservation  energy  for 
waves  travelling  through  materials  with  decreasing  velocities 
as  the  earth  surface  is  approached.  The  latter  term  is 
tabulated  in  Refs.  [17]  and  [14],  while  the  author  gave  it  an 
analytical  form  holding  for  u>.32*2rr  rad/s  [15]: 

A2(u)  =  2  .  /  [  1  +  (  (  .  32  -  2tt  ) /uj  )  ‘  ]  (7) 

iv)  the  distance  diminution  factor  has  been  selected  by  Boore 
as : 


A3  (  uj  )  =  exp(-wr/(2  Q(  oj  )  8  )  •  ( lt-(uj/o)m)  8  )  1  (8) 

where  Q(oj)  is  the  frequency  dependent  attenuation  function.  The 
second  factor  in  the  r.h.s.  of  Eg. (8)  is  a  high-cut  filter  with 
corner  frequency  u)m  which  is  assumed  to  be  independent  of  the 
seismic  moment,  its  value  being  only  a  site  effect. 

Eq.  (1)  represents  a  stationary  stochastic  process:  in 
Ref.  [18]  non-stationarity  in  time  was  included  by  the 
classical  scheme  making  use  of  a  deterministic  function  of  time 
by  which  the  stationary  process  is  modulated. 


3.  NON- STATIONARY  STOCHASTIC  MODEL 

The  author  has  already  emphasized  in  Ref. [15]  that  Boore ' s 
model  can  become  very  fascinating  from  a  stochastic  dynamics 
point  of  view.  In  fact,  if  one  accepts  that  tha  high-cut  filter 
in  Eq.  (8)  is  substituted  with  the  smoothing  of  high 
frequencies  of  the  additional  source  term  A^tco),  the  distance 
diminution  factor  reduces  to: 

A3  (  oj  )  =  exp(  -wr/(2  Q(cj)  3))  (9) 

Moreover,  Q  can  be  assumed  to  be  proportional  to  the  frequency 
(Q  =  Q0u/(2n))  [16]  and,  hence,  Eq.  (9)  simplifies  into 

A3  (  o) )  =  exp(  -Trr  /  ( Q0  8))  -  const.  (10) 

Being  constant  with  oj,  it  can  be  included  into  the  scaling 
factor  to  form 


C’  =  C  •  A3  (  oj  )  (11) 

Eq.  (01)  can  therefore  be  written 

G(  oj  )  =  [C’  2/(TrTr)  ]  •  [Al(oj)  A2  (  oj  )  ]  2  =  C"{  [  (M0uj02  )/(!  + 

(oj0/oj)  2  )]  •  U/d+tw/aii)  2  )  1/2  ]  *[2/(l+(  .32(2rr)/aj)  2  )  ]  }2  (12) 

where  C"  =  [C ’ 2 / ( TrTr )  ] .  The  corresponding  stochastic  process  is 
a  white-noise  w(t)  of  power  spectral  density  function 

Gq  =  4C"-M02 -j;2  •0)o“.u)12  (13) 

filtered  through: 


1023 


1)  the  first  order  differential  equation 

s  +  s  =  w(  t )  ( 14  ) 

for  which  the  square  modulus  of  the  transfer  function  H^Co))  = 

[( 1/0)2  )/( l+i(w/Ul)  )  ]  is  [  Aih(  o) )  ] 2  /  ( u>i 2  c 2  )  ; 

2)  the  second  order  differential  equation 

u  +  2  0)2  u  +  o)22  u  =  -s  (15) 

which  is  a  spring-dashpot  linear  system  with  damping  ratio  1. 
The  square  modulus  of  the  transfer  function  for  the 
acceleration  H?(o))  =  { (o)2 /o)22  )  /  t  ( 1- ( w2 /o>2 2 )  )  +2io)0)2  ] )  ,  in  fact, 

coincides  with  [  A2 (oi )  ] 2 /4  for  0)2=.  32 •  (  2tr )  rad/s; 

3)  the  second  order  differential  equation 

z  +  2  o)Q  z  +  0)o2  z  =  -u  (16) 

which  is  again  a  spring-dashpot  linear  system  with  damping 
ratio  1.  The  square  modulus  of  the  transfer  function  for  the 

acceleration  (13(0))  =  {  (oj2/o)02  ) /[  ( l-(o)2/'o)02 )  )+2ioooj0] } ,  in  fact, 

coincides  with  [A2  (oj)  ]  2/(o)04M02 ) . 

It  follows  that: 

G(  o) )  =  Gq  •  [  ( Alh(  o) )  )  3  /£; 2  ]  •  [  ( A2  ( w )  ) 2  /4  ]  •  [  ( ;  ( o) )  )  2  /  (  Mq2 o)04 )  ]  = 

=  Gq  -  !  Hi  ( 0) ) : 2  *  !  h2  ( o> )  j  2  »  !  H3  ( 00 )  !  2  (17) 

Therefore,  in  the  presence  of  a  dynamical  system  with  n 
degrees  of  freedom,  the  derivative  d2z/dt2  in  Eq.  (16)  denotes 
the  ground  acceleration,  i.e.  the  external  action.  Since  n 

deqrees  of  freedom  means  a  system  of  2n  first  order 
dii f erential  equations,  the  global  idealizacion  consists  of 
(2n+5)  first  order  differential  equations  driven  by  a  white- 
noise.  Note  that  the  high  frequency  cut-off  filter  of  Eq.  (8) 
should  be  introduced  for  structural  systems  with  significant 
frequencies  larger  than  10  Hz. 

Such  a  model  has  been  made  nonstationary  by  the  author  in 
Ref.  [15].  Essentially  one  introduces  a  evolutionary  power 
spectral  density  function  of  the  type: 

Ge(w,t)  =  G(w)  •  1  g ( oj , t )  |  2  (18) 

where  g(w,t)  is  a  function  to  be  determined  on  experimental 

basis  which  relates  to  the  time  the  intensity  W(t)  and,  hence, 

the  corner  frequency  u>w(W(t))  or  viceversa.  Given  Eq.  (17), 
g(aj,t)  has  been  suggested  to  have  the  form: 

!b'w,t)  i  2=K(  oj  )  [Mq  2/Ai2(cl))  ]2,(uty4(t)W2(t)  )  /  [  lu-  ( uty(  t )  /uj  )  2  ]  2  (19) 

where  K  is  a  normalization  term  such  that: 

/  "  g(w,t)  dt  =  1/K( oj )  (20) 
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For  instance,  one  can  assume  according  to  Eq.  (06) 

cow(t)/(2TT)  =  4 . 9  •  10 6  3  (Aa/M0W(t)  J1/3  t<tp  (21) 

ww(t)/(2-n)  =  4 . 9  •  10 6  3  (AaW( t)/M0)1/3  t>tp  (22) 

tp  being  the  time  at  which  W(t)  is  maximum.  It  is  well  known  in 
seismology,  in  fact,  that  primary  waves  have  significant 
frequencies  higher  (1.5  to  2  times)  than  the  ones  of  the 
secondary  waves.  Moreover,  the  latter  waves  are  characterized 
by  frequencies  higher  than  the  ones  of  the  surface  waves  coming 
at  the  end  of  the  record. 

Although  Eq.(22)  needs  further  investigation,  together 
with  Eq.  (21)  it  reduces  the  description  of  the  model  to  the 
definition  of  Wvt).  In  Ref.  [15]  this  was  made  by  using  the 
classical  compound  intensity  function  [9].  The  next  section  is 
devoted  to  verify  it  on  experimental  bases. 

From  the  point  of  view  of  structural  analysis,  it  is  worth 
noting  that  the  response  of  a  linear  system  can  then  be 
expressed  in  the  same  form  of  Eq.  (18)  with  g(w,t)  replaced  by 
b(w,t)  [19]  with 

b(oo,t)  =  /  +a°  hc.(x)  g(co,t-x)  e_^TCJ  dT  (23) 

_oo 

where  hs(x)  is  the  impulse  response  function  of  the  linear 
system.  In  the  frequency  domain  this  input-output  relationship 
consists  of  a  convolution,  instead  of  a  product  as  in  the 
stationary  case.  The  convolution  can  then  be  calculated  by 
using  the  FFT  algorithm  [1]. 

For  non-linear  systems,  time  histories  can  be  simulated 
from  the  proposed  model  or  stochastic  equivalent  linearization 
[10]  can  be  adopted. 


4.  EXPERIMENTAL  TIME-DEPENDENCE  OF  THE  CORNER  FREQUENCY 

The  frequency  content  of  the  single  wave  type  is  not 
clearly  emphasized  by  studies  [20]  using  the  physical  spectrum 
[12],  since  the  effects  of  the  strong  motion  are  always  present 
during  tail  analysis.  In  this  paper,  therefore,  the 
evolutionary  response  spectrum  has  been  preferred.  It  is  built, 
according  to  Ref. [11],  for  some  accelerograms  recorded  during 
the  Southern  Italy  earthquake  of  November  1980.  The  values  of 
its  main  parameters  are:  p  =  2.6  g/cm3 ,  3  =  3.5  Km/s,  Tr=  6  sr 
M0  =  6 . 102  5dyn  -cm,  Q0  =  40  s.  Moreover  for  Rp  one  takes  the 
average  on  the  focal  sphere  0.63. 

Figure  1  summarizes  the  results  obtained  for  the 
accelerogram  A62IEW  recorded  at  Bagnoli  Irpino,  on  stiff  soil, 
at  hypocentral  distance  r  =  28  Km.  Figure  2  shows  the 
characteristics  of  the  relevant  NS  component.  Finally,  Figure  3 
shows  the  characteristics  of  the  record  A629EW  of  the  same 
event  obtained  in  Sturno,  on  stiff  soil,  at  r  =  37.6  Km.  Figure 
4  provides  perspective  views  of  the  estimates  of  Ge(w,t). 
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The  following  remarks  come  out  from  the  analysis  of  these 
figures:  i)  a  non-stationary  model  making  use  of  the 

superposition  of  three  (or  more)  stationary  processes  with 
different  frequency  bands  and  with  different  modulating 
functions  could  be  appropriate;  ii)  having  in  mind  that  the 

equivalent  stationary  duration  dQ  is  for  the  three  records  6.1, 
11.9  and  7.1  sec,  respectively,  the  evolutionary  power  spectral 
density  function  Ge(w,t)  is  nearly  zero  before  and  after  the 
strong  part  occurs:  the  shift  t i  between  primary  and  secondary 
waves  is  approximately  3.8  sec.  for  A621  and  5.37  sec.  for 

A629 ;  iii)  the  time  dependence  of  the  corner  frequency  (i.e.  of 
the  band  where  the  frequency  content  concentrates)  is  not  a 

function  of  the  intensity  W(t),  since  it  varies  also  during  the 
strong  part  where  W(t)  can  be  assumed  nearly  constant. 

One  has  now  the  elements  for  updating  Eqs.  (21)  and  (22), 
remembering  that  u0  was  estimated  [15]  in  the  range  (1.01,  1.7 
rad/sec).  The  corner  frequency  <^(0)  is  derived  from  the  maximum 
a;  (wmay)  for  which  significant  Ge ( co , t )  are  computed  (generally 
just  after  t^);  Eq.  (21)  provides  then  W(0)  and  the  model  is 
maintained  stationary  till  t^.  Analogously,  Eq.  (22)  is  used 
for  deriving  from  the  minimum  u>  (i%in)  (^(ti^d,-,)  and  W(tj+d0), 
and  the  model  remains  stationary  after  t^+dQ.  In  the  middle 
o.'W(t)  varies  according  to  the  exponential  law: 

(^(t)  =  0  )exp[ -B(  t-t!  )  k]  (24) 

with  B  =  (l/do)kln(a)W(0)/(i)W(t1+do)  )  and  k  an  appropriate 

exponent.  However,  the  intensity  W(t)  must  be  determined  in 
such  a  way  that  the  maximum  of  Ge(u,t),  for  different  t,  does 
not  change  even  if  the  abscissa  decreases  in  time. 

In  conclusion,  evolutionary  models  of  the  seismic  action 
can  be  easily  built,  but,  since  the  strong  part  changes  its 
frequency  content  as  the  motion  progresses,  significant 
consequences  on  the  structural  response  can  be  expected. 
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Figure  1  -  a)  Accelerogram  A621EW  after 

processing;  b)  Fourier  spectrum  of  the 
accel.  in  a);  c)  evolutionary  power 
spectral  density  function 


Figure  2  -  a)  Accelerogram  A621NS  after 

processing;  b)  Fourier  spectrum  of  the 
accel.  in  a);  c)  evolutionary  power 
spectral  density  function 


"igure  3  -  a)  Accelerogram  A629EW  after  processing;  b)  Fourier 
spectrum  of  the  accel.  in  a);  c)  evolutionary  power  spectral 
density  function 


>1  5.33 


Figure  4  -  a)  A621EW:  evol.  power  spectral  dens,  function 
over  the  domain  [(0,  15.36  s),(.l,  6.15  Hz  \  ]  ;  b)as  in  a)  but 
over  ((0,9.6  s)  ,  (.1,12.4  Hz));  c)  A621NS:  evol.  power  spectral 
dens,  function  over  the  domain  [(0,  15.36  s),(.l,  6.15  Hz)];  d) 
as  in  c)  but  over  ((0,9.6  s),(.1,12.4  Hz))  ;  e)  A629EW:  evol. 
power  spectral  dens,  function  over  the  domain  [(0,  15.36 
s),(.l,  6.15  Hz)];  e)as  in  d)  but  over  ( ( 0 , 9 . 6 ) , ( . 1  , 1 2 . 4  Hz)). 
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SUMMARY:  Ir.  this  paper  a  control  system  by  active  tendons  is  proposed  and  its  effectiveness 
to  reduce  the  dynamic  response  of  building  structures  with  a  reasonable  cost  of  energy  is  tested  by  means 
of  numerical  experiments  considering  two  23-story  buildings  (called  B\  and  B;>)  subjected  to  seismic  and 
wind  excitations.  Building  B i  has  a  stiff  steel  tesistant  structure  and  building  B 2  has  a  vertical  rigid 
centric  nucleus  having  the  rest  of  its  structure  no  influence  in  the  horizontal  stiffness.  The  dynamic 
behaviours  of  buildings  B\  and  B;  are  representative  of  those  of  the  different  types  of  structures  most 
commonly  used  in  buildings  of  about  this  number  of  floors.  The  results  of  the  numerical  experiments 
allow  to  conclude  that  active  cables  are  useful  for  control  of  tall  buildings  and  that  they  are  more  effective 
in  buildings  with  a  dynamic  behaviour  similar  to  the  one  of  building  Bj. 


1.  INTRODUCTION 


An  active  structural  control  system  tries  to  minimize  tiie  response  of  structures  subjected  to 
dynamic  excitations  and  is  essentially  based  on  the  ciosed-ioop  scheme  of  Figure  1 


V0 

Excitation 


Figure  1  Block  diagram  of  a  digital  active  control  system 
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The  sensors  measure  continuously  the  structural  response  x„  and  ronverts  it  in  an  analog  electrical 
signal  «i  which  is  transformed  in  a  discrete-time  sequence  *  by  the  analog- digital  converter.  The  digital 
computer  calculates  the  discrete-time  control  signal  u  by  using  a  control  algorithm.  The  digital  control 
signal  u  is  transformed  in  a  continuous-time  signal  u;  by  the  digital-analog  converter  and  in  the  control 
forces  tt(.  by  the  mechanical  actuators. 

In  order  to  control  the  horizontal  vibrations  of  tall  buildings,  actuators  composed  by  active  tendons 
have  been  proposed  [1—4].  In  [1]  the  ability  of  an  active  tendon  control  system  to  reduce  the  along-winc! 
motion  of  a  40-story  buiding  is  numerically  tested  and  in  [2]  the  same  process  is  performed  in  a  8-story 
seismic  excited  building.  In  [1]  and  [2]  the  control  law  is  based  on  a  classical  feedback  scheme.  In  [3] 
another  building’s  control  system  by  active  cables  is  proposed,  its  effectiveness  to  reduce  the  wind  response 
being  numerically  tested.  In  [4]  an  experimental  model  of  a  3-story  building  controlled  by  active  cables 
is  described  and  some  seismic  experiments  showing  the  usefulness  of  the  control  system  are  presented. 
In  [3]  and  [4]  optimal  control  is  considered  as  control  algorithm. 

In  this  paper,  a  more  general  control  system  by  active  cables  lor  tall  buildings  is  proposed  and 
some  numerical  experiments  of  digital  active  control  are  presented  to  assess  the  effectiveness  of  the 
active  tendons  in  seismic  and  wind  excitation.  In  the  numerical  experiments  two  23-story  buildings  are 
considered  which  are  called,  respectively,  B,  and  B;  [5].  The  resistant  structure  of  building  Bj  is  an 
orthogonal  steel  framework  with  rigid  nodes  while  building  B?  has  a  vertical  rigid  centric  nucleus  having 
the  rest  of  the  structure  no  influence  on  its  horizontal  stiffness.  The  dynamic  behaviours  of  buildings  B i 
and  Bi  are  representative  of  those  of  the  different  types  of  structures  most  commonly  used  in  buildings  of 
about  this  number  of  foots:  the  horizontal  deformation  of  building  B\  is  firstly  caused  by  the  shear  force 
while  the  cue  of  building  B;  is  firstly  caused  by  the  bending  moment.  The  digital  closed-loop  control 
shov.,i  in  Figure  1  is  simulated  in  discrete  time  16'  and  a  predictive  control  algorithm  [7]  is  considered 
ta'-'  ig  into  account  the  time  delay  in  the  actuators  18].  In  the  numerical  experiments  the  physical  features 
of  the  devices  which  constitutes  the  control  system  have  been  taken  into  account  in  order  to  compute  the 
forces  in  the  cables  and  i.s  displacements  and  velocities  to  evaluate  the  feasibility  of  the  active  cables  to 
perform  a  real  con'.’o'  system. 


2.  ACTIVE  TENDON  CONTROL  SYSTEM  DESIGN 

The  horizontal  active  control  forces  u.,,  are  applied  on  the  building  structure  by  a  number  m  oi 
l’.iec ;  ideal  actuators  every  one  of  them  being  composed  by  cables  whose  tension  is  quickly  modified  by 
hydraulic  cylinders  whose  motion  is  governed  by  servovalves  The  actuators  are  placed  in  such  a  way 
that  the  control  forces  are  applied  on  the  building  at  different  floors.  Every  actuator  i  generates  a  control 

force  uttl  from  the  control  signal  Uj,.  Figure  2  shows  two  possible  schemes  of  an  actuator  i  (t  =  1 . ml 

;5'„ 


Ill  every  one  of  the  two  schemes  shown  in  Figure  2  two  cables  are  braced  to  the  frame  of  a  floor 
bv  one  of  their  ends  while  the  other  ends  are  connected  to  the  embolus  of  a  hydraulic  cylinder  placed  on 
a  lower  floor.  The  movement  of  the  cylinder  is  governed  by  a  servovalve  as  a  function  of  the  component 
U),(f)  of  the  control  signal.  This  movement  results  in  two  horizontal  forces  /i, ,(f)  on  the  floors.  The 
dynamics  between  these  forces  and  the  signal  to  the  servovalve  can  be  described  by 


=  CUiuu(t  -  i=l . rr. 


(1) 


’  *e  Cu,  is  a  constant  depending  on  factors  such  as  the  stiffness  of  the  cables,  the  angle  of  the  bracing 
ano  lie  servovalve  calibration  and  r0%  is  the  time  delay  caused  by  the  inertia  of  the  actuators.  Assuming 
that  „t  takes  the  same  value  t„  for  the  m  actuators,  the  expression  (1)  can  be  written  in  matrix  form: 
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CABLES 


[X]  SERVOVALVE 
CYLINDER  1 


Figure  2  Cable  control  actuator 

=  (2) 

Every  actuator  is  placed  consecutively  between  each  one  of  the  rn  floors  where  the  force-  are 
wanted  to  be  applied.  Figure  3  illustrates  a  possible  distribution  of  the  cables. 

The  control  forces  u0,(f)  are  the  resultings  of  the  horizontal  forces  supplied  by  the  cables  Thus 
one  can  write 


Figure  3  Actuators  distribution. 


«o(0  =  B/hW 


(3) 


where 


0  0  \ 

0  0 

1  -1 

0  1  / 


(4) 


From  (2)  and  (3)  one  finally  obtains  the  following  model  to  describe  the  effect  of  the  actuators 


«o(f)  =  Kavi(t  -  ra) 


(5) 


where 


Ka  =  ECa  (6) 

Since  matrix  K„  is  not  singular,  expression  (5)  shows  that  with  this  arrangement  of  the  cables  it 
is  [  ossible  to  generate  the  control  signal  t»j  which  produces  an  arbitrary  value  of  the  control  forces  un. 
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3.  SIMULATION  OF  CONTROL  EXPERIMENTS 


Different  numerical  tests  are  performed  consisting  of  subjecting  one  building  to  a  dynamic  excita¬ 
tion  in  the  presence  of  a  number  of  horizontal  control  forces  which  changes  between  1  (a  force  acting  in 
the  top  of  the  building)  and  23  (a  force  in  every  floor). 

The  operations  involved  in  the  closed-loop  control  are  simulated  in  a  digital  computet  by  a  discrete- 
time  scheme  which  takes  into  account  all  the  elements  in  the  process  shown  in  Figure  1  [6],  This  scheme 
has  proved  its  feasibilty  through  comparisons  with  experimental  results  [8].  The  motion  of  the  building 
is  simulated  *-y  a  linear  model  with  23  degrees-of- freedom  [5]. 

The  results  cf  every  test  are  summarised  in  6  indices  which  are  called,  respectively,  Ti , .  . ,  Fc  The 
index  Tj  represents  the  root  mean  square  of  the  maximum  values  of  the  horizontal  relative  displacements 
between  adjacent  floors.  Indices  1%  and  To  correspond,  respectively,  to  the  r.m.s.  of  the  maximum 
control  forces  tio,  and  the  horizontal  forces  /»,.  in  the  cables.  Index  represents  the  r.m.s.  of  the 
maximum  undesired  vertical  forces  introduced  in  the  structure  by  the  active  cables.  Indices  I\  and  Tc 
are,  respectively,  the  r.m.s.  of  the  maximum  displacement  and  velocity  of  the  embolus  of  the  hydraulic 
cylinder. 


4.  CONTROL  ALGORITHM 

To  generate  the  discret  *-time  sequence  of  control  signals  u,  a  control  algorithm  which  is  based  on 
a  predictive  strategy  is  considered  [7],  Taking  into  account  the  time  delay,  the  expression  which  relates 
the  control  signal  with  the  response  of  the  structure  x  is 


d 

u(k)  =  ~Dx(k)  +  -  i)  (7) 

«=1 

where  k  denotes  the  sampling  instant,  disa  number  related  to  the  time  delay  and  D  and  M,  (i  =  1 , . . . ,  d) 
are  constant  matrices. 


6.  CONTROL  OF  THE  SEISMIC  RESPONSE 

The  seismic  effectiveness  of  the  active  tendons  is  tested  subject  ing  buildings  Bj  and  B i  to  sinusoidal 
ground  excitations  with  different  frequencies  varying  in  the  range  1-21  rad/s  and  constant  amplitude 
0.1  g.  The  values  of  indices  Ti,...,^  are  plotted  as  a  function  of  the  frequency  of  the  excitation,  the 
resulting  diagrams  being  the  controlled  response  spectra. 

In  Figure  4  one  can  see  the  comparison  between  the  values  of  index  T;  for  buildings  B\  and  B:  in 
the  uncontrolled  case. 

Figure  4  shows  that  building  B i  is  more  stiff  than  building  B;  and  in  the  dynamic  response  of 
building  B2  only  the  first  mode  has  a  significant  importance  while  in  the  one  of  building  B\  the  three 
first  inodes  are  important. 

Figures  5,  6  and  7  show,  respectively,  the  values  of  indices  Tj,  F3  and  for  buidings  B)  and  B; 
and  different  values  of  the  number  of  control  forces. 
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UNCONTROLLED  RESPONSE 


24 


Figure  4  Values  of  Tj  in  the  uncontrolled  seismic  response. 

By  comparing  Figure  4  with  Figure  5  it  can  be  noted  that  the  control  action  generated  by  the 
active  tendons  produces  a  very  important  increase  of  the  stiffness  and  the  damping  of  the  structure  which 
results  in  an  increase  of  the  natural  frequencies  and  a  reduction  of  the  response.  These  effects  are  more 
important  as  the  number  of  control  forces  grows  and,  when  23  control  forces  are  considered,  the  response 
is  reduced  in  a  percentage  of  about  0.1  %  and  the  natural  frequencies  are  fully  out  of  the  considered 
range.  The  reduction  of  the  response  and  the  increase  of  the  natural  frequencies  are  more  important  in 
building  Bj  than  in  building  Bi  the  difference  between  the  two  cases  being  smaller  when  23  control  forces 
are  considered. 

Figure  6  shows  that  the  reduction  of  the  response  of  the  structure  is  reached  with  a  reasonable 
amount  of  energy  and  with  forces  which  can  be  supported  by  the  cables  and  Figure  7  shows  that  the 
maximum  displacement  of  the  embolus  is  not  greater  than  0.40  m  in  all  the  cases. 


6.  CONTROL  OF  THE  RESPONSE  TO  WIND  GUSTS 


To  simulate  the  dynamic  behaviour  of  controlled  buildings  By  and  B2  subjected  to  the  excitation 
of  the  wind,  different  numerical  experiments  have  been  carried  out  by  considering  the  following  expression 
for  the  force  /„,  due  to  the  wind 


/„(<)  =  k  [3  sin(wt)  +  7  sin{2wt)  +  5  *tn(3int)  +  4  *m(4u>t)] 


(<) 


where  k  depends  on  the  speed  of  the  wind  and  the  height  over  the  ground.  Numerical  experiment  when 
the  frequency  w  varies  between  0.5  and  7.5  ro d/s  are  shown  in  [5]. 

These  results  confirm  in  the  wind  excitation  case  the  features  observed  in  the  seismic  case. 


7.  CONCLUSIONS 


From  Figures  4-7  and  the  results  of  the  other  numerical  experiments  two  conclusions  can  be 
pointed  out  about  the  features  of  the  active  tendon  control  of  buildings  By  and  I?2: 

-  Generally,  the  control  action  ptoduces  an  important  reduction  of  the  response  with  reasonable 
dimensions  of  the  cables  and  the  rest  of  the  elements. 
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Figure  6  Value)  of  T j  rn  the  conirolled  seismic  response. 

-  In  building  Bx  a  number  of  modes  have  a  significant  influence  in  its  response  while  in  building  B: 
the  first  mode  is  almost  the  only  one  that  has  a  significant  influence.  Consequently,  it  is  possible 
to  control  the  horizontal  vibrations  of  building  Bn  with  a  smaller  number  of  cables.  It  is  shown 
that  with  one  control  force  acting  in  the  top  of  building  a  satisfactory  reduction  of  its  response 
is  achieved  when  the  excitation  is  due  to  the  ground  acceleration  or  to  the  wind. 

Some  of  the  last  conclusions  about  buildings  Si  and  B;  can  be  generalized  for  a  wide  class  of  tall 
buildings,  in  the  following  sense:  if  the  horizontal  dynamic  behaviour  is  similar  to  the  one  of  a  portal 
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3  CONTROL  FORCES 


0  2  8  12  IS  20  22  0  2  8  12  16  20  22 


5  CONTROL  FORCES  8  CONTROL  FORCES 


8  12  IS  20  2 i  0  2  8  12  IS  20  22 


11  CONTROL  FORCES  23  CONTROL  FORCES 


o 


0  4  6  12  10  20  24  0  4  8  32  16  20  24 


frequency  (rad/s)  frequency  (rad/s) 


Figure  6  Value s  of  T3  in  the  controlled  seismic  response. 


structure  (as  in  buildings  Bi).  a  considerable  number  of  control  forces  (and  consequently  active  cables) 
squired  to  reduce  effectively  the  response.  But,  if  the  behaviour  is  similar  to  the  one  of  a  shear-wall 
■  as  n  building  B j),  an  important  reduction  of  the  response  can  be  achieved  with  a  smaller  number  of 
cables. 
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eiblus  disptaceient  (i!  eibolus  displaceient  !i)  eublus  displaceient  (i! 


1  CONTROL  force 

CD 
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5  CONTROL  FORCES 


11  CONTROL  FORCES 


3  CONTROL  FORCES 


8  CONTROL  FORCES 


23  CONTROL  FORCES 


Figure  7  'alues  of  F •  in  the  controlled  seismic  response. 
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I.  INTRODUCTION 

Structural  Control  has  recently  become  an  important  topic  of  research 
in  Civil  Engineering  [lj  .  it  has  an  essential  influence  on  the  design  of 
modern  high  rise  buildings,  specially  with  respect  to  their  resistance  »<• 
wind  Forces  and  strong  earthquake  motions.  Uass i ve  vibration  control  toeti- 
:.i  tit's  have  been  fount,  effective  to  reduce  the  wind  induced  response  of  t  a 
:  ;;  i  '.dings  [d]  and  tower  shaped  structures  [b]  .  In  optor  :  t  i  on  to  that  pass  i  vo 

roi  devices  are  not  successful  in  .  i  l,  •  •  rcanr.  r  for  reducing  t  he  maxir. . 

:  nm  :  r  response  of  tail  buildings. 

in  this  paper,  a  control  system  will  be  pr-.-r.-r.  ;  ha :  ope  rat  os  • 

:  informal  ion  (  tensor  and  logic  3  an  i  minima;  energy  t power  t  ir.p’i* r  , 

■  ii.ts  it  can  be  classified,  as  semi -net  ive  .  The  earthquake  induced  v  i  bra :  1 ,  •  a  . 
":ie rgv  will  be  dissipated  through  the  use  of  Tuned  Mass  ran, per  tjyr r err,  i 

unr '  ■  on  wi  th  a  ra  t  ch-re  I  ease-nee  han  i  sm  interning  for  an  opt  imum  <;?»*•; 

-  sl.o, .  i  ;  ng  . 

The  now  n.  ;  hod  of  oa  r  t  h< )  uake - re  s  po  n  s  e  -  c  or. :  r  •  >  I  will  re  median  i  -a  •  p;a  .  i  - 
:y  near.;;  of  the  SAVSON-s  hak  i  ng  tad  e  .  r  -one  1  us  ion  at.d  origib.it  o<i  : 

:  ess  "osintij  rec,nr.tr.endat  ions  will  ;>e  made  from  engineer  point  of  .-lew 
improve  ;  no  resistance  of  civil  engineering  struct  ur.'S  against.  c:;i  • 

a  ;  :.  acr.s  . 
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PASSIVE  AND  ACTIVE  STRUCTURAL  CONTROL 

in  order  to  limit  structural  response 
an  earthquake ,  within  acceptable  ranges , 

■  ns1 on  red:  the  passive  control,  who  r>  •  'he  d is 
in  aim  and  the  act  ive  st  ru  -tural  -ontrol  , 

fii'.'en  by  external  means. 


wo  ma  il,  •■••.liit  rol  ways  can  be 
ration  of  vibrational  ot:<  ivy 
rich  geiierat.es  counteract  i r.g 


J .  ’  Ease  ive  cont  rol 

As  pointed  out  by  Yao  [)]  in  a  critical  review,  several  passive  con  t  ro 
;  f.vbniqaes  can  be  e“  feet  ive  in  improving  t  tie  safety  measure  of  seismic  stiuie- 
•  .arcs .  Later,  those  possibilities  were  summarised  in  a  paper  b,\  Kirsb.ing 
and  Yao  [b]  ranking  the  effect i veness  of  following  devices  in  decreasing 
order  without  economical  considerations:  base  isolation,  base  isolatin’  an  i 
absorber,  and  tuned  mass  damper  system  at  inched  to  the  roof. 

it.  was  found  that  the  base  j  mint  ion  was  extremely  of  fe  '  t  i"e  in  redu- 
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ring  the  structural  response.  The  concept  is  to  be  seen  m  Figure  1  in  that 
the  superstructure  is  effectively  insulated  from  the  ground  motion.  Vibration 
i  so  i.  at  ion  of  nuclear  reactor  buildings  by  means  of  spring-dashpot  system 
have  been  reported  by  Tezran  and  Givi  L6j  .  Figure  2  shows  the  acceleration 
response  at  roof  to  El  Centro  earthquake,  with  fixed  base  and  rubber  base. 

!n  conclusion,  the  results  of  the  studies  show  that  with  base  isolation 
there  are  significant  gains  due  to  the  reduction  of  acceleration  responses 
and  their  shift  out  of  the  range  of  the  frequencies  which  effect  n.ost  the 
systems  and  the  components. 


When  helical  springs  and  viscodampers  are  used  ir,  the  base  isolation 
engineering,  both  the  vertical  and  horizontal  acceleration  response  is  signi- 
fically  reduced  [?]  . 

Pocanshi  and  Berg  [8]  have  discussed  intuitively  the  problem  of  decrea¬ 
sing  the  effects  of  strong  seismic  motions  on  buildings  and  have  presented 
some  techniques  of  dissipative  connections,  which  are  suited  for  this  purpose. 

Finally,  references  to  the  long-standing  research  work  at  the  Univer¬ 
sity  of  California,  Berkeley,  may  appropriate.  Kelley  reported  with  regard 
to  control  devices  for  earth-!. lake  res;  'font  structural  design  [9]  • 

The  tuned  mass  dampers  have  liec-n  found  effective  to  reduce  wind  induced 
vibrations  of  buildings  and  st  :•■!••!  .res .  Recent  !.v  Ohowdnur.v,  Iwuchukwu  and 
Carske  [loj  studied  linear  e'astie  pararj  ; err  on  effectiveness  of  TMD  conside¬ 
ring  higher  modes. 

In  conclusion ,  the  authors  sh-  wed  that  a  "r'MD  tuned  to  the  fundamental 
frequency  of  primary  structure  is  less  effe-tivc  in  reducing  the  response 
at  higher  nodes,  the  higher  modes  response  will  ic'roase  in  fact. 

S’.adek  and  K1  fngnep  have  investigated  TMD  to  reduce  seismic  response 
and  have  reported  in  conclusion  [  1 1  ]  that  he  TMD  did  not  reduce  the  proto¬ 
type-  maximum  seismic  response.  Figure  3  compares  the  tip  displacement  res¬ 
ponse  for  the  linear  elastic  multi  degrees  of  freedom  model,  with  and  with¬ 
out  an  optimum  Den  llartog  TMD.  This  figure  shows  the  TMD  to  have  no  effect 
on  the  buildings  maximum  response.  This  findings  have  been  contradicted  by 
other  authors  [id] .  The  divergence  of  views  is  understandable  since  in  case 
of  white  noise  ground  acceleration  the  TMD  is  more  effective  than  in  transient 
excitation.  With  regard  to  an  improvement  of  the  vibration  control  the  paper 
deals  with  the  semi-active  TMD  with  the  aim  of  a  transient  counteraction . 


.  2  Active  control 

An  investigation  of  the  possible  application  of  both  the  active  tendon 
and  active  mass  damper  control  systems  to  buildings  excited  by  strong  earth- 
puakes  is  made  by  Samaii,  Yang  and  Liu  [id]-  The  problem  is  formulated  theore¬ 
tically  .sing  the  transfer  matrices  approach  and  a  closed-loop  control  law. 
Unfortunately,  the  offer ti veness  of  the  control  systems  illustrated  analyti- 
-rU’y  by  the  authors  will  be  demonstrated  experimentally  in  the  future.  Be- 
'a  1:  of  the  high  costs  involved  in  such  experimental  investigations,  it 
has  teen  difficult  for  these  and  other  researchers  to  obtain  adequate  founding 
to  fully  develop  and  utilize  their  capabilities.  As  discussed  by  Yao  and 
Spnr.g  [  1 4j  much  more  experimental  work  needs  to  be  done  before  the  concept 
of  structural  control  can  be  accepted  by  the  structural  engineering  profession 
and  the  general  public.  Consequently,  the  purpose  of  this  paper  is  to  investi¬ 
gate  the  effectiveness  of  the  control  technique  experimentally  by  means  of 
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the  test  facility  SAMSON. 


3-  SEMI-ACTIVE  STRUCTURAL  CONTROL  -  EXPERIMENTALLY  INVESTIGATION 

In  order  to  validate  the  semi-active  control  of  cart hquaKe  ini: 
transient  vibrations  of  structures  experimental  investigations  have  ;> 
carried  out  on  the  shaking  table  SAMSON. 


3- I  Test  specimen 


Figure  -4  shows  the  drawing  or  the  test  specimen,  a  steel-frame  struc¬ 
ture  with  three  floors.  The  weights  of  the  floors  are  (without  the  additio¬ 
nal  tuned  mass  damper  system)  19,  18  and  18  kg  from  the  bottom  to  the  top. 
The  model  structure  weights  68  kg  and  is  1170  mm  high  and  750  mm  by  (  00  mm 
in  plan  dimension.  Figure  5  shows  the  photograph  of  tie  test  specimen  or. 
the  shaking  table  and  Figure  6  shows  details  of  the  tuned  mass  damper  system 
( pendulum- type ) . 

The  mass  of  the  auxiliary  system  is  6.5  kg  and  the  damping  is  viscously 
realized  by  the  equipment  as  shown  in  Figure  7.  According  to  [ 1 p]  viscous 
damping  will  be  obtained  by  means  of  a  roller-brake  and  a  light  weight  brake- 
clamp,  as  shown  in  the  figure.  If  the  shaft  speed  is  relative  high  in  compari¬ 
son  to  the  oscillation-velocity  the  damping  force  P  ( t )  is  proportional  w 
and  consequently  viscous. 

The  tuned  mass  damper  is  in  an  eccentric  position,  to  the  normal  due 
to  electromagnetic  force,  released  by  electric  signal,  if  the  seismic  induce  s 
motion  of  the  test  structure  is  in  the  best  possible  position  to  count  era.'  • 
that  motion. 


1 . 2  Meehan  ica  1  qua  1  i  i'le  it  1  or.  of  the  vibration  cont.ro technique 

The  mechanical  qualification  of  vibration  control  system  can  bo  per¬ 
formed  by  uniaxial  tests  of  a  single  component  on  a  hydraulic  or  elect  re- 
dynamic  shaker  and  the  subsequent  calculation  of  the  behaviour  of  assemblages 
of  components  or  a  complete  structure.  This  procedure  will  be  suffir lent 
to  predict  the  vibrational  responses  of  systems  with  linear  stress-strain 
re! at i onshi ps . 

However,  the  codes  available  require  a  significant,  amount  of  ideal:  ra¬ 
tion,  especially  in  more  complicated  structures  in  combination  with  nonlinear 
mechanical  behaviour.  Improved  testing  techniques  have  been  deve lopped  to 
enable  the  demons t re. t ion  of  the  operability  of  equipment  during  seismic  exci¬ 
tation  (p.e.  physical  testing  of  scale  models),  the  verification  of  the  accu¬ 
racy  of  analytical  models  and  the  development  of  new  structural  conf i gurat ion . 

For  this  purpose  the  large  vibration  t  ns  (  facility  SAMSON  has  beer, 
designed  in  the  laboratories  jf  the  Hoeht  onperat  ur  Roaktorbau  GmbH,  Julie!;, 
Germany  [lb].  Figure  8  shows  a  sectional  view  on  t  ho  ter!  facility.  Its  main 
feature  is  the  vibration  Lest,  platform  -  a  we'dr.i  star  1,  box-like  structure 
measuring  5  x  3  x  1  .2  ai,  which  is  designed  for  testing  items  weighing  up 
to  25  t  mass. 

The  platform  has  tapped  holes  (M24)  at  a  pitch  of  iqO  mm  for  fixing 
the  test  items,  as  shown  in  Figure  9.  Four  hydraulic  actuators  move  the  plat- 
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form  in  both  horizontal  axes,  while  a  main  actuator  in  the  centre  provides 
the  dynamic  forces  required  for  the  vertical  motion  of  the  platform.  Four 
additional  vertical  actuators  at  the  platform  corners  counteract  the  pitch 
motion  occuring,  when  the  centre  of  gravity  is  relatively  high  and  the  test 
object  is  arranged  off-centre. 

With  this  design  it  is  possible  to  reproduce  simultaneous  and  indepen¬ 
dent  motions  with  three  degrees  of  freedom.  There  exists  also  the  possibili¬ 
ty  of  extending  the  capacity  of  the  facility  to  six  degrees  of  freedom,  thus 
enabling  rotational  movements  to  be  generated.  Two  precision  gimbals  are 
used  to  fit  each  actuator  to  the  platform  and  the  foundation  block. 

The  test  facility  is  controlled  in  the  frequency  range  up  to  100  Hz 
by  an  analog  system  and  a  computer-based  digital  system,  either  of  which 
can  be  used  independently.  The  three  axes  in  which  the  vibration  platform 
can  be  moved  can  be  controlled  individually  or  simultaneously.  The  types 
of  excitation  desired,  for  example  sinusoidal  waveforms,  seimic  time-history 
functions,  shock  functions,  etc.,  can  be  entered  using  the  function  generator, 
magnetic  type  or  computer  system. 

An  important  aspect  cf  me  control  system  in  the  dynamic  frequency 
compensator,  which  calculates  for  each  axis,  with  the  aid  of  acceleration 
feedback ,  the  natura1 -frequency  behaviour  of  a  test  item  in  a  preliminary 
test  at  reduced  power.  This  compensator  modifies  the  platform  movement  during 
'he  subsequent  vibration  test  to  ensure  a  specific  displ acemcnt -  time  characte- 
r: s*  ie  for  any  particular  par'  of  the  test  item. 

Figure  b  shows  an  example ,  which  demonstrates  the  performance  of 
the  control  syr  to  keep  the  platform  response  at  constant  acceleration 
level  over  the  hole  Frequency  range .  Time-history  excitation  can  be  performed 
with  a  high  level  of  accuracy,  as  shown  in  :  ivure  11,  an  important  point 
in  testing  technique  for  seismic  qualification  ot  structures.  More  details 
about  control  system  and  operat  ing  experi  r.ce  of  SAMSON  are  reported  in  [  1 7 "]  . 

3 . 3  Performed  test  program 

In  order  to  cover  all  tasks  of  study  objectives  a  test  program  has 
been  set  up  as  described  briefly  in  the  following  points:  (1)  Earthquake 
simulation  (safety  earthquake  time-history)  and  structure  response  without 
control .  The  natural  frequency  of  the  structural  fundamental  mode  is  2. j6 
in,  verified  by  means  of  SAMSON  sine  sweep  test.  (2)  Recording  the  TMD  passive 
controlled  structure.  The  natural  frequency  of  the  TMD  (uncoupled)  has  been 

2.3  Hz,  i.e.  optimum  tuning  with  regard  to  optimum  passive  control  of  trans¬ 
ient  inputs.  (A)  Recording  the  semi-active  controlled  structural  response, 
i.e.  transient  counter-attack .  The  electronic  control  circuit  will  be  presen¬ 
ted  in  a  separate  publication  by  E.  Schafer  (institut  fUr  Leichtbau,  RWTH 
Aachen,  Germany).  <  h)  Recording  the  structural  response  regarding  the  semi¬ 
active  control  turned  the  wrong  way.  ( 5 )  Recording  the  response  due  to  exci¬ 
tation  1 ..  the  released  TMD. 


Test  results 


Figure  12  compares  the  acceleration  response  at  the  top  level  of  the 
tost -structure  with  and  without.  *  he  optimum  TMD  and  additionally  with  semi- 
act  ivo  control.  It  is  clear  that  the  TMD  alter  the  response  of  the  prototype 
building  to  the  given  earthquake  record  moderately.  With  the  mass  ratio  .096 
(with  reference  to  the  total  mass  of  the  test  structure)  a  reduction  in  peak 


response  of  79  %  (rest.)  was  realized.  The  structural  peak  response  withoir 
control  has  been  50  %  gravity.  The  improvement  by  semi-active  con*  rod  is 
approximately  40  %  referring  to  TMD  passive  control.  The  respcr.se  reduction 
effect  is  obviously  and  beyond  that  an  improvement  of  the  semi-active  controi 
by  changing  the  set  up  time  may  be  possible. 

As  shown  in  Figure  13,  the  new  approach  cakes  advantage  of  the  fact 
that  the  time-history  response  of  the  structure  is  approximately  the  saner 
in  cases  of  earthquake  excitation  and  also  of  TMD-releasing  influence.  Its 
the  aim  of  the  paper  to  demonstrate  that  fact. 

In  order  to  increase  the  control  effect,  installations  of  more  than 
one  TMD  are  possible.  The  different  floors  of  the  building  can  be  carried 
out  as  TMDs  with  different  tuning  also  with  regard  to  the  natural  frequency 
of  the  higher  structural  modes  of  vibration.  Basis  of  a  new  aseismic  design 
will  be  a  structural  optimization  including  elastic  supported  floors,  optimum 
tuned  and  damped  to  reduce  the  response  by  means  of  a  semi-active  control 
technique  in  the  demonstrated  way. 

Figure  14  shows  the  drawing  of  an  elastic  supported  floor  (test  labo¬ 
ratory  of  the  Institut  filr  Leichtbau,  Rlv'TH  Aachen),  designed  by  CERB  Company, 
Essen,  Germany. 

Finally,  it  should  be  mentioned  that  the  investigations,  especially 
with  special  damping  devices,  and  the  optimum  design  of  base-isolation  and 
the  optimum  tuned  floors  are  in  progress. 

4.  CONCLUDING  REMARKS 

The  intention  of  the  presented  paper  is  to  suggest  some  semi-actio- 
control  techniques  for  structures  constructed  most  usually:  low  rise  and 
medium  rise  buildings  subjected  to  seismic  loads. 

The  use  of  semi-active  control  with  adaptable  parameters  of  TMD  systems 
(floors,  etc.)  is,  in  fret,  a  way  to  shooting  the  seismic  response  of  struc¬ 
tures  . 

The  authors  are  hopeful  that  the  presentation  and  the  mechanical  quali¬ 
fication  of  the  semi-active  control  technique  may  give  offence  to  a  new  under¬ 
standing  to  aseismic  design  of  civil  engineering  structures. 
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Figure  1.  Base-isolation  of  a  fife-storey  building  [6] 
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Figure  2.  Acceleration-response  of  the  base-isolated  building 
Fixed  base  and  spring  base  with  fl  ( D^i )  and  8  ( D8 ) 
dashpots 


Figure  7.  Viscously  damping-device,  (1)  rotating  shaft, 

(2)  rubbing  element,  (3)  roller-brake,  (4)  velo¬ 
cities  and  damning- Force  P' t )  prop,  w 


Figure  8. 


igure  9-  Platform  of  SAMSON 
shaking  table 
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Figure  11.  Comparison  of  time- 

history  command  signal 
(above)  and  platform 
response  (below) 
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Figure  10. 
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